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ABSTRACT 


A deductive analysis is carried out for the basic general 
equations governing the steady flow and heat transfer in curved cir- 
cular pipes and rectangular channels for an incompressible fluid with 
constant properties except for density variations in the buoyancy 
term. The effects of viscous dissipation are neglected. As a result 
of the order of magnitude analysis, the important physical parameters 
and the mathematically tractable sets of governing equations for 
entrance flow and heat transfer in curved channels are clearly 
identified. 

The boundary vorticity method is applied to the numerical 
solution of fully developed laminar flow and forced convection heat 
transfer in curved pipes subjected to axially uniform wall heat flux 
with peripherally uniform wal] fonpehatine for Dean numbers from 0 to 
approximately 200, and Prandtl numbers from 0 to 500. The boundary 
vorticity method is compared with the conventional stream function 
vorticity method. 

The numerical solution for Graetz problem in curved pipes 
is also carried out for the two basic thermal boundary conditions of 
uniform wall temperature and uniform wall heat flux. The Prandtl] 
number effect on thermal entrance region heat transfer is studied and 
the numerical results are examined carefully against the reported 
results in the literature. 

A direct vorticity method is developed and applied to the 


numerical solution of laminar flow development in the hydrodynamic 
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entrance region of curved parallel-plate channels with uniform, 
parabolic and triangular entrance velocity profiles. 

The Dean's hydrodynamic instability analysis for Taylor- 
Gortler longitudinal vortices is extended to the hydrodynamic 
entrance flow in curved parallel-plate channels and the neutral 
stability results are obtained for fully developed condition with 


various curvature ratios. 
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RY 52 = rectangular torous coordinates 
X5¥5W = dimensionless torous coordinates 


GREEK LETTERS 


a = thermal diffusivity or wavenumber defined by equation (186) 

B = coefficient of thermal expansion or amplification factor 
defined by equation (186) 

ia = dimensionless vorticity 

0 = dimensionless temperature difference (T - T/T - Ty) 


or k(T - Tp)/qya 


r = curvature ratio a/R. 

Aw = wavelength defined in Section 5.7 

u = viscosity 

v = kinematic viscosity 

fe) = density 

oO = entrance length geometric ratio a/(R 2.) 

Dp = thermal entrance length geometric ratio a/(R 2.9) 

T = axial temperature gradient, dT/R9 

y = dimensionless stream functions defined by equations (71) 
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CHAPTER I 
INTRODUCTION 


1.1 STATEMENT OF THE PROBLEM 

Curved pipes or channels for fluid flow are used in various 
engineering applications notably in tubular heat exchanger for heating 
or cooling in the forms of helices, spirals, 90 and 180 degree or other 
short pipe bends. Curved flow of fluids are also found in various 
fluid machineries, heat engines, cryogenic systems, canals, rivers 
and many other natural phenomena. In contrast to fluid flows in 
Straight channels, curved channel flows are characterized by secondary 
flow in the cross-section normal to the main flow as a result of 
centrifugal forces ‘acting on the fluid. Also the velocity profile for 
fully developed laminar flow in curved pipes due to the action of the 
centrifugal forces exerted on the fluid particles. Besides centri- 
fugal forces, other body forces such as buoyancy forces in gravitational 
field, acceleration forces due to rotation, Coriolis forces, and 
body forces in magnetic and electric fields may give rise to the 
secondary flow in a fluid passage. For the purpose of illustrating 
the possibility of obtaining different types of laminar flows depending 
on the geometrical shape, and to clarify the role of the body forces 
in setting up the secondary flow, a fully developed laminar flow 
in a curved rectangular channel with constant radius of curvature 
Ro is shown in Fig. 1, and will be considered next. In this 
connection, it is noted that, in contrast to flow in straight pipes, 


analytical solutions for entry flow in curved pipes or channels 
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do not seem to be available in the literature. 

At a given point in the channel, the centrifugal 
force acting in a direction away from the center of curvature is 
proportional to We7(R+ X) and as a result a pressure gradient 
prevails throughout the whole cross-section. Noting the velocity 
distribution in the rectangular channel, the fluid in the central 
portion is subjected to a larger centrifugal force than the fluid 
near the wall. As a consequence, the fluid in the central core 
will be pushed toward the outer wall. It is seen that the pressure 
is greatest at the outer wall, and least at the inner wall for a given 
fluid layer parallel to the plane of curvature. At the outer wall, 
the pressure at A in Fig. 1 is greater than that at B, whilst at the 
inner wall the pressure at D is less than that at C. Because of a 
smaller horizontal pressure near the top and bottom walls, a secondary 
flow in the form of a pair of vortices is set up as indicated in 
the figure. With the superposition of the secondary flow on the main 
flow, a pair of resultant helical flows appears. With secondary flow, 
the region of maximum velocity is displaced from the center of the 
channel toward the outer wall as well as towards the upper and lower 
wall as shown in Fig. 1. The iso-axial velocity lines in the domain 
ABCD and the axial velocity profile along the centerline DA are also 
Shown in Fig. 1. Since the secondary flow derives its kinetic 
energy from the main flow, the wall friction in the curved channel 
becomes greater than that for a straight channel for a given axial 


pressure gradient and geometrical shape. 
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It should be pointed out that the type of secondary flow 
which appears in curved pipes or channels mentioned above is set up 
immediately after the fluid is brought into motion in the passage 
regardless of the shape of its cross-section. However, for a curved 
rectangular channel, as the aspect ratio Y (vertical height divided 
by horizontal width) is increased, the "eyes" of a pair of vortices 
will move further toward the upper or lower wall, and the intensity 
of the secondary flow in the central region of the channel decreases. 
For the limiting case of an infinite aspect ratio it is not difficult 
to visualize that the secondary flow disappears completely. Based on 
the mechanism of secondary flow explained so far, one cannot have 
secondary flow without the existence of the upper and lower walls shown 
in Fig. 1. As the aspect ratio y + ~, one obtains a curved parallel- 
plate channel, or a flow in the annulus between two infinite coaxial 
cylinders as shown in Fig. 2. Apparently, a new flow situation arises 
now. The creation of the centrifugal forces due to the curvature, and 
the associated pressure gradients in the cross-section of the channel 
remains much the same as that of the previous case shown in Fig. 1. 

For the present case, the horizontal pressure gradient in the channel 

is independent of the height. Fig. 1 shows that with secondary flow, 

a much thicker layer of slowly moving fluid exists at the inner wall of 

a curved channel than at the outer wall. Thus there is an accumulation 

of retarded fluid at the inner wall. For a curved parallel-plate channel 
Shown in Fig. 2, an exactly opposite situation occurs with an accumulation of 


retarded fluid at the outer wall. The reason for this can be explained from an 
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Fig. 2 Curved Parallel-Plate Channel Flow 
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inspection of the equation of motion in the axial direction. As a 
result, a distortion of the main flow toward the inner wall occurs 

as shown in Fig. 2. In a two-dimensional curved flow shown in Fig. 2, 
the centrifugal force on a fluid element must be balanced by a 
pressure gradient inwards. The pressure is still greatest at the 
outer wall, and least at the inner wall. The pressure is seen to 
increase monotonically from the inner wall to the outer wall. On the 
other hand, the centrifugal force (body force) increases from zero 

at the inner wall to a maximum value at a point of maximum velocity, 
and then decreases to zero again at the outer wall. Therefore, the 
region near the inner wall up to the point of maximum velocity is 
always stable and the outer region is potentially unstable. Thus 

an instability problem arises, and it may lead to another type of 
laminar flow. With further increase of Reynolds number for a given 
radius of curvature, a secondary flow pattern in the form of longitudinal 
vortices with axes parallel to main flow as shown in Fig. 3 may 
appear. After the onset of longitudinal vortices, the main flow will 
be further distorted. The present longitudinal vortices may be called 
Taylor-Goertler vortices since the physical mechanism is similar. 

If now one has a curved rectangular channel with a large 
aspect ratio of say 10, the secondary flow is confined to the ends. 
Near the middle of the channel, no appreciable pressure gradient towards 
or away from the upper or lower wall is induced. Consequently, the 
longitudinal vortices due to hydrodynamic instability as shown in 


Fig. 3 may appear in the central portion of this curved rectangular 
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channel. In other words, a pair of vortices near the upper and lower 
walls and longitudinal vortices (Taylor-Goertler Weectes) in the 
central portion may coexist under certain conditions. Apparently, 
the coexistence of boundary-value and instability problems in the 
same channel will lead to a formidable flow and heat transfer problem. 
The above reasoning is suggested from the experimental work 
carried out by Akiyama, Hwang, and Cheng [1] for the onset of 
longitudinal vortices due to thermal instability (onset of natural 
convection) in laminar forced convection between horizontal parallel 
plates using a wide horizontal rectangular channel shown in Fig. 4. 
A pair of vortices due to free convection near the side walls and 
longitudinal vortices in the central portion of the channel due to 
thermal instability are depicted in Fig. 4. The central portion of 
the longitudinal vortices due to thermal instability shown in Fig. 4 
may arise under various thermal boundary conditions [2], and 
experimental details including the flow visualization technique 
employed are described in Reference [1]. It should be noted that in 
the case of thermal-instability, buoyant forces are the cause of 
instability whereas in the case of hydrodynamic-instability under 
consideration, centrifugal forces are the cause. A situation similar 
to that shown in Fig. 4 also arises in-the case where the body force 
is a Coriolis force instead of the centrifugal and buoyancy forces 
considered so far. If a rectangular straight channel with large aspect 
ratio is rotating about an axis normal to the main flow direction with 


constant angular velocity, for example, in such a way that its longer 
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side is parallel to the axis of rotation, then a pair of vortices 

appear near the ends, and a series of periodic longitudinal vortices 

may appear in the central portion due to hydrodynamic instability caused 
by the Coriolis forces. Such a flow pattern may occur in various 
rotating fluid machineries such as centrifugal pumps and turbines. 

It is clear that secondary flow in a channel will enhance 
heat or mass transfer in various industrial equipments utilizing 
various shapes of curved or straight channels such as those in heat 
exchangers, heat engines, nuclear reactors, chemical reactors and 
cryogenic devices. Recent applications of secondary flow effects 
include desalination processes and an artificial kidney in the 
bioengineering field. 

Before presenting a brief historical background and 
review of the pertinent literature, it is appropriate at this point 
to state the scope of the present work. In view of the lack of 
theoretical solutions involving laminar forced convection in the thermal 
entrance region of curved pipes or channels (analogous to the Graetz 
problem for a straight channel) at the time of initiation of this 
work, an attempt was made to obtain numerical solutions for the 
classical Graetz problem in curved pipes for the two basic or reference 
thermal boundary conditions of uniform wall heat flux and uniform 
wall temperature. Since more than one kind of body force may appear 
in a given curved channel flow under certain conditions, an order of 
magnitude analysis is carried out to assess the importance of buoyancy 


and Coriolis forces in curved pipes and rectangular channels. 
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However, the numerical results will be presented for the cases where 
the secondary flow is caused solely by centrifugal forces acting on 
the fluid elements. 

As a preliminary step toward the study of hydrodynamic 
stability in a curved parallel-plate channel or flow in the annular 
space between two coaxial infinite cylinders, a hydrodynamic entrance 
region problem is solved for the curved parallel-plate channel using 
three different entrance velocity profiles. The final portion of 
this thesis is concerned with the solution of the hydrodynamic stability 


problem for fully developed flow in a curved parallel-plate channel. 


1.2 BACKGROUND LITERATURE 

Transport processes with secondary flow can be found in 
many natural or artificial physical phenomena. If one dissolves 
a cube of sugar in a cup of tea by stirring with a teaspoon, one 
can observe that the tea leaves anc undissolved sugar are deposited 
near the center at the bottom of the cup due to the secondary flow. 
In river bends [3,4,5] one observes that sand, gravel or other 
material is continually being picked up from the bottom at the outer 
fark and piled up on the inner bank. The effect of the secondary 
flow at bends is to increase the depth and curvature at the outer 
side, and shallowness near the inner one. This confirms the observed 
fact that beds of rivers are scoured near the outer bank and silted 
near the inner bank with the bend becoming more and more pronounced. 
This explanation was given by Thomson [3,4] who also presented an 


experimental confirmation. In meteorology, the combined thermal 
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and rotational effects on secondary flow are of interest in 
investigating the mechanisms of such atmospheric phenomena as storm 
systems and jet streams. In geophysics, one is interested in the 
secondary flows that could be induced in the earth's molten core 
due to the earth's rotation and magnetic field. It is seen that 
the transport phenomena involving secondary flow cover a wide range 
of physical subjects. Attention will now be focussed on secondary 
flow problems in fluid engineering. 

In 1963, Ito [6] discussed secondary flow problems in 
fluid engineering quoting 100 references. Ito [7] in 1965, also 
reviewed recent trends in secondary flow studies listing 29 references. 
Since secondary flow appears in a variety of fluid mechanics problems 
including various fluid machineries [6,7], it is impractical to present 
a list of all the work that has been done in this area. Instead, 
an attempt will be made here to review published works on fluid flow 
and heat transfer in curved pipes and closely related problems. 
Secondary flow problems also arise in hydrodynamic stability 
investigations, and this class of problems will be reviewed ina 
separate section as an introduction to hydrodynamic entrance and 
stability problems in a curved parallel-plate channel treated in this 
thesis. A brief account on historical background in the field of curved 
pipes will serve to indicate the scope and limitation of the present 
work on the Graetz problem in curved pipes. 

Fluid flow problems in curved pipes have received the 


attention of many investigators since the early part of the present 
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century. Earlier works in this field are mainly concerned with 
obtaining experimental or theoretical data on the increase of friction 
resistance due to secondary flow in a curved pipe, whose axis has a 
constant radius of curvature. In 1908, Grindley and Gibson [8] 
presented experimental data on a coil which indicate the increased 
resistance to air flow. Experimental investigations on fluid flow 

in coils were reported by Eustice [9,10,11] in 1910, 1911, and 1925. 
His work [10], demonstrating the skewed streamlines for helical flow 
in glass coils using the flow visualization technique of injecting 

a colored dye into the fluid, is praticularly noteworthy. 

Dean [12] in 1927, presented the first theoretical 
analysis for fully developed laminar flow in a curved pipe. The 
Navier-Stokes equations were written for an incompressible fluid 
and it was assumed that the curvature ratio, representing the ratio 
of pipe radius to radius of curvature, was small compared to unity. 
A solution was obtained applying a perturbation method. He pointed 
out that the secondary flow in curved pipes is characterized by 


Ve which has since been 


a dynamical similarity parameter, K = Red 
called the Dean number in the literature. His analytical solution 
predicts a secondary flow field similar to that observed by Eustice 
in the dye injection experiments. Dean's second analytical solution 
[13] using a higher order approximation in the series solution is 
now known to be applicable only for very small Dean numbers. In 
this connection, it is of interest to note that the perturbation 


method employed by Morton [14] in solving the combined free and forced 


convection problem for fully developed laminar flow in uniformly 
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heated horizontal pipes at low Rayleigh numbers is similar to that used 
originally by Dean. Later Trefethen [15] pointed out that the secondary 
flow patterns caused by Coriolis forces in radial rotating tubes, 
centrifugal forces in curved pipes, or buoyancy forces in heated 
horizontal tubes with fully developed laminar flow are at least 
qualitatively analogous, and one would expect that similar mathematical 
methods may be used in solving physically analogous problems. Indeed, 
the perturbation method remains to be the only analytical method 
available for the solution of secondary flow problems in various 
channels involving rather low characteristic parameters. It can be 
said that Dean's pioneer work [12,13] has sparked the series of 
theoretical and experimental works on curved pipes which appeared 
since then. 

The secondary flow in curved pipes has also been confirmed 
in a striking manner by Taylor [16] in 1929 using a colored thread. 
Taylor [16] provided experimental data on transition from laminar 
to turbulent flow and concluded that a higher speed of flow is necessary 
to maintain turbulence in a curved pipe than in a straight one. 
White [17,18] in 1929, conducted resistance measurements in curved 
pipes using curvature ratios of 1/8.9, 1/15.15, 1/112, and 1/2050. 
His empirical resistance formula based on the correlation of experi- 
mental data involving the Dean number K has subsequently been 
verified both experimentally and theoretically to be accurate, and 
is quoted widely. In 1934, Adler [19] introduced the important concept 


of the boundary layer for secondary flow along the pipe wall in his 
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analysis of laminar flow with large Reynolds number. His experimental 
work covers a rather wide range encompassing both laminar and 
turbulent flows. His accurate experimental result for local velocity 
measurements in curved pipes is also noteworthy. White's empirical 
equation for flow resistance and the experimental data of White [17] 
and Adler [18] are given in a book edited by Goldstein [5]. In 1932, 
Hawes [20] presented measured velocity distributions in the horizontal 
and vertical directions of a coiled pipe with curvature ratio of 1/10. 
Yarmell and Nagler [21] in 1934, presented the results of a series of 
experiments on the flow of water around bends of various shapes and 
various degrees of curvature in 6 in. diameter pipes. Wattendorf [22] 
in 1935 presented the results of an experimental study of the effect 
of curvature on fully developed turbulent flow. In 1937, Keulegan 
and Beij [23] presented the results of an experimental study of the 
flow of water in smooth-walled, large-radius curved pipes for the 
laminar and turbulent regimes over a range of Reynolds numbers 

from 500 to 60,000. A method of computing a first approximation 

for the length of curve (hydrodynamic entrance length) required for 
the establishment of the velocity distribution characteristic of a 
curved pipe was also presented. In 1948, Weske [24] pointed out 

that turbulent flow in curved ducts may be analyzed by methods 
adapted from the theory of boundary layers. Ito [25] in 1951, 
reported a theory on laminar flows through curved pipes of elliptic 
and rectangular cross-sections using a series expansion in terms of 


the Dean number. _ Using boundary layer approximations along the wall, 
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Ludwieg [26] in 1951, presented analytical results for friction 
factors for fully developed laminar flow in helically coiled square 
channels rotating around its axis. Extensive experimental results for 
both laminar and turbulent flows are presented. Comparison between 
theoretical and experimental results for laminar flow shows good 
agreement. Experimental results for friction factors are also presented 
for the case of stationary curved square channels for both laminar and 
turbulent flows. Hawthorne [27] in 1951, analyzed the flow in bent 
circular pipes and the theory based on inviscid fluid is compared with 
experiments on bent pipes and rectangular ducts. Cuming [28] in 1952, 
presented a theoretical analysis for flow in curved pipes of circular, 
elliptic and rectangular sections using the perturbation method. 
Eichenberger [29] in 1953, analyzed the entrance region flow problem 
in a curved rectangular bend with secondary flow by assuming an inviscid 
flow. Detra [30] in 1953, presented a study on experimental investi- 
gation of the secondary flow phenomenon, and a theoretical investigation 
on the initial or starting phases of the secondary flow in slightly 
bent pipes by assuming an incompressible inviscid fluid. He listed 
17 references. Eskinazi and Yeh [31] in 1956, reported an experimental 
investigation on fully developed turbulent air flows in a plane curved 
channel between concentric circular walls. Dean and Hurst [32] in 
1959, obtained some analytical results for laminar flow in a curved 
Square channel by assuming a uniform stream for the secondary flow. 

Ito [33] in 1959, proposed accurate semi-empirical formulas 


for friction factors in fully developed turbulent flow in curved pipes 
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and an empirical equation for transition from laminar to turbulent 
flow. Ito's data range from a Reynolds number of 1,000 to 300,000 
using curvature ratios of 1/16.40, 1/40, 1/100, 1/250, and 1/648 and 
are quoted widely since they agree with earlier reported results. 

Barua [34] in 1963, approached Dean's problem [12,13] for 
the high Dean number regime using a boundary layer approximation 
near the wall. His theoretical results agree with the experimental 
data of White [17] and Adler [19] for Dean numbers as low as about 200. 
In 1963, Truesdell [35,36] presented a numerical solution for fully 
developed laminar flow in helically coiled tubes of circular cross- 
sections for curvature ratios ranging from 0.01 to 0.1, and Dean 
numbers ranging from 1.0 to about 280 obtaining a good accuracy in his 
numerical results for Dean numbers up to approximately 200. A relaxation 
technique was applied for the numerical solution of a coupled fourth- 
order partial differential equation involving the stream function for 
secondary flow and a second-order partial differential equation for 
the axial velocity written in terms of rectangular coordinates. His 
formulation includes the curvature ratio as an independent parameter 
in addition to the Dean number. His results reveal no appreciable 
effect of curvature ratio on flow resistance. Also some references 


quoted by Truesdell] [35] are worth consulting. 
In 1964, Kapur, Tyagi and Srivastava [37] solved the fully 


developed laminar flow problem in a curved annulus of concentric cross- 
sections for the case when the radius of curvature of the annulus is 


large compared with the radius of the outer curved pipe. Kubair and 
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Kuloor [38] in 1964, presented data on diametrical pressure drop for 
water flowing tnaolab copper spirals of different geometry at various 
points on the spirals. The effect of curvature ratio and length 

to diameter ratio on diametral pressure drop and the influence of 
diametrical pressure drop on total pressure drop, and onset of turbulence 
in spiral coils are investigated. Topakoglu [39] in 1967, presented an 
approximate solution using a method similar to that of Dean [12] for 
steady laminar flows of an incompressible viscous fluid in curved pipes 
of circular and annular cross-sections without the assumption of small 
curvature ratio. For the curved pipes with concentric annular cross- 
section, his solution predicts the existence of four vortices for the 
secondary flow in contradiction with a pair of vortices predicted by 
Kapur et. al. [37] on the basis of a simplified analysis. In 1968, 
McConalgue and Srivastava [40] extended Dean's pioneering work on the 
steady motion of an incompressible fluid through a curved tube of 
circular cross-section. A method using a Fourier-series development 
with respect to the polar angle in the plane of a cross-section was 
formulated and the resulting coupled nonlinear equations solved numerically 
up to a Dean number of K = 77.05. In 1969, Ito [41] presented a 
theoretical analysis for steady laminar flow in a curved pipe of circular 
cross-section. He assumed that the flow consists of a frictionless 
central core surrounded by a boundary layer for the large Dean number 
flow regime. A formula for the friction factor of a curved pipe was 
derived by using Pohlhausen's approximate method. A comparison between 


his resistance formulas (theoretical and experimental) and various 
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experimental data shows good agreement except in the low Dean number 
region where some discrepancy exists. In 1970, Larrain and Bonilla 
[42] presented a theoretical analysis of pressure drop in the laminar 
flow of fluid in a coiled pipe applicable to Dean numbers below 
about 16. This is the normal range for viscometry with coiled capil- 
laries. A series solution with terms depending on the curvature of 
the pipe is presented for the coiling effect. In 1971, Baylis [43] 
presented experimental results on laminar flow in curved channels of 
square section. 

It is of interest to note that laminar flow results for 
non-Newtonian fluids in curved pipes are reported, for example, by 
Jones [44] in 1960, Clegg and Power [45] in 1963, Thomas and Walters 
[46,47] in 1963 and 1965, Jones [48] in 1967, and Jones and Walters 
[49] in 1968. Also, Barnes and Walters [50]. in 1969 reported an 
experimental study on the flow of viscous and elastico-viscous liquids 
through curved pipes. 

It is more convenient to mention other recent results for 
flow in curved pipes or channels in connection with a review of the 
literature on heat transfer in curved pipes or channels. Before 
proceeding to heat transfer prblems in curved pipes, it is useful to 
summarize the status up to this point in regard to flow problems in 
curved pipes. The mechanism of secondary flow in curved pipes is now 
well understood for fully developed laminar flow in curved pipes. 

For the very low Dean number regime, a perturbation method used by Dean 


[17,18] appears to be the only analytical method available for the 
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solution of fully developed laminar flow problems in curved pipes. 
On the other hand, in the high Dean number range, an analytical 
solution is possible only if the physical model of a Fanttonless 
central core sourrounded by a boundary layer near the wall is employed. 
It is seen that an analytical solution is ineffective for the inter- 
mediate Dean number-flow regime. The effect of curvature ratio on flow 
in a curved pipe is also well understood. It can be said that accurate 
design data are now available for predicting pressure drop for fully 
developed laminar and turbulent flows in curved pipes. An accurate 
empirical equation is also available for predicting the critical 
Reynolds number determining the transition from laminar to turbulent 
flow in a curved pipe. In contrast to the many analytical investigations 
in the area of developing laminar flows in straight pipes or channels, 
no theoretical work appears to have been reported so far in the 
literature for the hydrodynamic laminar entrance region problem involving 
viscous flow in curved pipes. 

Turning to heat transfer problems in curved pipes, it is 
noted that the earlier reported works are mainly experimental. In 1925, 
Jeschke [51,52] presented an empirical equation for heat transfer for 
turbulent flow of air in helically coiled tubes. His empirical equation 
was modified by Merkel [53] and the result is given in McAdams' book 
[54]. Hawes' experimental investigation [20] in 1932 was concerned 
with the measurement of velocity and temperature distributions for water 
in a coiled pipe. His temperature profiles near the inner wall show 


somewhat unusual character but his isothermals on a cross-section is 


Os 


2agta baw! ei sno lg wort. vet fovat . 
Toottylians ne yapnet “adn nse apts ing oe 
zea thondatyt sO ToWeen Taofeuty arly ial ino i 
.boyotama ef Paw ond “son seysl \iebaued 5 ve batmuoros 9 
ate ant yor ovitostaank at Hors ul oe restondhons ws $080 


wolt no otttey sydvavesa Yo awRAS aiT  .Hitgey wold 
ats wosh Tee: bse od neo st Lbopdersbiay iow oats ae in 
vif ut. oF bias anleweyg: gard Rey not aidy hiss wott 
92 61UI 36 ah : ASG TR: bayeio jut awoirt sae Tacha bits iat 
"ebb y Pg orld eniitarbang x0 ofdpihevs bth, 2 notSeupe Ts 
tosTudwas ot ventmet mont? fotdtensss ‘one patatanesa odin 2 
seokdeevnt apt ancheiie Yiaie OAS id ‘Tasso hi ,aahG ey a ‘a 
-2fanmneits 16 eeagte inptevte at “ewolt van ites f eniqotsieb ro § ) 
add ot wet og baitnadey aay. over od Sree Xow f 
onivlowst se Tdorg, nore soit “tthe atmsnebo-wbyn oat dt ve 
vr | ee bewwe nt wolt- ay . 
ab 2ontd baw ae arenes wetaney? ted of retiteT 
,a8er ai _ftoomt aq “inten ays ehrow basvedgy veil ye Sng. er 
yo? netanand od 107, NOT Houpe esPrtome as botnezety ‘se, fe} 9 
not deupe Foot bane ah ‘odes befiao yttbot fed st 4te"%o Wort 
ood “aisha ni neve! ot Shikew-oit ban [ee] Teivem yd bli | 
banrsoit09 zw. seer nr {08} nottugttrovat eaomisaNe ‘296i a 
wetaw VO? enokfudiyteth gsudevsamd bre vi foolsy To dnensu2 com ody” oi 
Worle ‘TleW yeamt: onttyqsan 291 tong, Swteyeqmmieth \9qiq’ belted is aot 


at nalloge-220%9 & HO -zinersiiigat eidi.dud. sd o0en> Faveuny Jevwemoe 
4 ; ‘ ae { | a - ¥ ; 


2] 


now known to be qualitatively correct. Pratt's work [55] in 1947 
reported heat transfer in a reaction tank cooled by means of a coil. 
He developed empirical equations for internal and external heat 
transfer coefficients for turbulent flow in a cooling coil immersed 
in a stirred liquid contained in a tank. In 1950, Berg and Bonilla 
[56] presented an experimental investigation on the thermal entrance 
region problem in curved pipes under the condition of uniform wall 
temperature. Tae work is mainly concerned with the development of 
empirical correlation equations for heat transfer and as such the 
range of applicability is rather limited. In 1955, Kreith [57] 
investigated the influence of curvature on heat transfer to incom- 


4 to 10° and 


pressible fluids for Reynolds numbers ranging from 10 
Prandtl numbers ranging from 0.01 to 100, and for radii of curvature 
ranging from 0.12 to 1.2 ft. In 1958, Eckert and Irvine [58] presented 
measurements of the temperature and velocity fields for a specific 

duct geometry (square at entrance and a rectangle with aspect ratio 2 
at exit) which bends the flow by 90 degrees and simultaneously 
accelerates it to an average exit velocity which is twice the inlet 
velocity. It is found that the temperature field existing in a cross- 
section upstream of the bend is considerably rearranged by the action 
of the secondary flow. The temperature field also influences the 
velocity field at the exit cross-section. In 1961, Ede [59] pointed 
out the lack of heat transfer data on various pipe bends and reported 


the experimental results on local heat transfer coefficients for water 


in a right-angled pipe bend covering a range of Reynolds numbers from 
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500 to 50,000. He noted that with laminar flow the effect of the 

ratio of bend radius to pipe radius is large. In 1962, Tangri and 
Jayaraman [60] presented heat transfer studies on a spiral plate heat 
exchanger and showed that the heat transfer coefficient is increased 

by more than 60 per cent compared to a conventional heat exchanger 

for transfer from water to water and from moisture-laden air to water. 
In 1963, Seban and McLaughlin [61] presented friction and heat 

transfer results for the laminar flow of oi] and the turbulent flow 

of water in tube coils with uniform heating having the ratios of coil 
to tube diameter of 17 and 104, for Reynolds numbers from 12 to 65,000. 
Correlation equations for the asymptotic heat transfer coefficient 

are presented for both laminar and turbulent flows. Their experimental 
study has clarified some aspects of the thermal entrance region heat 
transfer in curved pipes. They too noted the need for additional 
experimental data to properly define the heat transfer in curved 

tubes. In 1963, Kubair and Kuloor [62] presented correlation equations 
for pressure drop and heat transfer in spiral tube coils. Rogers and 
Mayhew [63] in 1964, provided additional experimental results for forced 
convection heat transfer and friction factors using water in steam- 
heated helically coiled tubes with turbulent flow. 

It should be noted that no theoretical analysis on convection 
heat transfer in curved pipes appears to exist up to 1964. It is clear 
that experimental correlation of heat transfer data will have rather 
limited applicability if the correlation is not based on the complete 


theoretical understanding of the heat transfer mechanism involved. 
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In 1964, Maekawa [64] approached the problem of fully developed 

laminar forced convection in curved pipes by a perturbation method 

similar to that of Dean [12,13] and presented heat transfer results 

for the thermal boundary conditions of uniform wall temperature and 
uniform wall heat flux. Because of the perturbation method used, his 
results are valid only for extremely small Dean number region. However, 
his analytical results are useful in understanding the effects of Dean 
number and Prandtl] number. Noting the need for theoretical work, Mori 

and Nakayama [65,66,67] presented a series of rather comprehensive studies 
on forced convective heat transfer in curved pipes for both laminar and 
turbulent flows starting in 1965. The results of theoretical analysis 
based on boundary layer approximation along the pipe wall for fully 
developed laminar flow in a curved pipe under the condition of uniform heat 
flux at large Dean numbers were shown to be in good agreement with 
experimental study using air. For fully developed turbulent flow under 
the condition of uniform heat flux, the results of theoretical analysis 
assuming a boundary layer along the pipe wall and experimental results 
using air were again shown to be in good agreement. The theoretical 
analysis under the condition of uniform wall temperature and the presenta- 
tion of practical formulae for both laminar and turbulent flows rounded 
out this series of investigations. In 1966, Kubair and Kuloor [68] 
presented experimental data on pressure drop and heat transfer to aqueous 
solutions of glycerol flowing in different types of coiled pipes with 
uniform wall temperature for laminar flow in the Reynolds number range 


80 to 6,000. An empirical correlation in the thermal entrance region is 
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given but one finds it difficult to obtain the asymptotic Nusselt 
number. In 1966, Kubair and Kuloor [69] also compared the performance 
of helical and spiral coil heat exchangers. In 1967, Mori and Uchida 
[70] presented analytical results using boundary layer approximation 

for fully developed laminar flow in a curved square channel under the 
thermal condition of axially uniform wall temperature gradient. Their 
results for flow and heat transfer are applicable for the regime where 
the Dean number is large. Velocity and temperature fields were obtained 
by dividing the cross-section into core and boundary regions and 
considering the balances of kinetic energy and entropy production for 
the boundary layers. In 1967, Mori, Nakayama and Uchida [71] presented 
a review paper on convection heat transfer in ducts with secondary 

flow considering possible combinations of body force (buoyancy, Coriolis 
and centrifugal forces) and geometrical shape of the channel cross- 
section (circular, rectangular and parallel-plate channels). Analytical 
methods of solution for both small and large parameter regions are 
outlined. Schmidt [72] in 1967, discussed heat transfer and pressure 
drop in curved pipes. Experimental correlation equations for Nusselt 
number are given for laminar and turbulent conditions. A discussion 

on related published works is also given. In 1967, Shchukin and Filin 
[73] presented an experimental investigation on the dependence of the 
heat transfer coefficient on the length of a short curved channel. 

The effect of buoyancy forces on convective heat transfer in short 
curved channels is also discussed. Some correlation equations are 


given. In 1968, Ozisik and Topakoglu [74] presented heat transfer 
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results for hydrodynamically and thermally fully developed laminar 
flow in a curved pipe under the conditions of axially uniform heat 
flux and uniform peripheral wall temperature at any cross-section 
for the small Dean number region using a perturbation method. Their 
analysis includes curvature ratio as an independent parameter but 
the result shows that the curvature ratio effect is small. The 
various published correlation equations for pressure drop and heat 
transfer in coils are summarized by Srinivason, Nandapukar and 
Holland [75] in 1968 quoting 57 references. In 1969, Shchukin [76] 
reported correlation of experimental data on heat transfer in curved 
pipes. In 1969, MiropoTskii, Annadurdyev and Kakabaev [77] reported 
experiments for water flow in coiled tubes, and showed that the heat 
transfer coefficient and friction factor increase during heating and 
decrease during cooling when the tube-to-coil diameter ratio is 
increased. 

At this point, it is noted that theoretical results on 
heat transfer in curved pipes are available only for hydrodynamically 
and thermally fully developed conditions only. Moreover, from the 
viewpoint of method of solution, the perturbation method is applicable 
only for extremely low Dean numbers which is practically not important; 
on the other hand, the method of boundary layer approximation is valid 
only for high Dean numbers. For the intermediate Dean number regime, 
neither the perturbation method nor the boundary layer technique 
proves to be effective. It is clear that a numerical solution presents 


another possibility. 


as | ee 


venimst baqoleveb yffut ef hamyent ‘bas: yhfsakm 
taol dmotiay yiiskxe- Fe angittonag odd sin: os 

noltoee-Le07d Yn ks suds tomas Few. Tenaga 
violT ,bariemn molded ¥aq 6 ontew nateen are ou 

sud “sfomersa instregekat NS 26 Ofs84 


att flome 2? toatte i dhl ‘eda es 


ton bas govt oeesiq OF 2nohs supe: rotre feos) ber ide 
bre veduesbrey ORE AEE! yd enn one 2 alte: ba . 
LOv} whdudan2 -e9ef nl -enansyeter ve tun HEE WG 
bevws ue yateneid Jagr i106 Bab istnsmtsoqxe ton ls 
badyvoges [VS] vosdstsy (bre verb uibsnnl, « inate 
tee ot tard hewore bas  dadus beitos ni wort ‘vetein 0% a 
bas patted patoub S2Ha7oNt vwdo¢t notagint brie sniehins ey . d 
et otter a (tose osmadus ‘ould asi. arto 
no abfueen faotisugints tend besen 2 Nanton enna 
U [sstmenvboubyd sot ving afdal teve ‘e18 ‘aogtg boys ni n oe 
oii Mort .V8ve570M “ne anol dibnea:beqofevety itu ys ° 
sidsatlaqs 2t borgem notsdud tog ant enottu Tor to: easier rade « 
itasdvogmi. For el fadidouig ar Gata exedinua p90. wol once: 
bhiev 2t-net itamixovaas. svat Casbaived 40 bodtem ent. bast yortto oat me 
eomtpon yadewn gat ot srbeenstiity odd 97 ve reciua weet deta not ving 
auptninoad niles: Vrebavod. ai "on bon a Ronee ‘sie ecotom : 


“adnazarg notdutoa lepiyromun. 5 5ttd, vate ehaT sau ttoatts 08 of gover, 
| il toe verigons 

a 

ee 

f 7 


26 


In 1970, Cheng and Akiyama [78,79] presented numerical 
results for flow and heat transfer in curved rectangular channels 
under the thermal boundary conditions of axially uniform wall heat 
flux and peripherally uniform wall temperature at any axial position. 
The numerical method yields solutions up to a reasonably high Dean 
number for the aspect ratios y = 0.2, 0.5, 1, 2 and 5. In particular, 
for a square channel with Prandtl number of 0.71, the solution reaches 
a Dean number of 500 complementing Mori and Uchida's work [70]. 
Subsequently, in the course of the present thesis investigation, 
flow and heat transfer results for hydrodynamically and thermally 
fully developed laminar forced convection in curved pipes subjected 
to the thermal boundary condition of uniform wall heat flux per unit 
axial length were reported by Akiyama and Cheng [80] in 1971. The 
numerical solution converges for Dean numbers ranging from small to 
intermediate values. The Prandtl] number effect on heat transfer 
was studied and a possible correlation for heat transfer using a 
new parameter (K2Pr) was proposed [80,81]. In 1971, Dravid, Smith, 
Merrill and Brian [82,83] reported a numerical study on thermal 
entrance region problem (Graetz problem) in curved pipes for three 
wall boundary conditions of constant wall temperature, constant wall 
heat flux, and axially uniform wall heat flux but circumferential ly 
uniform wall temperature with a Dean ite of 225 only. For the 
fully developed flow field, they used Mori and Nakayama's approximate 
solution [65] based ona boundary layer model. Some experimental 


results for the case of an isothermal periphery with axially constant 
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wall heat flux are also reported. Dravid et al. [82] reported that 
the numerical solution exhibits a cyclic oscillation of local Nusselt 
number value before reaching an asymptotic limiting value with Dean 
number of 225. It may be of some interest to point out that the 
author became aware of Dravid et al's work [82] on the Graetz problem 
in curved pipes in September 1971 after part of the present thesis 
work dealing with the same Graetz problem was completed, and was right 
in the process of preparing the manuscript for publication. An 
abstract of one phase of the present work on the Graetz problem was 
presented in 1972 [84]. | 

In 1971, Miyazaki [85] reported a numerical study on 
combined free and forced convective heat transfer and fluid flow in 
a rotating curved circular tube for the fully developed flow with the 
thermal boundary condition of constant heat flux per unit length of 
tube. In 1972, Akiyama and Cheng [86] reported asymptotic heat 
transfer results for fully developed laminar forced convection in 
curved pipes with uniform wall temperature. Also in 1972, Kalb and 
Seader [87] presented numerical results for fully developed velocity 
and temperature fields under the thermal boundary condition of axially 
uniform wall heat flux with peripherally uniform wall temperature 
by including curvature ratio as an independent parameter in the 
formation of the problem. The numerical solutions are presented 
for Dean numbers ranging from 1 to 1,200 and Prandtl number and 
curvature ratio varying from 0.005 to 1,600 and 1/10 to 1/100, 


respectively. With the exception of including the curvature ratio 
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effect in the analysis, the problem treated is exactly the same as 
that reported by Akiyama and Cheng [80]. Kalb and Seader [87] also 
note that the curvature ratio effect on over-all heat transfer 
result is negligibly small. 

In contrast to the abundance of literature on convective 
heat transfer in straight pipes, the corresponding literature for 
curved pipes is rather limited except for the fully developed 
asymptotic catesg For example, the literature on heat transfer 
involving simultaneous development of flow and temperature fields in 
curved pipes is nonexistent. Because of the rather limited theoretical 
and experimental works on the Graetz problem in curved pipes reported 
so far, some uncertainties still exist. In this review of heat transfer 
literature relating to convection heat transfer in curved pipes, no 
attempt is made to present a complete list of all the work that has 
been published in this area. Rather a literature closely related to 
the present work is surveyed. In particular, heat transfer literature 
on curved bends and two-phase flow in curved pipes is not mentioned 
here. Since an analogy exists between heat and mass transfer problems, 
some mention on works relating to mass transfer in curved tubes and 
channels may be in order. In 1967, Erdogan and Chatwin [88] studied 
laminar dispersion in a curved circular pipe with no buoyancy effect. 
In 1968, Weissman and Mockros [89] demonstrated experimentally as well 
as theoretically that helical coiling of tube leads to significant 
improvement in gas transfer rate to blood flowing in curved tubes 


because of induced secondary flow. In 1970, McConalogue [90] studied 
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the effects of secondary flow on the laminar dispersion of an 

injected substance in a curved tube. Chang and Mockros [91] in 1971, 
studied theoretically the convective dispersion of blood gases in 
curved channel exchangers. Ruthven [92] in 1971, derived a theoretical 
residence time distribution for ideal laminar flow through a helical 
tube with no diffusion. Nunge, Lin and Gill [93] in 1972, presented 
a theoretical analysis on laminar dispersion in curved tubes and 
channels by using the velocity distribution of Topakoglu [39] for 
tubes, and that of Goldstein [5] for curved channels. It is seen 

that curved tubes and channels have applications also in bio- 


logical systems. 
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CHAPTER II 


THEORETICAL ANALYSIS FOR FLOW AND HEAT TRANSFER 
IN CURVED CHANNELS 


2.1 INTRODUCTION 
In order to identify or establish the possible flow and 
heat Gpaisvel problems which may arise in curved channels and clarify 
the limitations of the various mathematical formulations such as 
those reported in the literature, a general study of the governing 
equations will be made in this chapter. The present study will also 
serve as a basis for the work of later chapters, and bring out the 
dynamical similarity and other characteristic parameters. Thus the 
governing equations to be used in this investigation will be obtained 
in a somewhat formal manner instead of resorting to a purely intuitive 
approach. The following assumptions are made to limit the scope 
of the investigation: 
1. Newtonian fluids 
2. Steady laminar incompressible flow 
3. Constant physical properties with the Boussinesq approximation 
for the buoyancy force 
4. Negligible viscous dissipation effects and no heat sources 
The flow of any fluid with temperature variations due to 
applied heating is described by the differential equations expressing 


the conservation of mass, momentum and energy. With the above 


assumptions, the fundamental governing equations in vector notation become: 


30 


’ 24 
- z ‘ at , OR 

5 Le 

. a 7 a 

al ae 
a ras high ie 
oy ea | ual ; 
Ve « . 
al 
4 


APIMAAT Tage cA won go zens. a Yi i os 


ff Mews 


‘wade 


bins Wor? afdt22oo: ott 1 dattctes #0 tam ssrom 8 
¥tivelo bos ef arivierio DOV AF eabys ‘yen note a ng mT 
2s Hove wnoitetumor noi 2 6mayit ent aie 

Gain isv0p ant tO Ybute ‘Tersnse” 6 bhai 
oats ftw ybuite: Ine esta aaa ius ahdy Hs 


eqos2 st Firat oy abuse so vanes ‘wi ‘ont. 
r | “pti 


walt halal dahon baa. 


naltsmtxorgas nae subd: ae aati otsaqos Tekan, Sasdaned 
‘ \ nian’ “gorat Apmgtous tt yt 


esoruoe teat on “bas! 2iastie hotssatzarh ‘euosatv SISTENT DSN 
at stile endHbinay sriubarsinias dt biui? ye Yo wort edtT 


pahersrqxe enottsups (stiaanotitb ‘ot xd bodiseeb at eatised bet faqs e 
Sheds’ ‘bis ditty -orans: ad iar A 0 noldavieanoa sds i 


3] 


Continuity Equation: 


Navier-Stokes Equation: 


o(V - V)V ==vp + uv + F 


Energy Equation: 


oCp(V - v)T = kv“T 


The governing equations in a toroidal coordinate system 
will be studied specifically for the two practical configurations in 
the form of curved circular pipes and curved rectangular channels. 
Some simplifications are usually required in making the problem tractable. 
To provide a basis for simplification is also one of the objectives of 
the present general study. With free convection, the additional 
motion results from density variations throughout the fluid which 
are due to temperature differences. Then the momentum and energy 
equations become coupled. The topics to be diecuesed in this chapter 


are shown by the flow chart in Fig. 5. 
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Fig. 5. Flow Chart for. Topics Considered in Chapter II 


Specifically, the basic equations applicable to curved 
circular pipes and rectangular channels, respectively, will be studied 
using two different physical reasonings by employing proper reference 
scales or quantities for the normalization procedure. Several systems 
of equations will be derived and categorized. The sets of governing 


equations appearing in the literature will be identified whenever 


possible. Also a detailed discussion on some important sets of equations 


will be made. 


2.2 DEDUCTIVE ANALYSIS OF FUNDAMENTAL. EQUATIONS FOR FLOW AND HEAT 
TRANSFER IN A CURVED CIRCULAR PIPE 
The invariant vector forms of the continuity equation, 
equations of motion and energy apply for any coordinate system. In 


order to expand them in component form for any particular system, it is 
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necessary to employ the formulae for the gradient of a scalar and the 
divergence and curl of a vector in that system [94]. For convenience, 
the governing equations in a general orthogonal coordinate system 
are given in Appendix 1. The derivation of the governing equations 
applicable to flow in curved circular pipes using toroidal coordinates 
is given in Appendix 2. The fundamental difficulty in solving the 
Navier-Stokes equations either exactly or approximately is the non- 
linearity introduced by the convection terms in the momentum equations 
(A - 10) - (A - 12). For the formulation of complex physical problems, 
a study of the relative importance of the various terms in the funda- 
mental equations and the dimensionless parameters pertaining to the 
physical phenomenon is required. The first step in the procedure of 
carrying out the deductive analysis [95] is to normalize the general 
equations by finding the proper scales or reference quantities so that 
the variables and their derivatives when made dimensionless will be 
of order unity. The appropriate characteristic or reference quantities 
are determined by using all the known physical information and intuition. 
After normalization, the important dimensionless parameters appear 
directly as coefficients of the unit order terms in the equations. 
Although a physical understanding and justification of the 
governing equations applicable to the Graetz problem in curved pipes 
is the main goal, an attempt will be made to deal with a general flow 
and heat transfer problem. The following dimensionless variables 
are defined by using proper reference quantities: 


r = R/a, @ = 6/0., w = 2/2., u = U/U_» v= V/Ve> WwW = W/W 


Cc Cc 


and p = P/Pos 
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where a denotes the radius of the circular pipe and the subscript c 
signifies the characteristic quantity. For the temperature field, 


one may define 
| W, = 2/2. and 6 = (T - Tw)/0, 


All the characteristic or reference quantities employed are considered 
to be suitable for normalization at this point and will be identified 
clearly later on. Using the dimensionless variables, the continuity 


equation (A - 9) becomes 
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Noting that the secondary velocity components in the R- and 6- directions 


are of equal importance, one obtains 


V 
ie a =] (1) 


If the flow problem is symmetric with respect to the horizontal plane, 
the value of be varies from 0 to Il. Otherwise, o may vary from 0 to 2il. 
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oe will be assumed to vary from 0 to 1. Since one is interested in 
an order of magnitude analysis, this simplification is justifiable, 
and will not lead to any loss of generality in the deductive analysis. 
In this regard, » = a/o7 may be considered to be a quasi-normalization. 
With the above simplification, one obtains OU] = ov]. 

One may now proceed to the normalization of the momentum 
and energy equations. In carrying out the deductive analysis, two 
possibilities may arise depending on the physical emphasis to be placed 
on the problem. The first possibility is based on the reasoning that 
the centrifugal force term in the momentum equations (A - 10) or (A - 11) 
should be of the same order of magnitude as the viscous force terms 
representing the highest order term in the equation. This reasoning 
is based on the physical fact that centrifugal forces play an important 
role when investigating flow inside a curved pipe or channel. Another 
possibility arises by considering the convective terms due to secondary 
flow to be of the same order as the conduction terms in the energy 
equation. The consequences of the two different normalization pro- 


cedures will also be investigated. 


2.3 DEDUCTIVE ANALYSIS WITH THE CENTRIFUGAL FORCE TERM CONSIDERED 
TO BE OF ORDER UNITY 
After normalization equation (A - 10) and noting that the 
centrifugal force term and the viscous terms are of the same order of 


magnitude, one obtains 
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Rewriting the above relationship, one has 
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1/2 (2) 


where A = a/R. (3) 
It is also expected that in the axial momentum equation 
the lateral viscous terms and the axial pressure gradient term are 


of the same order of magnitude. This observation leads to the following 


relationship: 
ie VW. 
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P 
Cee 
2: * 6 Re (4) 
oW 
Cc 
where 
Oo = / 0, = a/R 2. (5) 


After introducing equations (2) and (4), the normalized governing 
equations become: 
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(1 + Ar cos 6) aw 


R- momentum equation 
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It is noted here that the following two familiar characteristic 
parameters, namely theGrashof and Froude numbers, appear naturally. 


These are defined by 
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Here the Froude number may be interpreted as the ratio of centrifugal 
acceleration (W.°/R,) to gravitational acceleration (g). In this sense, 
it may be called a centrifugal Froude number. The last three terms 

on the right-hand side of equation (7) are of special interest. The 
term cos ¢ we/(1 + kr cos >) can be readily identified as that due to 

a centrifugal force effect. The terms involving the parameter Grk~2 
represent the buoyancy force affects in the centrifugal force field. 
When the product of the Froude number and the buoyancy force parameter 


rk? 


is of order unity or greater, the additional centrifugal force 
effect appears as a term involving the Froude number and is also seen 


to give a coupled effect. 


o-momentum equation 
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- PEAY Sn, MRT fy ai 5 Gk” Fre) - 5 Grk"“ecos¢ (8) 
(1 + Ar cos ¢) 
It is noted that the last three terms on the right-hand side of equation 


(8) correspond to those in equation (7) and the physical meanings are 


identical. 


Q-momentum equation 
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The last two terms involving the products uw and vw on the right-hand 
side of equation (9) are readily identified to be the Coriolis force 
terms. For the energy equation, one may further introduce the geometric 


ratio o, = / 209° a/R 2. for convenience. 
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Energy equation 
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(1 + Ar cos ¢) BW, 
_ The viscous dissipation is neglected in the above energy equation for 
steady viscous flow of a constant-property fluid. The foregoing set of 
governing equations (6) through (10) are valid for general flow and 
heat transfer such as the general convection heat transfer problem in- 
volving simultaneous development of velocity and temperature fields in 
the entrance region. A study of the non dimensionalized equations 
reveals that the following dimensionless parameters are of importance 


for flow and heat transfer problems in a curved pipe. 
Primary Parameters: 


Curvature ratio des a7 


Reynolds number Re 2aW/v 


Zz 


Grashof number Gr gg0, (2a) °/v 
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Centrifugal Froude number Fr = W7/Rg 
Prandtl] number Pr = v/a 
Entrance length geometric 

o = a/(R,. 2.) 


ratio 


Thermal entrance length 


geometric ratio 
Derived Parameters: 
Dean number K = Re x 


A ratio of Grashof number -2 


(op) 
il 
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Aw 


to Dean number squared 


Centrifugal Rayleigh number Ra. = K™ Pr 


It 1s noted that the Dean number K is not essentially an in- 


Ve How- 


dependent characteristics parameter and consists of Re and i 
ever, it becomes an independent parameter when the curvature ratio 

4 = a/Rc is small. This situation will be confirmed later. In order 
to see the physical meaning or quantitative criterion, the Dean number 


K may be rewritten as 
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Reynolds number representing the ratio of inertia force (oW,°/(2a)) and 
viscous force (ul, /(2a)*) and the centrifugal Reynolds number represen- 
ting the ratio of centrifugal force (oW,“/R.) and viscous force (uW./(2a)*). 


The parameter C = Gr K~e 


represents a measure of the buoyancy 
force relative to the centrifugal force. Consequently, the importance 

of the free convection effect in the centrifugal force field can be 
ascertained by the magnitude of this characteristic parameter. A striking 


-2 and the familiar para- 


similarity exists between the parameter Gr K 
meter Gr Re~? indicating the relative effect of buoyancy upon forced 
convection in the combined forced and natural convection problem. 
Furthermore, when the buoyancy and centrifugal force effects are com- 
parable, one obtains. Gr = O[k?). From this relationship, one may reason 
that the effect of the Grashof number in combined free and forced con- 
vection, for example, in a horizontal pipe is similar to the effect of 


2 


K~ on the flow in a curved pipe. As a matter of fact the roles of Gr 


and Ke 


are seen to be almost identical or equivalent in the respective 
vorticity transport equation for secondary flow [96,80]. With the above 
observation, it is not difficult to see the physical meaning of the new 
parameter KP, For combined free and forced convection problems, the 
Rayleigh number (Gr-Pr) arises naturally. Noting that K2 corresponds 

to the Grashof number for the present problem, one obtains the para- 
meter K2Pr, The new parameter may be called the "centrifugal Rayleigh 
number" because of its physical similarity. As will be confirmed later, 


the parameter K2Pr becomes an independent parameter when the Prandtl 


number is large. 
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A study of the governing equations (6) - (10), reveals 
that the independent dimensionless parameters are A, Re, Gr, Fr, Pr, 
o and Og: The foregoing set of governing equations is a general one 
and is applicable to the entrance region problem involving the simul- 
taneous development of velocity and temperature fields. When the 
buoyancy force terms are retained in the momentum equations, the 
momentum and energy equations become coupled. At this point, the 
relative magnitudes of the entrance length parameters, o and Ops still 
remain to be determined. Equations (9) and (10) clearly indicate that 
the relative importance of the axial viscous terms such as 3ow/ awe and 
the axial conduction term 9° /2u° depend on the coefficients i and ae. 
respectively. Apparently, these terms cannot be neglected near the 
hydrodynamic or thermal entrance. It would be useful if the order of 
magnitude for oand Og can be estimated. For this purpose, it is noted 
that the axial inertia terms in the momentum equations vanish when the 
flow becomes fully developed. Consequently, in the hydrodynamic entrance 
region one may regard the axial inertia terms to be of the same order 


as the viscous terms. This viewpoint will be pursued further next. 


An Order of Magnitude Analysis Based on the Assumption that the Axial 
Inertia Term is of Order Unity 


Noting that the axial inertia terms in the momentum equations 


are of order unity, one obtains 
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Using the above relationship, the set of governing equaiions (6) 


to (10) become: 


Continuity equation 
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d-momentum equation 
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Energy equation 
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One may now proceed to the order of magnitude analysis. 
The dimensionless parameters will now be evaluated for the conditions 
of particular interest. Since the terms themselves have physical 
meaning, it is possible to ascertain the dominance of particular physical 


aspects of the general problem. A study of the parameters may suggest 


various possible mathematical simplifications depending on the emphasis 
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of physical aspects. The quantitative criteria or conditions with 
physical meaning will be sought to indicate the order of the approximation 
from the general governing equations and to identify the physical problem 
represented by the simplified set of equations. 

As noted earlier, the relative importance of the free convection 
effect in the centrifugal force field is represented by the parameter 
2 


GrK- Thus the free convection effect may be neglected provided the 


following restriction is satisfied. 


2 


2K“ >> Gr (18) 


In the absence of heat transfer results for curved pipes taking 
both centrifugal and buoyancy force effects into consideration, the 
above relation provides the quantitative criterion for neglecting 
buoyancy effects. When the buoyancy effect is negligible, the momentum 
and energy equations are effectively decoupled. It is noted that the 
term involving Grk~2Fr appears in the R- and ¢-momentum equations for 
secondary flow. In the centrifugal force field, one readily obtains 
the condition Fr > Order [1] for most practical problems. Consequently, 


ery 


the effect of the centrifugal Froude number in the form of 5 Grk" 
must also be considered in assessing the effect of the buoyancy force. 
In this respect, when the magnitude of Fr is of order unity, then the 
buoyancy effect can be neglected under the condition given by equation (18). 

Depending on the emphasis of the physical situation or condition 


of interest, the following four cases arise and may be of practical 


interest. A study of the important special cases also leads to greater 
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physical understanding, and formal justification of the mathematical 


simplification. 


Case (1) 

Disregarding the buoyancy and centrifugal Froude number 
effects, one sees that the remaining coefficients with unit order terms 
in the momentum equations are i, K* and K"x. The terms with K~<a 
represent the axial viscous terms. Consequently, one may regard the 


axial viscous term or viscous normal stress to be of importance under 


the foilowing condition: 


2 


Veo vaca (19) 


The geometrical restriction requires that A < O[1]. Thus one concludes 
that the axial viscous terms must be retained when the Dean number 


satisfies the condition given by 
K < 0[20] (20) 


It is further noted that the lateral inertia terms (the terms with 

K2/4) in the momentum equations may be neglected if K274 < 0[1072] or 

K < O[2 x 107']. It is then concluded that when o[2 x 107!] < K < 0[20], 
every term of the whole set of equations (13) through (17) must be 
retained. Apparently, it is not practical to solve the set of equations 
in its entirety either numerically or analytically. It is also of 
interest to note that even in the case of curved pipes the axial viscous 
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independent of the curvature ratio i. 


Case (2) 
Consideration will now be given to the curvature ratio effect. 


When the curvature ratio \ is small or 
Neo (10 


one may neglect the terms involving \ and IF alone in the governing 

equations. However, the resulting simplified set of equations is ex+ 
pected to be still difficult to solve even numerically because of the 
existence of the second derivative terms in the axial direction (axial 


viscous term or viscous normal stress term). 


Case (3) 
It is desirable to study the condition under which the axial 
viscous terms (or terms involving 4K~*y) may be neglected. The con- 
dition is given by 
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4K“) << 0[1] (21) 


Noting that  < O[1] practically, the above condition does not neces- 


2 2) = Re~?, the relation (21), corres- 


sarily imply K° >> O[1]. Since K” 
ponds to large Reynolds number flow conditions in the limiting case of 
a straight tube. However, a stricter condition of Ke >> O[1] provides 
an important criterion for neglecting the term involving dw/dw in the 


continuity equation (13). Considering the condition given by equation 
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(21), one may say that when K > 20, the axial viscous terms in the mo- 
mentum equations are negligible. The condition K > 20 is nearly equiva- 
lent to that given by Ke >> O[1]. Using also the latter condition the 


set of governing equations become: 


Continuity equation 
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It is now possible to introduce a stream function which satis- 
fies the continuity equation automatically. In the formation of the 
problem, the R- and ¢-momentum equations may be combined into a single 
equation by eliminating the pressure terms. In the resulting momentum 
equation for secondary flow, one may introduce the vorticity. The re- 
sulting vorticity transport equation is of parabolic type. At the same 
time, the axial momentum and the energy equations are of parabolic type. 
It is obvious that the analytical solution of the set of equations cannot 


be obtained readily and a numerical technique must be used. 


Case (4) 
Further simplification of the problem is possible by using 


a O[1] (see Case (3)). 


the conditions i << O[1] (see Case (2)) and K 
For convenience the resulting simplified set of equations is given 


below. 
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d-momentum equation 
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Although one cannot study the effect of curvature ratio i 
using the above set of simplified equations, the equations are believed 
to be in a form which is suitable for a study of the hydrodynamic or 


simultaneous hydrodynamic and thermal entrance region problem for curved 
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pipes. This observation is important in view of the fact that a theo- 
retical analysis on hydrodynamic entry flow problems for curved pipes 
is not available in the literature. Also the system of equations 
appears to be rather simple and one may include the buoyancy force 
effect in addition to the centrifugal force effect for the thermal 
entrance region problem. An experimental work given by Shchukin and 
Filin [73] appears to be the only work considering the coupled effects 
of centrifugal and buoyancy forces in curved pipes. 

Finally, a summary of the four cases under consideration is 
given as Table 1 for convenience. It should be noted that the present 
order of magnitude analysis is based on the assumptions that the centri- 
fugal force and the axial inertia terms in the momentum equations are 


of order unity. 


Table 1 
A Summary of Possible Hydrodynamic and 


Thermal Entrance Region Problems 
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An Order of Magnitude Analysis Considering the Axial Convective Term 
to be of Order Unity 


Consideration is now focussed to the thermal entrance region 
problem. In order to obtain a measure for the thermal entry problem, 
One may assume that the axial convection term in the energy equation 
is as important as the conduction terms is of order unity. This leads 
to 


, V2 


K op d Pr = ] (32) 
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Using the above relationship, the set of governing equations (6) to 


(10) becomes. 
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‘ (1 + Ar cos $6) (34) 


d-momentum equation 
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sin 2 
Serre 2b} 


Q-momentum equation 
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Energy equation 
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atc a aa Ci (37) 
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It is seen that the coefficient 4K~,Pr7* = 4Pe~¢ appears 


for both axial viscous and conduction terms and this is in contrast to 


2) = Are“ obtained for these terms in the earlier 


the coefficient 4K™ 
analysis. Thus the condition under which the axial viscous and conduction 


terms may be neglected is given by 


2pu-e 


4x7 pr-*) = 4Pe~* << O[1] (38) 


Since the main emphasis here is on the thermal field, there 
is some question as to the importance of the present ordering procedure 
in regard to the momentum equations. It is seen that the parameter 
K274 appears as the coefficient of the lateral viscous terms and the 


l appears as the coefficient of the axial inertia terms 


paramter Pr 
in the momentum equations. Thus one sees that the significance of the 
lateral inertia terms depends on hydrodynamic conditions and the 

importance of the axial inertia terms depends on the measure of thermal 


properties. 


2.4 DEDUCTIVE ANALYSIS CONSIDERING ADVECTIVE TERMS DUE TO SECONDARY 
FLOW TO BE OF ORDER UNITY 
In contrast to the earlier emphasis on the flow field, the 
emphasis on physical phenomena will now be directed towards the thermal 
field in the entrance region of a curved pipe. Noting the importance 


of secondary flow in distorting the temperature field, it is reasonable 
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to assume that the advective terms in the energy equation are of the 
same order of magnitude as the conduction terms. Using the reference 
quantities defined in Sections 2.2 and 2.3, and by equating the 
coefficient of the advective terms with that of the conduction terms 
in the normalized energy equation for equation (A - 13), the following 


relationship results: 
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As noted in Section 2.3, the axial pressure gradient term 
and the viscous terms in the axial momentum equation may be ragarded 


to be equally important and one obtains 
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Using equations (4) and (39), the normalized governing 


equations become: 
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Energy equation 
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The physical meaning of each term in the above set of 
equations is similar to that discussed in Section 2.3. However, some 
different characteristic parameter appears because of the different 
physical basis. It is noted that in the R and o-momentum equations 
the familiar Rayleigh number, Ra = PrGr, appears. It is of interest to 
note that by considering the relative importance of boundary force terms 
with respect to the centrifugal force terms in equations (41) and (42), 
one obtains Gr/2K°. Thus the physical meaning of the parameter 
Gr/2k? obtained in Section 2.3 is now clear. The centrifugal Rayleigh 
number Prk? now appears as the coefficient of the centrifugal force 
term. The foregoing set of equations is apparently still very involved 
and further simplifications are desired for practical solutions. The 


ordering procedure used in Section 2.3 will be followed next. 
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An Order of Magnitude Analysis Considering the Axial Inertia Term 
to be of Order Unity 


For the hydrodynamic entrance region problem, it is reasonable 
to expect the axial inertia term to be the same order of magnitude as 
the lateral viscous terms. This observation leads to equation (12) 


namely, (1/2) Koay 1/2 = 1, and the governing equations become: 
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the above formulation, the role of the Prandtl number becomes clear. 
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When the Prandtl number is large, the lateral inertia terms in the 
momentum equations can be neglected since pro! appears as the coef- 
ficient. This simplification is not obvious for the set of equations 
(13) through (17). As a matter of fact, the assumption Pr >> O[1] 
does not lead to any simplification. It is seen that with Pr >> O[1], 
the only remaining nonlinear term is the axial inertia term in each 
momentum equation. The other interesting fact is that the continuity 
equation for secondary flow may become independent of the main flow in 
equation (45). When the curvature ratio \ is extremely small or 

4 <<O[1], one obtains the limiting case of a horizontal straight tube. 
With A + 0, one sees that K + 0. However, one should note that the 


-1/2 


product KA = Re does not vanish as } > 0. The corresponding 


governing equations can be obtained by neglecting the terms involving 


A and *. The resulting equations are: 
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o-momentum equation 
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The problem now reduces to the combined free and forced 
convection problem in the hydrodynamically and thermally developing 


entrance region in a horizontal pipe. Some observations are of special 
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interest here. With buoyancy effects, the momentum and energy 

equations are coupled. The axial viscous terms 9¢u/az’, y°v/9z" and 
9*w/aze and the axial conduction term 3°0/9°z are negligible when the 
Reynolds number is large (say 100). The importance of the axial viscous 


terms is seen to depend on the magnitude of Re! 


Of course in the 
neighbourhood of the hydrodynamic entrance (Ro ~ O[a]), the second 
derivative terms mentioned cannot be neglected under any circumstance. 
In view of the practical importance of the entrance region problem, 

the case of Pr >> O[1] and Re >> O[1] is of special interest. For this 
case, the governing equations are seen to be of parabolic type and 


l can be neglected. The 


the lateral inertial terms involving Pr- 
Rayleigh number Ra = GrPr becomes the only characteristic parameter 
remaining in the momentum equations. It is also seen that the axial 
momentum equation is independent of the momentum equations for 
secondary flow. Also, the continuity equation (50) can now be 


effectively split into two parts; one for the secondary flow, 


ou = + rue 0, and another for the main flow in the integral form, 
Considering the importance and difficulty of solving of solving the 
general entrance region problem, the resulting simplified set of 
equations for Pr >> O[1] and Re >> O[1] is particularly noteworthy. 
The problem can be further simplified for the thermal entrance region 
problem where the flow field becomes fully developed with aw/az = 0. 
In the energy equation, one sees that the advective terms cannot be 


neglected under any circumstances and must be retained. 
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An Order of Magnitude Analysis Considering the Axial Convective Term 
to be of Order Unity 


The axial convective term in the energy equation is important 
both in the thermal entrance region and in the thermally fully developed 
region. Consequently the axial convective term may be considered to be 
of the same order of magnitude as the lateral conduction terms. This 
observation leads to equation (32) again and subsequently the governing 


equations (40) - (44) become: 
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It is seen again that the axial viscous and conduction terms 


may be neglected for the following conditions: 


-2 
aK Prm2) << O[1] (38) 


onyoe “25-2 


It is useful to recall that K"-Pr-* = Re~“Pr* = Pe~ and that the 
criterion for the neglect of second derivative terms in the axial 
PeeELion 1s identical to that for a straight tube. Generally, the 
present system of equations is similar to that of equations (45) - (49). 
It is again seen that the governing equations can be simplified 
considerably if Pr >> O[1]. However, it is worth noting that the 
assumption Pr >> O[1] does not simplify the continuity equation (55) 
and the three momentum equations are coupled through the continuity 
equation, but have'no inertia terms. The governing equations are 
valid for both hydrodynamically and thermally developing flow problems. 
Also the effect of curvature ratio ) is clear. 

For convenience, a summary of the results for the present 
deductive analysis is given in Table 2. The degree of difficulty 
involved in solving various possible systems of equations listed in 
Table 2 cannot be explained readily. However, considering the order 
of derivative in each space variable, one may say that the degree of 
difficulty in obtaining the solution increases in the order of the 
systems of equation indicated by broken lines, solid lines and finally 
those without markings. Generally, those systems of equations iden- 
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tified under the "Arbitrary" column for KA are the most difficult 


to solve. 
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2.5 SOME FURTHER REMARKS ON THE AXIAL VISCOUS AND CONDUCTION TERMS 

As shown in the previous two sections, the axial viscous terms 
for the hydrodynamic entrance region problem and the axial conduction 
term for the thermal entrance region problem can be neglected under the 


2 2 Dee cage? 


conditions, 4K “A = 4Re ~ << O[1] and 4K “Pr- << O[1], 
respectively. These conditions are obtained by considering the axial 
inertia term and the axial convection term to be equally as important 
as the lateral viscous and conduction terms, respectively. The above 
two conditions reveal that the importance of axial momentum or thermal 
diffusion in curved pipes is exactly the same as that in straight pipes. 
Another analysis such as that shown in [95] for the Graetz problem 
reveals that near the discontinuity (thermal entrance), axial conduction 
dominates over the radial conduction. For the Graetz problem the role 
of the axial conduction term is now well understood. The role of the 
axial viscous term in the hydrodynamic entry flow problem is similar 

to that of the axial conduction term in thermal entry flow problems. 

By comparing the magnitudes of the axial second derivative 
terms, one can obtain the additional conditions under which the axial 
viscous and conduction terms, respectively, can be neglected. The 
analysis (see equations (9) and (10) in Section 2.3) shows that the 
relative magnitude of the axial and lateral momentum or thermal diffusion 
depends only on the geometric ratio of = (a/R.0,)* or the other geo- 


metric ratio o, = (a/R 2 2, respectively. Thus, for (a/R_2)* << ] 


cé 
or equivalently (a/R2) < 1, the axial momentum diffusion will be small 


relative to the radial momentum diffusion and can be neglected. Similarly, 
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for (a/R 29) << lor (a/R 2) < 1, the axial thermal diffusion terms 
may be neglected in comparison to the radial thermal diffusion terms. 
It is now clear that the relative importance of the axial momentum or 
thermal diffusion depends on the axial distance from the discontinuity 
or entrance point. For clarity, the general situation regarding the 
relative importance of axial momentum or thermal diffusion is illustrated 
in Fig. 6 for three kinds of entry flow problems. In region I, the 
axial momentum or thermal diffusion is more important than radial 
momentum or diffusion. In region II, the axial and radial momentum 
or thermal diffusion are comparable. In region III, the axial momentum 
or thermal diffusion is negligible in comparison to the radial direction. 
In region IV, the flow or thermal field becomes a fully developed one. 
For reference this region is identified and some further details will 
be given in Section 2.7. 

Regarding the relationship between o = a/R 9 and Og = a/R % » 
a remark will be added next. 

When one considers the momentum and energy equations separately 
(see equations (9) and (10)), both quantities a/R and a/R, appear 
purely as geometric ratio. The thickness of the thermal boundary layer 
relative to the hydrodynamic boundary layer in the simultaneously 
developing flow field, depends on the magnitude of the Prandtl number. 
Some indication of the relationship between velocity and temperature 
fields may be obtained by equating o and Dg from equations (12) and 


] 


(32), respectively. The result is R& = RL Pr’. 


oc9 Attention is now 


given to case (3) of Fig. 6 for the simultaneous development of velocity 
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(1) Hydrodynamic entrance region problem 


(a) Small Pr RQ_ < a 

— ae 
| 
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(3) Simultaneous hydrodynamic and thermal entrance problem 


(a) Small Pr R.aQ<a Momentum boundary layer 


(b) Large Pr 
peters : 


: A bcd 
om Note: Re Pr RM, 


Fig. 6 Relative Importance of Axial and Radial Momentum or 


Thermal Diffusion for Three Entry Flow Problems. 
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and temperature fields. When the Prandtl number is small, the relative 
importance of the axial second derivative terms with respect to the 
lateral second derivative terms depends on the geometric ratio a/R 2. 
This observation is based on a slower development of the velocity 

field in comparison with the thermal field. The situation is seen to 
be similar to Case (1) shown in Fig. 6. On the other hand, when the 
Prandtl number is large, the relative significance of axial momentum 


or thermal diffusion with respect to the transverse one depends on 
| 1 


the geometric ratio a/R 24. In view of the relationship RO, = RQogPr 


the length of the specific region I, II, or III may actually become 
longer than that for the hydrodynamic entrance problem shown as Case (1) 
wig... 6. 


eee O[1], given 


When the two criteria, 4Re << O[1] and 4Pe 
earlier for assessing the importance of the axial momentum or thermal 
diffusion in comparison to the radial one contradict each other or do 
not agree, then one must check whether or not the length scales used 
are proper in carrying out the particular normalization procedure. 

It is significant to note that one analysis provides the 
restrictions on Reynolds and Peclet numbers under which the axial 
momentum and thermal diffusions, respectively, can be neglected. This 
is in contrast with the result of another analysis where the restriction 
is mainly on geometric ratio a/R 2 or a/R Qe, depending on whether the 


emphasis is on the hydrodynamic or thermal entrance problem. Apparently, 


the two analyses complement each other. 
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2.6 A DEDUCTIVE ANALYSIS OF FUNDAMENTAL EQUATIONS GOVERNING LAMINAR 
FLOW AND HEAT TRANSFER IN CURVED RECTANGULAR CHANNELS 


A study of the basic equations for flow and heat transfer 
in curved rectangular channels similar to that reported in earlier 
sections for curved circular pipes is also possible. However, for the 
present problem the aspect ratio of the rectangular cross-section 
appears as an additional parameter. For reference purposes, the basic 
equations for curved rectangular channels are given in Appendix 3, and 


the results of a deductive analysis are listed in Appendix 4. 


2.7 BASIC EQUATIONS FOR THE GRAETZ PROBLEM IN CURVED PIPES OR CHANNELS 


In this investigation the Graetz problem in curved pipes and 
its asymptotic case of thermally fully developed conditions will be 
Studied in detail. The basic equations for the general problem of 
hydrodynamically and thermally developing flow in curved pipes or channels 
have been studied in some detail in earlier sections. In order to gain 
a clearer physical understanding and for convenience in later use, the 
basic equations for the special case of the thermal entrance region 
problem will be studied in some detail. It should be pointed out that 
no theoretical analysis for hydrodynamic entrance flow in curved pipes 
or channels is available at present in literature. The basic equations 
for a hydrodynamically fully developed flow can be obtained by noting 
that the velocity components are independent of the axial coordinate. 
The above statement also corresponds to the case with a very small 


entrance length geometric ratio o <<< O[1]. Curved rectangular channels 
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will be considered first. At this point, it is recalled that two sets 
of formulation are possible depending on whether the centrifugal force 
term in the normalized momentum equation is regarded to be of unit 
order of magnitude or whether the convective terms due to secondary 
flow in the normalized energy equation are considered to be of unit 


order of magnitude. 


Basic Equations for Curved Rectangular Channels With the Centrifugal 
Force Term Considered to be of Order Unity 


For simplicity the case of curved square channels (y = 1) 
will be considered here. This effectively eliminates the aspect ratio 
effect. For the hydrodynamically fully developed flow with aspect 


ratio y = 1, the basic equations (A - 27) to (A - 31) become 
ou 


u 
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X-momentum equation 
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y-momentum equation 
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nd. [ in ie 3p 4 ( atv é atu ue d ou 
ol 2 oy me oxoy  (T + Ax) dy 
Cc 


+ Te + r ork’ *e | (62) 


Q-momentum equation 


p ay | 
DO satan pe a 
= 2 o] a0 ot (T + Ax) ax 

c 


2 2 2 
& IN jon K N (63) 
Song RNS a pe or GEES Yh ais 
Energy equation 
ap SAO Icey TO et NZ OREA WO. 30. 
RP la ays NE AT + 1x) dw 
Piece d Senper a ene A , 3.8 (64) 
5x2 (T + Xx) 9x ay? ¥ XX ane 


It is of interest to note that Truesdell [35] treated the 
fully developed laminar flow in curved pipes by using a set of equations 
similar to equations (60) through (63). The above set of equations 
suggests that the inertia terms in the momentum equations may be neg- 
lected if K < o[107']. 


The two basic thermal boundary conditions of uniform wal] 
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heat flux and uniform wall temperature are of interest for reference 
purposes. For the limiting case of a thermally fully developed flow, 


the energy equation for uniform wall heat flux becomes 


Pelee Wee Oe jy! Casegeal 
KPr piggy OV ay) ot KP) aK C 
Re Ne ee (65) 
a (7 + rx) ox aye 
where gt aa tempera) (66) 
we 0 
ayia 00. 45 

and C=o0 ae constant (67) 


and Ww is the uniform wall heat flux. It is noted that with the 
uniform wall heat flux condition, the axial conduction term vanishes 
from the energy equation for thermally developed flow. 

For a uniform wall temperature, the energy equation for 


thermally fully developed flow becomes 


oneal 30 
K SPH ee 00 30 -1/2 web 
4 (u Scan ay) + KPr) 2 6,30 
2 2 a) 
Bice Mare Ce Re eo ee (68) 
axe (T+ Ax) ax ay’ 8p ow 
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—| 
i} 


uniform wall temperature, 


—] 
i} 


b bulk temperature, and 


4 
" 


0 uniform entrance temperature. 


It is noted that the terms 90/dw and 30 /awe vanish for 
fully developed thermal field and do not appear in equation (68). 
For the condition of uniform wall temperature, the terms with 06, /ow 
and 96, /20" do not vanish and are not known in advance. In this 
connection, Maekawa's method of solution [64] for the thermally fully 
developed flow with a uniform wall temperature is noteworthy. His 
method of solution is in contrast to the usual trial-and-error solution 
required for the case of uniform wall temperature. The details of the 
method can be found in [64]. The other possibility for normalizing 


the basic equations will be considered next. 


Basic Equations for Curved Rectangular Channels With the Convective 
Terms _in the Energy Equations Due to Secondary Flow Considered to be 
of Order Unity 


For simplicity, a small curvature ratio j << O[1] and 
negligible free convection effects (Gr << K?) for fully developed 
laminar flow in a curved square channel will be considered. Using 
equations (A - 32) to (A - 36) and applying the stated assumptions, 
the following normalized governing equations can be obtained after 
eliminating the pressure terms in the momentum equations for secondary 


flow. The momentum equation for secondary flow becomes 
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ly che Len gett aa re 
Pray ax ~ Ox ay) Wioy Gt gk er ew =. (70) 
where u= ay and v aS (71) 
Vorticity equation 
nt 2 
aes (72) 
Axial momentum equation 
1 ,o¥ ow oY ow _ 2 Cal 3 
Pray x > xy) * “xsy w- Cape] a (73) 
c 
Energy equation 
Uc OY saby) ol ete (74) 
Aad Whe Delay wiowh aime kohue 


Cheng and Akiyama [78] solved numerically the above set of 
equations (70) to (74) for the asymptotic case of thermally fully 
developed flow in curved rectangular channels with various aspect ratios 
subjected to an axially uniform wall heat flux. The above formulation 
reveals that when the Prandtl number is large, say Pr EHOLTOC |. the 
only parameter appearing in the normalized equations is K2pr and the 
inertia terms (non-linear terms) in the momentum equations may be 
neglected. When the Prandtl number is large, considerable simplifications 
are possible and the resulting set of equations will be listed below for 


reference purposes. 
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Momentum equation for secondary flow 


eae ace OW 
0 = Vey c+ > K'Prw ay (75) 
Vorticity equation 
: 2 
Soi a, (72) 


Energy equation 


oY 06 a¥ 90 a0 _ 2 
Oy ox aay) ga (74) 


It is observed that the above set of equations is valid 
regardless of the order of magnitude of the Dean number K. Furthermore, 
the secondary flow cannot be regarded as a creeping flow since the 
inertia term, in the form of a centrifugal force term, is included in 
the momentum equation for secondary flow. 

Since curved circular pipes will be studied in detail in 
this thesis, it is convenient to list also the normalized basic 
equations in cylindrical toroidal coordinates. For a hydrodynamically 
fully developed flow, the basic equations (40) to (44) for curved pipes, 
where the convective terms in the energy equation are considered to be 


of unit order, become 


{2\) 


(St } 


ox 
“1 
nd 


(ev) 


t SOMMISAI WA 


nt bebatont ar virvad 4 


sd 


aitt gonte wot? pote 


nL rt) 


unt : 
iaF i : 


rin 


ae ie au ae 
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The above set of equations, which take the curvature 
ratio effect (X) into consideration, was first derived by Dean [12] 
for the flow problem only, and recently Kalb and Seader [87] used 
a similar set of equations for solving the thermally fully developed 
convective heat transfer problem in curved circular tubes with 
buoyant force effects omitted. Assuming that A << O[1], the set 


of equations becomes: 


Continuity equation 
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The above momentum equations without the terms involving Gr were 
first derived and solved by Dean [12,13] using a perturbation method. 
It is interesting to observe that the perturbation method used by 
Dean is similar to that used by Morton [4] in solving combined forced 
and free convection for laminar flow in horizontal tubes with uniform 
heat flux at low Rayleigh numbers. Apparently Morton [14] was not 
aware of the similarity between the secondary flow caused by centrifugal 
forces in curved pipes and the secondary flow caused by buoyancy forces 
in horizontal pipes. Dean's formulation for curved pipe flow is a 
standard one and subsequently has been employed by many investigators. 
The above set of equations without free convection effects will be 
solved by numerical methods in Chapters III, IV and V for thermally 
fully developed flows and for the Graetz problem in curved pipes. 

As pointed out earlier, a large Prandtl number is of special 
interest because it is of practical importance as well as resulting in 


a simplified set of equations. With Pr >> O[1], one obtains 
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It is seen K2Pr is the only characteristic parameter in the 
normalized equations when (1/8)GrPr and GrFr << O[1]. The above 
formulation is valid regardless of the value of the Dean number K. 

An examination of the above set of equations reveals that the Graetz 
problem in curved pipes with significant free convection effects can 
be approached at least by a numerical method. This observation for 
large Prandtl] number fluids in curved pipes is believed to be significant 


since the problem now becomes tractable. 
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2.8 SOME CONSIDERATIONS OF PITCH EFFECTS IN HELICAL PIPES 

Curved pipes are usually used in the form of helices and 
flat spirals and for simplicity only helical coils will be considered 
here. Consideration is now given to a helical tube with its center 
line in the form of a circular helix obtained by winding a tube around 
a circular cylinder with a constant pitch as shown in Fig. 7. For 
this configuration the perpendicular distance from the cylinder axis 
to the tube center line is a constant Roe Geometrical restrictions 
require that the pitch h must be at least equal or greater than the 
outside diameter of the tube. Due to the pitch effect, one sees 
clearly that the tube center line is inclined to the horizontal plane 
and the radius of curvature at any point on the helical center line 
will deviate from R. and becomes Ro + (1/R.) (h/2m)?. The latter aspect 
of the pitch effects was discussed briefly by Truesdell and Adler [35] 
and in some detail by Truesdell [35]. 

Geometrically, a helical pipe is generated by translating 
a circle along and normal to a circular helix. Thus, a point in the 
tube cross-section at a distance Ro + X from the helical axis has a 
radius of curvature (R. + X) + (1/R,. + X) (h/2n)2. Under the conditions 
that h is small in comparison to the helical circumference (2mR .) and 
Ro >> X or equivalently i >> a, the radius of curvature at any point 
in the cross-section of the tube may be approximated very closely by 
Ro +X + (1/R,) (h/2m)?. The basic equations for flow and heat transfer 


discussed in this chapter can be modified to take the above effect 


into consideration. However, one should note that for helical pipes 
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Fig. 7 Helical Tube 
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Fig. 8 A Coordinate System for Helical Tubes 
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the centrifugal forces cease to act solely in the plane of the cross- 
section normal to the circular helix or pipe center line. This fact 
will be elaborated further. 

Every point in the cross-sectional plane of the helical 
pipe circumscribes a helix with the same central axis. The radii of 
curvature of all the points in the cross-section intersect the common 
helical axis and are perpendicular to the helical axis. One also 
observes that the tangents to a helix make a fixed angle with the axis 
of the helix and the pricipal normal is perpendicular to the axis of 
the helix. Furthermore, the inclination of the pipe cross-section 
with respect to the helical axis leads to the radii of curvature 
forming a set of skewlines intersecting and perpendicular to the 
helical axis. It is noted that only points on the diameter containing 
the radius of curvature of the pipe center line have radii of curvature 
solely in the plane of the cross-section. It is now obvious that the 
centrifugal forces will not act solely in the plane of the pipe cross- 
section. Excluding the points on the diameter containing the radius 
of curvature of the pipe center line, the centrifugal forces acting 
at any point on the cross-sectional plane will have components also 
in the direction of main flow. As pointed out by Truesdell [35], these 
centrifugal forces generally tend to enhance the downstream velocity 
in one half of the cross-section and hinder the velocities in the 
other half, thus completely destroying the symmetry with respect to the 
center line diameter. Truesdell [35] further explains this effect in 


some detail by using experimental information obtained by dye injection 
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into helical systems. This aspect of the pitch effects is now clear 
but is expected to introduce the additional complexity in the theo- 
retical analysis. 

To pursue this subject further, some geometrical relation- 
ships for helically couled pipes considered in this section will be 
given next. Referring to the Cartesian coordinates (X), Xo> X3) and 
the helical coordinate system (R, %, 2), one obtains the following 


relationships (see Fig. 8), 


X, = 9 COS a COS O + R. (cos 2 cos o 


+ sin 2 sin @ sin a) 


>< 
" 


o cos a sin @ + R.(cos Q sin 6 


- sin 2 cos 6 sin a) 


X,=osinas: 0 * R. sin ® cos a 


where émR. =o cosa, 2m = h =o sina, o =(R.° + c27) 1/2, a = pitch 
angle and h = pitch. Using the above relations, the metric coefficients 


hy» ho» hy can be obtained and are given below for future reference. 
; 2 
hy = {lap (o cos a cos o + R. (cos 2 cos 6 + sin 2 sin @ sina))] 
+ [3 (og cos a sin > + R (cos Q sin ®@ - sin 2 cos 6 sin a))]¢ 


+ [se (0 sina: o+ Ro sin ® cos 0) 1231/2 
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ho = = (o cos a cos 6 + R. (cos Q cos 6 + sin Q sin 6 sin ei 


7 [4 (o cos a sind +R (cos 2 sin # - sin Q cos 6 sin a)) 1° 


TZ 


+ [se (0 sina + +R, sin @ cos aaat (89) 


h. ='[2 (a cos a cos + R. (cos 2 cos 6 + sin Q sin 6 sin ayyas 


+ [se (0 cos a sin @+ R (cos 2 sin @ - sin @ cos @ sin a))I? 


+ [=- (o sina +> +R, sin ® cos Bilt 


The resulting rather lengthy expressions for hy: ho» hs 
discourage one to obtain a set of general governing equations for flow 
and heat transfer in helical pipes taking pitch effects into account. 
However, it is worth noting that the additional geometrical ciraneters 
o and a appear. In view of the fact that in most practical applications 
the helices would be closely wound and fabrication and experimental 
errors may arise, the additional effort required in considering the 
pitch effects may not be SerPitted under certain circumstances. 

Disregarding the unsymmetric effect due to the components 
of the centrifugal forces in the main flow direction, one may consider 
two additional factors resulting from the pitch effects of helically 
coiled pipes. It has already been shown that the radius of curvature 
of any point on the helical center line becomes R. + (1/R,) (h/2n)2 
where the increment from R. is caused by the angle of inclination. 

This increase of the radius of curvature is one factor. Another factor 


is the inclination angle itself and it becomes important when the effects 
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due to other body forces such as buoyancy forces become significant. 
An attempt will be made first to assess the effect due to the increase 
of radius of curvature on the helical center line. Referring to 


Fig. 9, one readily obtains the following relationship: 
L = [(2mR_)° + 2]! (90) 
One may now define the effective radius of curvature as 


R= gee RL + (ge) J (91) 


It is useful to consider the ratio Ri /R. in evaluating the effective 
increase of the radius of curvature of the helical center line. The 


result is 


2) 


Raia apts (92) 
In most practical cases one has R. > h. However, we must also consider 
the case Ro = h in order to gain some idea about the ratio R /R- With 
R. = h, one has R/R. = 1.0126. It is now seen that the difference 
between Re and Ro is less than 1.3 per cent and one may conclude that 
as far as this aspect of the pitch effect is concerned the formulation 
based on the torus coordinates should provide reasonable accuracy. 
However, one may wish to use the following expression for the effective 
radius of curvature, Ri» instead of R.in evaluating the flow and heat 


transfer characteristics in helically coiled pipes. 
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R 


C= RT + Ggy77"/? 2k Oe 2 (71 (93) 
T Cc 


Cc 
The above expression is reasonably accurate when the pitch h is small 
in comparison to R. and when Re >> a. It should be pointed out that 
the above suggested correction is based purely on effective radius of 
curvature. and does not take other factors into consideration. 

Referring to Fig. 9, the inclination angle is found to be 
a = tan”! (h/2nk,). When the buoyancy force effects become significant, 
the inclination angle effect must be assessed. In the formulation, 
the buoyancy force effects can be readily included by adding the terms 


listed in Table 3 to the respective momentum equation as noted. 


Table 3 


Buoyant Force Terms with Helix Effect 


Equation No. Plane Torus With Helix Effect 
Circular R-Mom. (A-10) -Bg(T-T,)sine -Bg(T-T,)singcoso 
Pipe o-Mom. (A-11) Bg(T-T, )cos® Bg(T-T, )cosécosa 
Q-Mom. (A-12) 0 -8g(T-T,)sina 
Rectangular X-Mom. (A-17) 0 
Channel Y-Mom. (A-18) Bg (T-T, ) Bg(T-T, )cosa 


Q-Mom. (A-19) 0 Bg(T-T,)sina 
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With the limiting case h = Ro» the angle of inclination a 
is found to be approximately 9°. According to a recent analysis by 
Cheng and Hong [97], for a range of inclination angle a = 0 = oan 
the inclination angle effect depends on the Rayleigh number and becomes 
particularly important for high Rayleigh numbers. In general, the 
concept of effective radius of curvature may be applied to plane spiral 
tubes. When the central plane of the spiral tubes is not horizontal, 
the inclination angle effect caused by the orientation of buoyancy 
forces may become significant under certain circumstances such as for 


high Rayleigh numbers. 
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CHAPTER III 


FULLY DEVELOPED LAMINAR FORCED CONVECTION 
HEAT TRANSFER IN CURVED PIPES* 


3.1 INTRODUCTION 

A review of the literature shows that accurate fluid flow and 
heat transfer results are not available for the intermediate Dean 
number flow regime under hydrodynamically and thermally fully deve- 
loped conditions. The perturbation method [12,39] is known to be 
applicable only when the Dean number is very small. On the other 
hand, the approximate method [34,65] based on boundary layer concept 
near the pipe wall is valid only for high Dean numbers. For the inter- 
mediate Dean number flow regime, neither the perturbation method nor 
the boundary layer technique is effective. It is obvious that solution 
by numerical methods provide the only practical approach for the inter- 
mediate Dean number region. 

Recently studies by McConalogue and Srivastava [40] and 
Truesdell and Adler [35,36] have also carried out the numerical solu- 
tions for fully developed laminar flow in curved pipes. The work by 
Truesdell [35] completed in 1963 remained unpublished until 1970. 

The purpose of this study is to present an accurate numerical 
solution, using boundary vorticity method [96] for a steady fully de- 


veloped laminar forced convection in axially uniformly heated curved 


*Reference [80] is based on this part of the thesis work. 


100 


ras) otethaavesnt ang mot sfdstteus $n ded stam " 
~eyab yT ta cl Fninvartt ee \F Toate ayy vs ateor i In i 
ad ot qwonl at [06,90] heap moleaiasvas ott jee re 
voto, 349 of. Pee wie ot sen at " 
tagstos vaysl vvehnved ao bezed (aa, 82} boritom atemixergas 9 = 
naint oft 907 .2teduun aed tot 10% vino betsy 2t thew es oft 4 
ron boritem nalisdwireq oft vadthon 9009 wort “ein sod § 
abate tad? avotvde a Ra ovtiaatts: et sueindoad ‘sayel : 
“aint od ot doseuqds ranroabig v0 ait abi vorg zborltem tths 
| toes “vedi wae 
bas [OP] svatznvin2’ em soy a5 vd vetbuse iF 
ath reotvamun ant F110 bof inns ovts ave [ae ,2e7 vet bs f um 
yd sow et -aagiq. bavn> at: ‘wort 4entmneT baqoteveb wi tot “eel 
ONE Thamw bode Fayqnu boniemey €8¢i wt dateta 09 fae) nee | 
—Tearreinun 9d670296 ns Ins2erG all ef ybude etad 1 seosta oT | 
~sb yi lui woeade 6 x0 #2] bond, A totrev wis Wins 


1 8 

f 
wid 
Pet. 


- 
v7 ta a 
Lok ee y 


ek ele : 
iow. eraade, ay te Jia aa NO 


101 


pipes, valid up to a reasonably high value of the Dean number in order 
to bridge the gap between perturbation method and boundary layer 
approximation. This work was carried out as a first step toward the 
numerical solution of Graetz problem for curved pipes. In addition 

to presenting accurate flow and heat transfer results, the Prandtl 
number effect on laminar forced convection heat transfer in curved 
pipes is clarified for the first time. The numerical results for flow 
and heat transfer from this study will be compared with the data avail- 
able in the literature, and the discrepancy will be clearly pointed 


out. 


3.2 FORMULATION OF THE PROBLEM 
Consideration is given to a steady hydrodynamically and 
thermally fully developed laminar flow of viscous incompressible fluid 
in a curved pipe under the thermal boundary conditions of axially 
uniform wall heat flux and peripherally uniform wall temperature at 
any axial position. In order to facilitate the analysis, the follow- 
ing assumptions are made: 
1. The radius of curvature of the pipe axis is large in 
comparison to the radius of the pipe. 
ee Physical properties are constant and buoyancy effect 
is neglected. 
3. Viscous dissipation is negligible and heat sources do 
not exist. 
Referring to the cylindrical coordinates (R,oR 2) shown in 
Fig. 10, the governing equations for the present problem can be shown 


to be: 
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Continuity equation 


2 tet) Bee o. (94) 
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where the pressure at any point consists of two parts and is expressed 


as, 


P =P (R.2) + P'(R.O) 
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Energy equation 


Ob od W oT 
Pant R96 RO an 
2 Z 

oT Oe al Roa eek 
=.a(—>+ a 7 ee (98) 

aRe Re age OR OR 

The boundary conditions are: 

UiaV = Wo = 1 1 = 0. at pipe wall, (99) 


The circumstances under which the above set of equations 
applies are well discussed in Section 2.7 and need not be repeated 
here. It is mentioned that the above governing equations (95) through 
(98) correspond to salar aone (82) through (86). obtained in Section 
Lote 

In bheorewent formulation, however, the free convection 
effects are neglected. The simplified Navier-Stokes equations (95) 
through (97) and the energy equation (98) are quasi-linear, second- 
order partial differential equations of elliptic type. inbeoducing 


the following transformations, 
R=[a]r, R= [a]r,, U=[wa]u, 


V = [w/alv, W = [Cv/alw, 
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and a dimensionless stream function yp, 


T, - T = [CrPr alo, oP /R 2a = C1» 
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(100) 


the momentum and energy equations can be restated in the following 


dimensionless forms after eliminating:-pressure terms between equations 


(95) and (96). 


Momentum equation for secondary flow 
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Axial momentum equation 


ow, V OW _ 2 
Uap rita: Vow thd (103) 
Energy equation 
ele) Ve Oy ee 
Pr(u By aad Yr ao =Vét+wW (104) 


It is noted that the vorticity function c is introduced here to avoid 
using biharmonic function vw in the momentum equation for secondary 
flow. Because of symmetry it is only required to consider, for example, 
the upper half of the circular region (see Fig. 10). The boundary con- 


ditions are now restated as follows: 


y = es w=0=0 at pipe wall (r = 1) 


or 
(105) 
sw 90 along horizontal center 
v=o = 55 = 5g 7 0 Tine (¢ = 0 and 7) 


In contrast to the forced convection with secondary flow 
caused by buoyancy forces, a set of momentum equations (101)—(103) is 
seen to be uncoupled with the energy equation (104) and the flow 
problem can be solved independently. Since a perturbation method 
[12,39] is known to diverge quickly with the increase of Dean number, 


a numerical solution appears to be the only practical approach for the 
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accurate solution of the present problem. By substituting the vorti- 
city function into the momentum equation (101) for secondary flow, the 
vorticity function can be eliminated, but the numerical solution of 
the resulting set of equations in cylindrical coordinates by the con- 
ventional method [98] is known to converge extremely slowly and is 

not practical from the viewpoint of computing time. Because of recent 
development of the boundary vorticity method [96], the above diffi- 
culty can be overcome readily. The vorticity at the wall is computed 
numerically by use of the "boundary vorticity" method. In addition 
the usual method "stream function-vorticity" is discussed in Appendix 
5. The proposed new method called the "direct vorticity" method is 


also explained in the Appendix. 


3.3 FINITE DIFFERENCE APPROXIMATIONS AND BOUNDARY VORTICITY METHOD 

By using a three-point central-difference approximation and 
a dummy variable f for the dependent variables w, ct, w and 6, a general 
finite-difference equation can be written for equations (101) through 


(104) as follows: 


where 
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In order to circumvent the singularity at the origin of 
the cylindrical coordinates, finite difference equation in Cartesian 
coordinates is employed at the origin instead of the usual approximate 
or extrapolation method. | | 

For the purpose of illustrating the computational procedure 
using boundary vorticity method, a set of finite-difference equations 
for secondary flow obtained by applying equation (106) to the grid 
points along the radial line j = 1 will be written in a matrix form 


as follows: 
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2,1 
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< ee 


Gy 
(107) 


Guo] 


C 


M,17MoM+1 ,1 


Here the symbols A;, B. and C. represent the coefficient for the depen- 


dent variables Gey 12 54.1 and c.,, , respectively, in equation (106) 


at the grid point (i,1) and the symbol G; 1 represents all the terms 


on the right hand side of the same equation for f; rate 


by considering the radial line j = 


a Similarly, 


1, a set of linear algebraic equations 


for the stream function v; } can be written in a matrix form as 
b) 


Eo Fo 
D, Ey F, 0 
Dy Eq Faq Fa 
0 Dy Ey Fy 


(Dyer F ey) Ewet 


YM 1 
+1 1 


= ae (108). 
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M,l 
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M+1,1 


where D., E. and F. stand for the coefficient of the stream functions 


Vi-1,1? Va and Vi41,1 respectively, in equation (106) at the grid 


point (i,1), and He 4 denotes all the terms on the right hand side of 
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the same equation when rr = se 

It is noted that equations (107) and (108) are obtained after 
applying the boundary conditions 24H = Ca NST = Sie = 0 for equation 
(101) and the boundary conditions Vid = Va NAT = Yj = 0 and 
ue 4/8" = 0 (or YM § = Yue2 7) for equation (102). The success of 
the boundary vorticity method is based on the observation that a 
linear relationship exists between the vorticity function CM+T 51 and 


the stream function M+] 1 at the boundary. For example, given three 


sets of values at a boundary point for the vorticity function and the 


stream function, namely, aw and ae of?) and ve, and (3) and 
yi), the following linear relationship exists. 
(3 Bk ae ( 2 2 
ap ) Poy Wy us )) # mn ) (109) 
Yee ob 


At the beginning one assumes that CM+T 51 = a in equations 
(107) and (108). Then equation (107) can be solved simultaneously for 
CHT? j = 2,3,...M, by using the Gaussian elimination method. Using 
the obtained vorticity functions, the right hand column of the matrix 
equation (108) can be evaluated. Applying the Gaussian elimination 
method to equation (108), the values for the stream function Vi can 


be found, and the boundary value }y4,, 1 = ysl? 


will be stored. By 
assuming again OMT 61 = ae and following exactly the same procedure, 
the secondary boundary value Yed 1 = yp?) will also be stored. Using 
the linear relation (109) and noting that yo) Oi (3) can be obtained. 


Substituting the newly obtained boundary vorticity (2) into equations 


OTT 


‘seal ii ip non | 

vost bantatde sve (907) bite (SOF) aan t supe: geds ‘iii “a 

hottsupe 10F 0 5. 13) Say game ‘Ee 2notd thao isbawad se 

ae ee - (pF eoate times ynebnod st na 

hm eesyoue ont . SDF} sie gus! 1 {pesent * in? 7) meee | ‘i 

i $sit} noi tevyeado oad, Ha boeny, er Aatonastatsyov. — ) 

pant Maton eFoeeray #56 plied ioe lane fo 

sand navie ,sfqmexa 4 evabrdod atti & i ——- ft 
ott bie soettonnt ibis: _ 10 “anion. ysabryod & 46, 2 

ong *® V5 bis As bos.” de he a ee 1 Eseuet pies 

pie conta, aude nhs Tey 


: ma, 
. ) ee a” hi iv ae 
(04) (Sh. ae om: mt * pas wana ‘i 


aM 
enorisupa. nt hs F Age ies 2 aht vse aaaies anit TA. j 
10} vf 2uoereaT unt 2! bay Bbe ad: 1 (XO) aorsends aeaT ~~ (80f) bas (9 Or) 
| gaia! durian aohtentiits SetReuse-at-gniay 4d Mon. EeS + be 
KPitcn Sd) ¥O dowihod nat ake Ganotson? Wtoks0v bento 
aor tontmtts nsirelisd cit-ontiegh shed euf ove ad nso (ar) 
6- ee sanut ne ‘Sia: wt ou Foy ont . (80%) notteups pe 
bavotz a Pit ‘pee gag ‘dieaadeatiin on 
,sybeso1 sme ort x 12 3ax9. ty ; tor tne | ne bal tte shepe Die 
patel .bevot2 sd ozls Mie oe 5 i rat ‘aaes \wvsbovod Urabneose odd 
.bentetdo sd neo & Pi 0 =(E1) Jett. pet 0 bn (er) nottstian seant E ait 
enatd abs osai I, tS . vi bhatt -Utiain 


Le ™ 


“a 


= 


111 


(107) and (108) and solving these equations, one obtains Ci and Vii 
j = 2,3,...M, which represent the numerical solutions along the radial 
line j = 1. The same computational procedure will be repeated for 

the succeeding radial lines j = 1 + 1, 1 + 2, ... etc. with j = 2 at 


(3) 


the beginning. Numerical experiments show that using ch the values 


of the stream function on the boundary, bey 1, range from 107” £520 


as compared with the largest value at interior point. Theoretically, 
of course, the stream function must vanish at the boundary. It is 
noted that an error of the above magnitude may be caused by a round- 
off error using a single precision. 

With a computational procedure for the numerical determina- 
tion of the boundary vorticity established, it suffices to mention 
that the usual liné iterative relaxation method for the numerical 
solution of a set of finite-difference equations with the associated 
boundary conditions may be employed. 

In the numerical computation, the prescribed error for al] 


the dependent variables and the secondary velocity components is 


M+] M+] 
- N+] yN+1 
“ (n+1) (n) (n+1) -5 


Since the momentum equations (101) and (103) are coupled, 
the number of inner iterations involving the boundary vorticity method 
is of some interest. The following result is found to be satisfactory 


from the viewpoint of computing time after some numerical experiments: 
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Number of inner iterations 
relating to boundary (f Re)/(f Re), 
vorticity method 
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The parameter f Re will be defined later. The number of inner itera- 
tions for Ws 5 is always one. It is noted that further increase of 
the number of inner iterations mav destabilize the convergence of the 
iteration process.. 

In order to accelerate the convergence, an overrelaxation 
factor is used. Since nonlinear terms are involved in the elliptic 
type partial differential equations for the present problem, no general 
method is available for the evaluation of an optimum relaxation factor. 
However, with a mesh size of M, N = 28, a relaxation factor ranging 
from 1.7 for small Dean number to 1.0 for large Dean number is found 
to be satisfactory for all the equations except the momentum equation 
(101) for secondary flow where a factor of 1.0 is used always in the 
numerical computation. In order to stabilize the convergence in the 
high Dean number region, underrelaxation factors of 0.7, 0.5, 0.1 and 
0.02 are also tried. However, no appreciable difference is observed 
in extending the parametric value as compared with the relaxation 
factor of 1.0, confirming that the boundary vorticity method is com- 
putationally very stable. 


The convergence of the iteration process depends on whether 
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or not the coefficient matrix is diagonally dominant. Consider, for 


example, an off-diagonal element 


A. = |°- aa oy ua 
in equation (107). To ensure diagonal dominance, one expects a re- 
striction on the magnitude of the secondary flow velocity component 
to be lus 4! < (2/Ar-1/r.). If the limit is exceeded, the coeffi- 
cient may no longer be diagonally dominant, and the numerical solu- 
tion. starts oscillation and finally diverges. At this point it is 
useful to recall the convergence conditions for solving a linear 


system Bc = G. The convergence conditions for the coefficient matrix 


B are’ [98]. 
0 ain: By aes atea ttt 
M+] 
(2) b; 2 |b; | and for at least one i Chile 
ji the strict inequality holds 
(3) The matrix B is irreducible. 


Here bij denotes an element of the matrix B. In the pre- 
sent problem, violation of the above conditions occurs when the 
velocity component Ma becomes large in high Dean number flow regime. 
This difficulty can be overcome by using finer mesh sizes, but the 


computing time and the round-off errors increase correspondingly. In 


order to extend the numerical solution into high parameter region, the 
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mesh sizes of M, N = 56 and M = 74, N = 42 are also tried in some 
cases in addition to the mesh size of M, N = 28 for most computations. 

Another way of stabilizing the numerical computation is to 
introduce an andere ca" ion factor w < 1. Numerical solution may 
be extended further to higher parameter values by use of the under- 
relaxation factor but only at the expense of considerable computing 
time. It is worth noting that a close analogy exists between the 
numerical methods of solutions for parabolic and elliptic partial . 
differential equations. One observes that the stability criteria for 
parabolic equations correspond to the convergence criteria for elliptic 
equations [99,100]. As a matter of fact, if one consider convergence 
and stability in the sense of Lax and Richtmyer [101], then it can be 
proved equivalent for a difference equation approximating a differential 
equation in the formal sense [100]. In this connection it is noted 
that the stability condition suitable for parabolic equations with 
inertia or convective terms for explicit finite-difference method 
is given by Barakat and Clark [102]. This stability criterion was 
pointed out by Nunchal, Spalding and Wolfshtein [103] to be the con-. 
vergence criterion for elliptic equations. 

At this point a comparison between the boundary vorticity 
method and the conventional methods of determining the boundary vorticity 
is of practical interest. One may determine the boundary vorticity by 
writing the central finite difference equation for equation (102) at 


the boundary leading to the following expression: 
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The approximation of the boundary vorticity is known to have a signi- 
ficant effect on the stability of numerical solution. Using the 

above expression for boundary vorticity, a set of the governing 
equations can be solved by the conventional line iterative method. 

This method of solution will be referred to as stream function-vorticity 
method in this paper. Figure 11 illustrates the results of numerical 
EAR eiiets for the boundary vorticity method and the stream function- 
vorticity method at the values of Dean number K = 0.32, 54 and 90, 
respectively. For this comparison, the number of inner iterations 

is fixed. At K = 0.32 and 54, the stream fan tionevar tie tty method 
fails to yield convergent solution with the restriction of equation 
(110) for relaxation factor w > 1. In particular, the stream function- 
| vorticity method fails to yield convergent solution for K = 90 even 
with an underrelaxation factor as small as w = 0.05. In contrast, 

the boundary vorticity method converges quickly with w = 0.8 ~ 1.0. 

In high Dean number range, the boundary vorticity method has definite 


advantage in regard to convergence. 


3.4 FLOW AND HEAT TRANSFER RESULTS 

It is possible to obtain the expressions for the product of 
friction factor and Reynolds number (f Re) and Nusselt number (Nu) by 
sone davand either the velocity and temperature gradients, respectively, 
along the pipe wall, or the overall force and energy balances, respectively, 


for the axial length R de. The results are 
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Fig. 11 Comparison of numerical solution between boundary 
vorticity method and stream function - vorticity 
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(Nu), = 2w|90/or |, / |wo| (112) 
(f Re), = 8/w 
(Nu), = we/ [wo]. 


Evaluation of the mean values indicated above are carried out by using 
Simpson's rule. The ahove two expressions for the overall character- 
istics, f Re and Nu, afford checking the convergence of “the numerical 
results. 

In order to assess the accuracy of the numerical solution, 
the axial velocity profile along the central horizontal axis and 
isolines for velocity from this analysis at K = 196 are compared against 
Adler's experimental data [19] at K = 205 in Fig. 12. A good agree- 
ment is observed between the present numerical solution and the 
experimental data. The numerical solution can be extended to K = 205 
with relaxation of the prescribed error but the numerical results at 
K = 196 are based on equation (110). The streamlines are also illu- 
strated in Fig. 12, and one sees that at K = 196 the center of cir- 
culation is situated near the inner wall. The loci of the centers 
of circulation are of interest. As Dean number increases, the centers 
of circulation move toward the wall radially, but horizontally they 
move away first from the central vertical axis toward the outer wall. 
With further increase of Dean number they then move back toward the 
inner wall. The distribution of the secondary flow velocity is un- 


symmetric with respect to the central vertical axis. Furthermore, 
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the distribution of the streamlines suggests that at K = 196, the 
boundary layer approximation cannot be applied. 

The effect of Dean number on average friction factor is 
well understood. The effect of Dean number on the local distribu- 
tion of friction factor-is of theoretical interest but appears to 
have not been reported in the literature. Figure 13 shows ae local 


angular distribution of (f Re),/(f Re), as K varies from 0 to 186.8. 


0 
At K = 13.8 the value of (f Re) »/(F Re), is seen to be larger than 

one along the outer wall (-1/2 <d<1/2) and less than one along the 
inner wall such that the average value is slightly larger than one. 

At K = 94.7, the region with (f Re), SFR Re), occupies nearly three- 
quarters of the whole region including the outer wall. With further 
increase of Dean number, the value of (f Re) 4/(F Re), is always seen 

to be less than one in the neighbourhood of ¢$ = 7. 

In order to bring out the effect of Dean number on local 
friction factor more clearly, the value of (f Re) ./(f Re), is plotted 
against K in Fig. 14 for 6 = 0 and ¢ = m7, together with the average 
value (f Re)/(f Re), Yadicated for comparison. In very low Dean 
number region, say up to K = 10, the centrifugal force effect on 
the average value of f Re is negligible, but one can clearly see the 
difference between the local value at > = 0 (or o = m) and the average 
value. Within the range of present investigation one notes that both 
the local value of (f Re), at » = O and the average value increase con- 


tinuously with K, but the local value of (f Re) ,/(f tele at ¢=T 


) 
remains at around 0.84 after reaching say K = 40. 


Fully developed laminar flow in curved pipes has been 
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Local angular distribution of (fRe) /(#Re),, with Dean number K as a parameter. 
> 0 


Fig. 13 
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studied very extensively in the past because of its technical im- 
portance. Figure 15 shows the comparison between the result of-pre- 
sent numerical analysis and the experimental and theoretical data 
available in the literature for f Re/(f Re), vs. Dean number K. It 
is seen clearly that the present result agrees with the experimental 
data of White [17] and Ito [41] from relatively small to high Dean 
number region, while the predictions based on boundary layer approxi- 
mation [19,23,65] lead to completely wrong trend in the low Dean 
number region. Ito's prediction is generally good for the range of 
Dean numbers under consideration, but has some error in the low para- 
meter range. The above comparison serves to illustrate the relative 
merits of the various theoretical methods. For the high Dean number 
region, Ito's prediction is recommended for use in design. Ito's 
empirical equation is given below for reference. 


Wz 


f Re/(f Re), = 0.1008K'/°(1 + 3.945K"'/? + 7.782k~*) 


+ 9.097K73/2 + 5.608K72) 


for K > 30 


Typical temperature profiles along the central horizontal 
and vertical axes and isothermals from the present analysis for 
Pr = 100 and K = 7.66 are shown in Fig. 16. At K = 7.66 it is ex- 
pected that the secondary flow due to centrifugal force is rather 


weak. An examination of the energy equation (104) reveals that the 
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role of Prandtl] number in convective terms is similar to that of Dean 
number, and this observation is confirmed by the temperature avor lee 
shown in Fig. 16. The temperature profile along the central vertical 
axis exhibits saddle shape in the central region, indicating a rather 
dominant convective motion therein. One should point out that the 
characteristics noted above for the temperature field are further 
magnified with the increase of the parameters K and Pr within the 
range of the present investigation. Unfortunately the present nu- 
merical solution cannot reach the value of K = 632 to enable one to 
make direct comparison with the experimental temperature profiles 
for air reported by Mori and Nakayama [65]. However, one notes a 
significant difference for temperature profile along central horizon- 
tal axis in the neighborhood of inner wall (o = 7), with the present 
numerical result and the experimental data lying on opposite sides 
of the temperature profile for a straight pipe. 

In order to consider the above discrepancy further, the 
angular distribution of the local Nusselt number along the pipe 
wall with Dean number as a parameter is shown in Fig. 17 for Pr = 0.7 
and 100. The variations of the local Nusselt numbers at ¢ = 0 
(outer wall) and > = 7m (inner wall) with Dean number K, are shown 
in Fig. 18 for Pr = 0.7, with the average Nusselt number included 
for comparison. As expected, the situation is similar to that shown 
in Fig... 14 for friction, tractor. 


The overall heat transfer resutls in terms of the Nusselt 
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number ratio Nu/(Nu) vs. Dean number K from this analysis are shown 
in Fig. 19 for various Prandtl] numbers with comparison made against 
Ozisik and Topakoglu's results [74] using perturbation method, Mori 
and Nakayama's theoretical results using boundary layer approxi- 
mation and their experimental data [65], and also Seban and McLaughlin's 
experimental data [61]. It is noted that. the data obtained by Seban 
and McLaughlin [61] are reproduced here by using the same transfor- 
mation as that used by Ozisik and Topakoglu [74]. It can be seen 
that the average Nusselt number from this analysis is closer to the 
experimental data at outer surface than those at inner surface given 
by Seban and McLaughlin [61]. For Pr = 0.7 (air) the result from the 
present analysis agrees with Mori and Nakayama's data [65] for air. 
As can be clearly seen, Ozisik and Topakoglu's results from perturba- 
tion method diverge quickly with the increase of Dean number. It is 
now evident that the perturbation method cannot be applied to the 
forced convective heat transfer with secondary flow except in a very 
low parameter region which is practically not important. Based on the 
results from this analysis, it appears that Mori and Nakayama's 
theoretical result from boundary layer approximation is valid near 
Pr = 1.0 only, and the result for Pr = ~ shown in [65] is believed 
to be invalid. The existence of asymptotic value for Pr + ~ is 
doubtful; but the asymptotic value does indeed exist for Pr > 0, 
as shown in Fig. 19. 

The effect of Prandtl number on forced convective heat 


transfer in curved pipes is of considerable theoretical and practical 
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interest. A careful study of the heat transfer results for Pr > 1] 
shown in Fig. 19 reveals that after reaching a certain Dean number 
or Nu/(Nu) , x 1.35, all the curves become straight lines and more or 
less parallel to each other. For a given value of Nu/(Nu) 95 the 
Prandtl number effect can also be seen from the decrease of K with the 
corresponding increase of Pr. The above observation for Prandtl number 
effect on heat transfer result also confirms the role of Prandt] 
number in the convective terms of the energy equation (104) noted 
earlier. A study of the basic equations shows that when the Prandtl 
number is large, the inertia terms in the momentum equations (101) 
and (103) can be neglected. This fact is also verified by the nu- 
merical results. In other words, while the secondary flow is rather 
weak, the convective terms in the energy equation (104) are important 
because of large Prandtl number. With large Prandtl number it can be 
Shown that a new parameter K?Pr results. 

For example, by introducing the secondary flow characteristic 
axial velocity W and other suitable characteristic quantities for 
T - Tes P' and 2, the radial momentum equation (95) and the energy 
equation (98) may be normalized. Noting that the centrifugal force 
term and the viscous terms in the momentum equation must be of the 
same order of magnitude, one obtains U/W = Re(a/2R.). Using this 
relation, the new parameter K2Pr can be shown to appear as a coeffi- 
cient of the convective terms in the normalized energy equation. Al- 
ternatively, by normalizing the dimensional momentum equation for 


secondary flow corresponding to equation (101) and the energy equation 
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(98), the parameter KP can also be shown to arise. 

It is now possible to obtain a new correlation of heat 
transfer results for high Prandtl number fluids as shown in Fig. 20 
where all the results presented in Fig. 19 are replotted on the basis 


I4é for illustration. Since Seban and McLaugh- 


of Nu/ (Nu), vs. (K2Pr) 
lin's experimental data [61] are for fluids with Prandtl number rang- 
ing from 100 to 657, the arithmetic mean value of 379 is taken as a 
value of Prandtl number for simplicity in replotting. It is signi- 
ficant to note that with the new correlation all the theoretical curves 
for Pr > 1 from the present analysis nearly coincide. This suggests 
the practical implication of "large" Pr. Furthermore, all the experi- 
mental data for Pr = 379 and 0.7 (air) are seen to scatter within a 
narrow band around a new correlation curve with a higher Dean number 
portion obtained by a linear extrapolation of the present theoreti- 

cal results. The agreement between a new correlation curve and the 
available experimental data is considered +0 be Sra beb ve in view 

of the fact that the new correlation is based on the assumption that 
the Dean number is small and the Prandtl number is large. Further- 
more, one should note the inherent difficulties in the experimental 
measurements and the experimental simulation of the thermal boundary 
condition such as the uniform peripheral wall temeprature at any 

cross section. The following approximate equation is deduced using 


the new parameter K?Pr as the curve to best fit all the numerical 


results. 
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Fig. 24 Temperature profile development along dimensionless downstream 
distance at Pr = 0.1 and K = 123.2. 
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Temperature profile development along dimensionless downstream 
distance at Pr = 10 and K = 37.1. 
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Fig. 27 Temperature profile development along dimensionless downstream 
distance at Pr = 500 and K = 4.45, 
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Nu/(Nu), = 0.1810(1-0.83907 '+35.497*-20797 3441997") (113) 


where 0 = (K¢pr)!/4 


> 3.5 for Pr > 1. 

For Q < 3.5, the secondary flow effect is estimated to be 
less than 1.5 per cent in terms of the Nusselt number ratio Nu/ (Nu). 
In view of the possible experimental errors in the region Q < 3.5, 
the secondary flow effect is not considered to be important in that 
region. The correlation equation (113) can now be considered to be 
valid for all the practically important laminar regimes with suffi- 
cient accuracy. In the application of the correlation equation (113) 
to the flow regime where the Dean number K is greater than say 200, it 
is well to note that secondary flow stabilizes laminar flow with the 
transition Reynolds.numbers of 6000-8000 being characteristic of 
helically coiled tubes [35] and also the present analysis is valid 
up to a/R. = of107'7. Recent experiments by Baylis [43] for laminar 
flow in curved channels of square section confirm that the present 
formulation is valid up to a/R. = 1/3.5 in practice. Baylis [43] 
observes a good agreement between his experimental data [43] and the 
numerical results given by Cheng and Akiyama [78]. 

The inconsistent behavior of the boundary layer approxi- 
mation [65] for the Prandtl number effect is evident from Fig. 20. 

For example, the heat transfer results for Pr = 1, 4, and Pr = 379, 


500, are clearly on the opposite sides of the new correlation curve. 


This leads to the conclusion that the boundary layer approximation 
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[65] is valid only near Pr = 1.0. 

In view of the recent experimental data for the asymptotic 
Nusselt numbers presented by Dravid et al [82] for the case of uni- 
form wall heat flux, a comparison among all the existing theoretical 
and experimental results is believed to be pertinent and is shown in 
Fig. 22. The new experimental data for Pr = 5, 55 and 125, and the 
predictions based on empirical equation for the asymptotic Nusselt 
numbers presented by Dravid et al [82] and valid for K = 50 ~ 2000 
and Pr = 5 ~ 175 are seen to lie below the numerical result for the 
corresponding Prandtl] number. However, the slopes of the curves are 
seen to agree with each other. It is also seen that Seban and McLaugh- 
lin's experimental data do not check with either the experimental 
data for Pr = 175 or the empirical correlation equation suggested 
by Dravid et al [82]. 

A comment on the computing time required to obtain a com- 
plete numerical result for flow and heat transfer at each value of 
the parameter c/n, may be of interest. It takes about 2 min for c/n, = 
10° and 8 min for C¢/r, = 4 x 107 with M, N = 28 and Pr = 1.0 on 
IBM 360/67. On the other hand, a computing time of approximately 
40 min is required to obtain a complete result up to CH its = 4 x 10° 


with M, N = 28 and Pr = 1.0. One notes that the computing time de- 


pends to a large extent on the selection of a relaxation factor. 
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3.5 CONCLUDING REMARKS 
) 1. The numerical solution using a combination of the line 
jterative method and boundary vorticity method is shown to be very 
effective up to a reasonably high value of the Dean number where an 
asymptotic behavior already appears for flow and heat transfer re- 
sults, and further result for high Dean number range can be obtained 
by a linear extrapolation. The distinctive features of the new method 
are its simplificity, computational stability, and a significant 
saving in computing time as compared with the conventional methods. 

2. The Prandtl] number effect for fully developed laminar forced 
convection in curved pipe is clarified for the first time. It is 
shown that all the heat. transfer data for the present echien can be 


1/4 for 


correlated by a single curve using a new parameter Q = (K2Pr) 
Pr > 1. This observation of the asymptotic behavior in heat transfer 
results for Prandtl number effect is noteworthy and significant. 
The final validity of the proposed correlation equation using the 
new parameter Q should be checked critically by future theoretical 
and experimental data. 

3. According to the order of magnitude analysis, the present 
formulation is considered to be valid for a/R. <ioaar* |) However, 
it is of practical interest to note that the assumption 1] in the formu- 
lation of the problem may be considered to be valid up to a/R. = 1/10 


in practice. This observation is based on the theoretical and experi- 


mental flow results available in the literature [17,41,35]. 
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4. The correlation equation (113) clearly indicates the 
existence of the asymptotic behavior for large Prandtl number or 
large Dean number, and only the first term on the right hand side 
of equation (113) is significant. This finding is similar to that 
observed in earlier work [78] and is considered to be of practical 
importance. 

5. Based on the present numerical results it is now evident 
that the perturbation method as used in the literature diverges 
quickly with the increase of the Dean number. This remark applies 
to a class of broadly similar forced laminar convection problems 
with secondary flow. Furthermore, it is shown that the boundary 
layer approximation predicts inconsistent Prandtl number effect 
and is valid dhitay rear Pr = 1.0. 

6. The numerical results resulting from the present study 


are listed as Appendix 6 for future reference. 
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CHAPTER IV 


GRAETZ PROBLEM IN CURVED PIPES 
WITH UNIFORM WALL TEMPERATURE* 


4.1 INTRODUCTION 

The thermal entrance region problem for fully developed 
laminar flow in curved pipes is of practical and theoretical interest 
but no theoretical analvsis is available in the literature until 
recently. Dravid, Smith, Merrill and Brian [82] reported a numerical 
study on thermal entrance region problems in curved pipes for three 
basic thermal boundary conditions including those for a uniform wall 
temperature. Their numerical study for laminar flow is limited to 
the case with Dean number 225 only and with a fully developed velocity 
field obtained from Mori and Nakayama's theoretical solution [65] 
based on boundary layer approximations. The author became aware of 
the numerical analysis of Dravid et al [82] after the present work 
was completed. In view of the rather limited work reported so far 
on the Graetz problem in curved pipes, it is obvious that further 
theoretical and experimental work is required before the design data 
comparable to the classical Graetz problem in straight pipes is 
complete. 

The purpose of this part of the thesis work is to present 


a complete numerical solution for the Graetz problem in a curved pipe 


*The abstract for this work was presented in reference [84]. 
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with auniform wall temperature valid up to Dean numbers of order 100. 
The present numerical result and its implications will be critically 
examined against the main conclusions of Dravid et al [82,83] based 

on numerical and experimental investigations for high Dean numbers. 

It should be pointed out that the numerical results obtained in this 
investigation are directly applicable to the corresponding mass transfer 


problem by noting the analogy. 


4.2 GRAETZ PROBLEM IN CURVED PIPES 
The classical Graetz problem is to determine the development 
of the temperature profile along the heated (or cooled) section of 
flow passages for a steady fully developed laminar flow of an incom- 
pressible viscous: fluid with constant physical properties (see Fig. 
22). Since the publication of Graetz's classical work [100], the 
problem of thermal entrance region heat transfer has been extended 
in many ways to include various real effects which were not considered 
originally by Graetz. The Graetz problem in curved pipes is characterized 
by the inclusion of the convection terms due to secondary flow in the 
energy equation which is additional to the case of steady Poiseuille 
flow in straight tubes where the axial convection term represents the 
sole convection effect. The following assumptions are made in order to 
limit the scope of the present analysis: 
1. The curvature ratio a/R. is small (a/R<< We 
2. The physical properties are constant and free convection 
effect is negligible. 
3. Viscous dissipation is negligible and heat sources do not 


exist. 
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4. The axial conduction term is negligible compared with the 


radial conduction term in the energy equation (Pe > 50). 


The practical implications of these assumptions are known. 
For example, according to recent work [96] the Graetz solution is 
found to be applicable only when the Rayleigh number [96] is less 
than about 10°. With assumption 2, the energy equation is seen to 
be uncoupled with the momentum equations, and the flow problem solved 
in Chapter III can be applied to the present problem as well. The 
energy equation without the axial conduction term becomes parabolic. 
A variety of thermal boundary conditions may be possible in practice, 
but the conditions most frequently studied as reference cases are 
uniform wall temperature and uniform heat flux at the wall. In this 
analysis, the fluid temperature is assumed to be constant (Tp) and equal 
to the wall temperature up to some axial position Ro = 0 where a step 
change in the wall temperature to a higher (or lower) value (Te) is 
imposed (see Fig. 22). Referring to the coordinate system defined in 


Fig. 10 of Chapter III, the energy equation can be written as, 


Z 2 
OT et. ON we oe ee oelpenl Olal. elie ah 
Ricks Ran Re ate 8 ca2a RY oR © paca! BRED. 


It is noted that the above ele corresponds to equation 


neglected. The cir- 


(86) with the axial conduction term a 3 eT/R, 250 
cumstances under which the axial conduction term may be neglected are 
well discussed in Chapter II. In general, one may state that the axial 


conduction term is negligible except very near the thermal entrance of 
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a pipe and for a low Peclet number flow regime. The boundary condition 


is simply, 


at 
i} 

i 
i] 
i} 

=) 


0 constant at 2 
(115) 


and T=T constant at R 


i} 
fo}) 


Introducing the following non-dimensional variables and the 


characteristic parameters, 
R = [a]r, Ro = [alr., U = [v/alu, V = [v/alv, W = [Cv/a]w, 
AtsT, 9 = [Ty-T,,18> (a°/4vy) (aP p/R_22) = C, and v/a = Pr, 


equations (114) and (115) become 


1/2 


col2 
ele) Vv 90 C ] O04 «zl 0 0 1 90 1 20<8 
re ree oo Go) W350 Pr le ‘ror a ees (116) 


(117) 


0 rat r/F. I 
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The parabolic equation (116) is seen to be of second-order 
in r and » and first-order in 2. Therefore, only one boundary condi- 


tion in 2 can be satisfied with the asymptotic condition 6 = 0 at 2 =~”, 
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required for the elliptic problem abandoned. Due to symmetry of the 
problem, one has 36/9 = 0 along the horizontal center line ( = 0 

and 1) and a solution is required only for the upper half of the circular 
region (see Fig. 10). The difficulty of the analytical solution for 
the present Graetz problem in curved pipes is manifested by the rather 
lemited applicability of the perturbation method [64] even for the 
asymptotic case involving the fully developed region. In view of the 
difficulty with the analytical solution and the availability of the 
numerical solutions for the momentum equation in Chapter III, the 
parabolic energy equation (116) will be solved numerically by using 

an alternating direction implicit method. 

The limiting case of Pr > 0 is of considerable practical 
interest. For this purpose, the energy equation (114) can be normalized 
by introducing additionally Q = QW with 2. denoting a characteristic 
value indicating an axial angle 2 required for the thermal entrance 
length. By noting that the axial convection term must be of order 


one in the normalized equation, one obtains 


2 ?s 
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(118) 
= 2 LW Fe 
Q. = Pr(C/r.) - Pr(a/R.) (K/2w) 
It is seen that when Pr + 0, the convective terms involving Pr can be 
neglected and the secondary flow effect appears indirectly through w in 
the axial convection term. It is significant to note that Q. provides 


a measure of the thermal entrance length. The energy equation also 
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suggests that the Nusselt number is a function of the Prandtl and Dean 


numbers and the curvature ratio a/R. does not appear explicitly. 


4.3 NUMERICAL SOLUTION USING THE ADI METHOD 

The numerical solution of the momentum equations given in 
Chapter III is accomplished by a combination of the boundary vorticity 
method and a line iterative relaxation technique. The numerical solu- 
tion of the general Graetz equation is of considerable interest, and 
an ADI method is employed for the integration of the parabolic equation. 
Since the numerical experiments concerning the stability and conver- 
gence in connection with the ADI method for the problem under consi- 
deration seem to be rather limited, and furthermore the numerical solu- 
tion of the Graetz problem with secondary flow apparently has been re- 
ported only once in the past [82], a brief account of the ADI method 
used will be given here. 

For the purpose of illustrating the computational procedure, 
a set of finite-difference equations in the radial and tangential 
directions, respectively, for equation (116) will be written in matrix 


form as follows using a three-point central-difference formula: 
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r-direction 
(k+1/2) (k+1/2) (k) 


| Bo 3 Co; 0 99 4 Boy 
EE tee ie 93 5 oa 
2 (119) 
Ba 4 Big Ci 953 Crs, 
0 
Ag OM, OM Gu j 
where j = 1,2,...,N+I. 
o-direction 
(k+1) (k+1) (k+1/2) 
Ey fain 0 O4 i,1 
ania eae ie Fe 
= ; (120) 
Di Eig By 954 Hs 
0 
Deer Ea Net 85 Ne He Ne 


where i = 2,2,...,M. 


The elements of the coefficient matrices are: 


AS = - (Prdr/2) Us -1+ Ar/2r 
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It is noted that the finite-difference equations along the horizontal 
center line, i=1,2,...M+] for j=] and N+1, take a special form after 
satisfying the symmetry condition 36/34 = 0 and the wall boundary con- 


dition also modifies the elements of the coefficient matrix. One also 


notes that the singularity inherent at the origin of the cylindrical 


; 
: n i, ; 
- ¢ 2 ae | J 
abs Sy Lo ae i 
oT ; 
ree ' r ‘ 


f 2 ae "te 
‘wat a> Stra) + ue” = puss Ce . Lio 
& 
nee Whe dere 
be? naan * soto ‘i me i 
. : i fey Ay my ; 
oa nftu)s - ~ a 7 me 
* (a) 5 \S(na) + 4 . co Scalia - "ket po an 
aS tals nr aa | oo ( He, wi Pht bis 


ti hy 44 hai é ws a Sais. i" iM a 


S fous (ajo t aw ‘i y : eae h ‘ Seep 

i rae yY i iY 7 Wi = a f : - x : 
ee ~ ba » ut a) in o < ; i 
ie 
| ty tt aie ure + ot - & + tet . a8 


es 


feinostron edt profs ene 
1wst6 no? feted 6 odat is bes tt Wl aS raga 


147 


coordinates can be avoided by employing a finite-difference equation in 
Cartesian coordinates there. 

Before presenting the main steps for the ADI method, the cal- 
culation procedure at the center point will be outlined. The usual 
procedure is to compute the value at (1,1) for the intermediate step 
(k+1/2) using the forward difference method based on the known values 
for (1,1), (2,1) and (2,N+1) from the previous step k. Using the new 
value for the center, the computation then proceeds to the intermediate 
step (k+1/2). The modified procedure used in this study consists of 
replacing the point (2,N/2+1) at the intermediate step (k+1/2) by the 
corresponding points for steps k and (k+1). The modified procedure 
now involves a forward difference explicit and a backward difference 
scheme and thus eliminates the need of using the grid point (2,N/2+1) 
at the intermediate step (k+1/2) in applying the ADI method. 

With the procedure for the center point established, the 
solution of equation (116) can be accomplished by performing the fol- 
lowing main steps: 

1. The values for U. 


and W. j are obtained from the 


+ ae 
solutions of the related momentum equations in Chapter III. 


The initial values for 6; j 


reasonable values, since the fully developed condition 


are set to be one, or any other 


is of primary interest here. Then the boundary condition 
Om+1 , j = 0 is applied. 

2. The value of 8, 4 for the intermediate step (k+1/2) is com- 
puted, using the values at (1,1), (2,1), (2,N/2+1) and 


(2,N+1) from the previous step k. 
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3. After knowing 01] for the intermediate step (k+1/2) and 
all the values for ae at the previous step (k), equation 
(6) can now be solved for rae at step (k+1/2) using 
Thomas' method. 

4. With all the values for 0. j known at the intermediate 


step (k+1/2), equation (120) can be solved for a; at 
step (k+1). 

5. Since the values for the center point and the adjacent 
three points at the intermediate step (k+1/2) are known, 
the value for 81 at step (k+1) can be computed. 


6. The above procedure can now be repeated until a fully 


developed temperature field is reached. 


Since the computation of the Nusselt number is of primary 
interest in this study, the thermally fully developed situation is 
ascertained by the relative variation of the Nusselt number along the 
axial direction using the following relationship: 


e = (NuetC) yy ly ry l 2 5 x 107° 


(121) 
where n is an axial step number and c is a reasonably large integer 
such as 20 or 50. 

The mesh sizes of M=N=14, M=14 and N=28, M=28 and N=14, and 
M=N=56 are examined to establish the accuracy for the numerical re- 
sults and the mesh size of M=N=28 is found to be satisfactory from 


the viewpoint of accuracy and computing time. The angular coordinate Q 
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is transformed into n by using the equation n = 1 - oe and the axial 


4 ae 


step sizes AQ = 0.1 x 10° ~ 0.2 x 107! corresponding to An = 0.1 x 10° 
0.1 x 107° are used. 

When the Dean number or Prandtl number is large, the local 
Nusselt number starts fluctuations after reaching a minimum Nusselt 
number and a subsequent maximum value at some distance from the thermal 
entrance as shown in Fig. 23 if the numerical solution starts with 
85 4 = ] at the entrance. This phenomenon is similar to that reported 
by Dravid et al [82,83] for the high Dean number regime. The question 
arises as to whether or not this is a true physical solution or merely 
a manifestation of numerical instability. In order to clarify this 
point, the limiting Nusselt number for the fully developed temperature 
field is computed using three different initial values for the case of 
Pr = 500 and K = 6.26. It is found that if the numerical solution 
starts at some distances from the entrance with the initial values 
obtained from the completely converged cases of K = 2.44 and 3.14, 
respectively, the limiting Nusselt number of 12.1 is obtained for 
both cases, (see Fig. 23). On the other hand, with ore = ] at the 
entrance, the fluctuation phenomenon as pointed out earlier appears. 
Eventually the oscillation of the Nusselt number is damped out and a 
stable lower limiting Nusselt number of 8.0 is obtained. The oscil- 
lation of the local Nusselt number remains even with a further de- 
crease of the mesh size. It should be pointed out that the local maxi- 


mum value of the Nusselt number at the start of fluctuation corresponds 


closely to a limiting value of 12.1. If the fluctuation of the local 
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Nusselt number is regarded as a true physical solution [82], 
then it seems to contradict the known fact that the effect of the 
secondary flow is to decrease the thermal entrance length. In this 
connection, the numerical data for local Nusselt number variation 
with axial distance from entrance for the case of a constant uniform 
wall temperature reported in [82] show that the thermal entrance 
length for the case Pr = 5 and K = 225 is nearly identical to that 
of a straight tube. In addition, if the damped limiting value of the 
Nusselt number is taken as a true physical solution, the plot for 
limiting Nusselt number versus Dean number will have a lower slope 
after reaching a certain high Dean number depending on the Prandtl 
number. 

In view of the above fluctuating phenomenon for local 
Nusselt number observed at Pr = 500 and K = 6.26 in the thermal entrance 
region, it is desirable to study the possibility of a fluctuating 
phenomenon arising from a numerical instability of the method used. 
As noted in Chapter III, the stability of the numerical method for 
parabolic equations is somewhat similar to the convergence of the 
jteration method for elliptic equations and the axial steps K, K + 1/2 
and K + 1 in equations (119) and (120) for the ADI method corresponds 
to the iteration steps in the iteration method. The repeated use of 
either equation (119) or (120) in the ADI method is much the same as 
that of the corresponding finite-difference equation in the line 
successive-overrelaxation method discussed in Chapter III, and the 


convergence criteria given by equation (111) may be applied to the 
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present case. However, in the present ADI method, a complete 
computation cycle consists of the first sweep in the r-direction 
using equation (119) and the second sweep in o-direction using 
equation (120). In general, the alternating use of the r- and 
o-directions, computation processes would give favorable effects on 
stability. As a matter of fact, the numerical solution [104] of 
Poisson's equation for the unsteady heat conduction problem involving 
a rectangular region using an ADI method is known to be stable for 
any combination of the time increment At and spacial mesh size Ah. 
In contrast, the repeated use of the single direction computation 
process may be unstable for some combination of At and Ah [99]. 

One may now study the stability of the ADI method by using 
the convergence criteria given by equation (111). It is noted that 
the diagonal dominance of the coefficient matrix may be an important 
factor for the stability of ADI methods. An inspection. of the off- 
diagonal elements in the coefficient matrices in equations (119) and 
(120) reveals that the following restriction will ensure the diagonal 


dominance. 
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Ad . 
IS r Pr Vij Lad (122) 


for equation (120) 
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The above relations show that the magnitude of Pr Ui g 
and Pr Vag are of primary importance for convergence criteria. The 
violation of the above restrictions may lead to stability problems 
and the solution may not be convergent. Rewriting equation (119) 


k + 1/2) (k + 1/2). g(k) 


as p! » one notes that the present discussion 


is concerned only with the characteristics of the coefficient matrix 
p(k : cae A source of computational error may also arise from the 
column vector g(k) and this possibility will be considered next. 

One may define the residual aK) gop the system involving 


equation (119) as 


One notes that the accumulation of the round-off errors can reasonably 


be represented by the above residual [105]. One may write gk) as 

gk) (k) 

= ee = PE ie eae ie I ‘ Teac 

Ve ez 2 
] (Ar) 
vs [Pr . =) G 2 AQ W, “J 
Ce io ¥,) a Os 
r)? (k) 

as ae r oor ioe rv Io ry “10 a »Jtl (124) 
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(k) 


coefficient of 6. j-l as an example, one notes that the computational 


accuracy Of a point velocity v. . is much less than that of (Ar/Ad ne 


i5J 
The multiplication of Vig by a large Prandtl number, for example 
may magnify the computational error for the term involving Pr Vig 
in comparison to that of the term (Ar/r. Ao)°. Specifically, the 
difficulty may arise when Pr Vi ,9/? becomes more important than V/r. Ad. 
This possibility may arise when either the Prandtl number is large or 

the secondary velocity is large for large Dean numbers. The above 
observation suggests that the numerical difficulty may arise when 

either the Prandtl] number or the Dean number is large. At present 

this is generally the observed fact for the numerical solution 

involving secondary flow problems. In the computation of the coefficient 


for 6 the inaccurate term involving Pr Vv. j may dominate. If 


i,j-17 
(k) 


this happens, the numerical evaluation of the column vector G may 
be quite off from its true value and the resulting error may be directly 
responsible for the numerical instability. This in turn may lead to 

the fluctuating phenomenon for the local Nusselt number. This obser- 
vation cannot be regarded as conclusive, but the possibilty cannot be 
ruled out completely. Of course, the round-off error involving the 
coefficient matrix p(k * 1/2) is also related to the residual atk) 

The situation for the coefficient matrix and the right-hand column 
vector in equation (120) is similar to that discussed so far. It is 

now clear that the numerical instability is a possibility when either 


the Prandtl number or Dean number is large. Further reasoning against 


the oscillation phenomenon as the true physical solution can best be 
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achieved with a detailed study of the temperature development 


in the thermal entrance region. 


4.4 DEVELOPMENT OF THE TEMPERATURE FIELD IN THE THERMAL 

ENTRANCE REGION 

The interaction between the fully established secondary 

flow and the developing temperature field in curved pipes represents 
a departure from the classical Graetz problem in straight tubes. A 
study of the developing temperature field may shed some light on the 
physical mechanism of convective heat transfer in the thermal entrance 
region of a curved pipe and provide a means for the fundamental under- 
standing of overall heat transfer characteristics. For this purpose 
the temperature profile developments along the central horizontal 
and vertical axes are illustrated in Figs. 24, to 27 for Pr = 0.1, 
0.7, 10 and 500, respectively, with a typical Dean number. The 
characteristics of developing temperature profiles are distinctively 
different from those of the classical Graetz problem in straight 
tubes or channels in that the thermal boundary layer development 
along the wall around the circumference. Here the thermal boundary 
layer is defined as the region near the wall where the fluid temperature 
is different from the uniform entrance fluid temperature. It is 
clearly seen that the thermal boundary layer develops much more 
rapidly at the inner wall (% = 7) than at the outer wall (¢ = 0) 
and eventually the thermal boundary layer at all angular positions 


(¢ = 0 ~ 7) merges at some distance from thermal entrance depending 
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Fig. 24 Temperature profile development alona dimensionless downstream 
distance et Pr = 0.1 and K = 123.2. 
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Fig. 25 Temperature profile development along dimensionless downstream 
distance at Pr = 0.7 and K = 123.2. 
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Fig. 26 Temperature profile development along dimensionless downstream 
distance at Pr = 10 and K = 37.1. 
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Fig. 27 Temperature profile development along dimensionless downstream 
distance at Pr = 500 and K = 4.45. 
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on the Prandtl and Dean numbers. After the merging of the thermal 
boundary layer at all angular positions, the temperature profile may 
further adjust itself and finally the fully developed temperature 
field is attained. The above observation is significant and a 
crucial one in arguing against the physical realization of the 
Nusselt number oscillation phenomenon observed numerically by Dravid 
et al [82] just before reaching the asymptotic value. This point will 
be critically examined when numerical results for Nusselt number are 
presented later. Note also the complete disappearance of the initial 
uniform temperature profile at the entrance does not signal the 
completion of the developing temperature field. 

Since the Dean numbers are identical (K = 123.2) for 
Figs. 24 and 25, the effect of increase in Prandtl number from Pr = 0.1 
in Fig. 24 to Pr = 0.7 in Fig. 25 is seen to decrease the thermal 
entrance length for a given value of Dean number. On the other hand, 
the general characteristics for developing temperature fields shown in 
Fig. 26 for Pr = 10 and K = 37.1 and Fig. 27 for Pr = 500 and K = 4.45 
are qualitatively similar and from this, one may conclude that the 
effect of the Dean number on temperature profile development is similar 
to that of the Prandtl number for a given Peclet number. Of course, 
when one considers the effect of one independent parameter such as the 
Dean number, the other independent parameter, namely the Prandtl] number, 
must be kept constant. In Figs. 24 to 2/7 the last temperature profile 
may be regarded as a fully developed one. 


Further insight regarding developing temperature fields 
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may be obtained by a study on the distributions of isothermals 

and .the cases of Pr = 0.7, K = 123.2 and Pr = 10 and K = 37.1 
corresponding to the cases of Figs. 25 and 26,respectively, are 
shown in Figs. 28 and 29. In observing the distributions shown in 
Figs. 28 and 29, one should note that without secondary flow, the 
isothermals are concentric circles, and the gradual distortion from 
near circles close to the entrance represents the secondary flow effect. 
The effect is seen to increase with the axial distance. The patterns 
of isothermals at various axial distances are closely related to the 
Nusselt number variation which will be discussed later. At this point, 


shown 


1 suffices to note that at 1/Gz = (1/Pe) (R_.2/2a) = 2.98 x 10 
Mee. co, kidney-shaped isothermals with concave part appears and 
the isothermals for 1/Gz = 5.06 x 1072 and 8.83 x 107% are remark- 
able similar since both represent thermally fully developed situations. 


In Fig. 29, at 1/Gz = 1.01 x 107° 


eventually the concave portion of 
isothermals merges with the convex portion of isothermals near the 
outer wall, and the eyes of isothermals appear. As a result, the 
minimum temperature location is shifted toward $ = m/2 in contrast to 
those along » = O for all axial positions shown in Fig. 28. The 
location of the minimum temperature point or the existence of one or 
two such points apparently depends on Prandtl and Dean numbers and 
axial position. It is interesting to note that the plume-like behavior 


in the form of a warm current penetrating into the cold fluid core 


region becomes apparent after reaching some axial position. — 
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4.5 NUMERICAL RESULTS FOR NUSSELT NUMBERS 

For the case of constant wall temperature, the average 
Nusselt number is of practical interest in design. However, the 
local Nusselt number variation in the thermal entrance region is of 
considerable importance for a basic understanding and might clarify 
the reasons behind the practical difficulty in correlating the limited 
experimental data as experienced by several investigators. The use 
of two alternatiye expressions in evaluating the local Nusselt number 
is particularly useful in checking the accuracy of the numerical 
results. The Nusselt number, Nu = h(2a)/k, can be obtained in two 
ways by considering either the average wall temperature gradient or 


the local energy balance in the axial direction as: 


(Nu), = 20 [30/ar|,, / [wel 


1/2 | ae ae ci 
(Nu), = Pr (C/r,)  (1/r,)  wiwa6/an| / [wo] (125) 


Simpson's rule is used in evaluating the mean values 
appearing in equation (125) except for |wa6/a2| nhene the trapezoidal 
rule is employed. The local Nusselt numbers versus 1/Gz = (1/Pe) (R.2/2a) 
with Dean number as a parameter for Pr = 0.1, 0.7, 10 and 500 are 
shown in Figs. 30 to 33, and the corresponding plots for the average 
Nusselt numbers over the length are included as Figs. 34 to 37. In 
plotting the numerical results, the average value of the two Nusselt 
number expressions is used and each definition is found to deviate 


from 0 to 1.5 per cent from the average value indicating good 
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convergence and accuracy. The deviation of 1.5 per cent occurs 
only between the minimum Nusselt number point and the fully 
developed point. 

At Pr = 0.1, shown in Fig. 30, the general feature of 
the local Nusselt number variation is similar to that of the classical 
Graetz problem without secondary flow and one can identify easily 
the Leveque solution region [106] as the straight line part near the 
entrance. The effect of the Dean number is seen to increase the 
Nusselt number and shorten the thermal entrance length. At Pr = 0.7 
shown in Fig. 31, the behavior of the local Nusselt number variation 
is considerably different from that of the classical one in that 
after reaching a minimum Nusselt number value depending on Dean number 
at tout downstream axial position, the effect of secondary flow 
predominates over the entrance effect and the Nusselt number increases 
until a fully developed temperature field is reached. Once the 
temperature field is fully established, no further variation in 
Nusselt number is physically possible as shown in Fig. 31. It is 
instructive to contrast the local Nusselt number variation with the 
temperature field development in the forms of temperature profiles 
along ¢ = 0, 1 and 1/2 and isothermals explained in Section 4.4. 


2 shown in Fig. 28 


For example, the isothermals at 1/Gz = 1.02 x 10° 
correspond to a minimum Nusselt number point shown in Fig. 31 for 

K = 123.2. At this axial position the isothermals are still convex 
everywhere, but from this position on, the concave portion appears, 


and the secondary effect is felt throughout the whole region of 
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the cross-section. 

By noting the curves for K = 123.3 shown in Figs. 30 to 
32, one can see clearly that the effect of Prandtl number is to 
increase the Nusselt number at any axial position and shorten the 
thermal entrance length. With Pr = 10 and 500 shown in Figs. 32 
and 33, the fluctuation of Nusselt number value similar to that shown 
in Fig. 23 appears from the points indicated by arrows onward, and 
is eventually damped out. A study of the temperature development 
reveals that at these points the temperature field is already deve- 
loped and the fluctuations observed may be attributed to numerical 
instability since once the temperature field is established, the 
Nusselt number cannot change. One possible cause for the numerical 
difficulty is suspected to arise from the fact that when the Prandtl 
or Dean number is large, two points of inflection for 9*e/aré appear 
after the temperature field becomes established as shown in Figs. 26 
and 27. This is in contrast to only one point of inflection for 
92e/are Shown in Figs. 24 and 25 for Pr = 0.1 and 0.7, respectively. 
The change in sign of curvature for the temperature profile with 
large Prandtl or Dean numbers is due to the dominance of the convective 
terms involving ud6/dr and va6/rod representing the secondary flow 
effect over the axial convection term involving wd6/92 with the con- 
duction terms becoming negligible in the core region, and as a result, 
the character of the coefficient matrix for equation (119) or (120) 
may change drastically leading to the off-diagonal dominant matrix. 


In interpreting the graphical results shown in Figs. 30 


atl j hee A 


it eee Ry 
od 08 Laptt-nt nworte’ €. ESTs eh aes it ym on A | 
od \2t rsdmun Esbitert to fostts srit darks Ursa or s82 ts : 
ony nedrorle bas sch shen six ya. Sacsesdmy zat ot 
S€ .2pht nf mwode O0¢ bere, OF Glee stspaat 6 
mworie tant oF ‘ietimte oufsy “9 demuet Sezeuk-¥o 
bs triswno: anor baseltiadl anlbbewnaimoy 
insmqoteveb swisrsqned gdh bets A tuo sided te 
evel ybserte ih diet? owt eroqas ony: atatog pears ee 
fearvomun of batudtiass sd yet bewisedo enotteudouT? set If a 
as , bartat fdates et bist? ‘eiudsroqmet one Bono sonke yt it 
fachvoman ody vo? seuss otdtezag 90 -spnada fon dou 
Fibra ot naitw'3 ott tos? edt move setts of besoaqaue. aby 
seagqs “sé\e°e rot nottsel tat to zEntog owt .aovet et 
as .eptt nt nwode es bate Mate ‘soneand bre Niatemwaie:. 
“ot nottoettnt to Into ato) ¢Fno at teetdnoo ‘ht at 2taT 
elevitoeqesy 5 4.0 bag 1.0% a s0r 28 brs $8 Leet nt nwont > 
Adtw at torg abide ott ot evutayvns Yo ngte: at « 
avitoswaas Bit to! sanentmob sit ot sub 2t evadmun nsed +0 rennin a 
wolt wsbhoos2 odd pnivnezerae 4ey\o6v bnb v6 \9eu ivi ae m, 
“nox apid ittw 2s \odW oniviovnl avd nottosenos Tetxs ott 1ev0-d96the 
.2Th27 6 98 bre .noteay ova eit int sfaheticon eatwooed ‘ames not oub 4 
(087) se (RET) sdtteups Yr chs Saatott ees ott Yo radosisds od 
Ux ER EBm drestitme mil veal iL onshieahal saath a i 
OF .2pf9 Hf eat 23 ‘ 


2 
ra a 
a ce 
tk 
st 
om 
ag 
= 


‘ ie 


175 


to 37, the effect of the Peclet number appearing in the abscissa 
must be taken into account. For example, with Pr = 500 and the 


or the dimension- 


inverse of Graetz number (1/Gz) = (1/Pe)(R9/2a) = 10 
less axial distance (R.2/2a) becomes 10, 100 and 500 for Re = 200, 
2000, and 10,000, respectively. 

At this point it is desirable to compare the present 
numerical result and its implications with the main conclusions of 
Dravid et al [82]. According to the present numerical study, the 
fluctuations in the values of Nusselt numbers appear only after the 
growth of the thermal boundary layer along the axial direction is 
fully arrested by the complete development of the temperature field, 
and furthermore the growth of the thermal boundary layer is continuous. 
The above observation is in complete disagreement with the interaction 
mechanism between secondary flow and propagating thermal boundary 
layer as proposed in Fig. 8 of Refernce [82]. According to Dravid 
et al [82], the fluctuations in the values of Nusselt numbers occur 
while the colder fluid core region still occupies most of the region 
of the tube cross-section. This is in direct contradiction with the 
present result, and the proposed explanation and subsequent computed 
Sradiavann for the first wavelength are believed to be invalid. It 
should be noted that for the numerical results shown in Figs. 30 and 
31 for Pr = 0.1 and 0.7, respectively, no fluctuations of the Nusselt 
number values are encountered. At present no satisfactory explanation 
can be found for the true cause of the fluctuation phenomenon after 


a fully developed temperature field is approached. 
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“In contrast to the complete numerical solution presented 
in this work, Dravid et al [82] carried out a numerical solution for 
the energy equation only with the velocity field obtained directly 
from Mori ih heeayanetts approximate analytical solution [65] based | 
on a hydrodynamic boundary layer near the wall and a potential inner 
core for the secondary flow. The numerical study in Chapter III 
indicates that this model is inaccurate since even at K = 196 (see 
Fig. 12) the secondary flow streamlines are distorted considerably 
from the idealized model shown in [65] and the eyes are shifted 
toward the inner wall instead of remaining at ¢ = 7/2 regardless of 
the Dean number. Because of the idealized model, some uncertainty 
also exists for the convective terms due to secondary flow in the 
energy equation, and the situation becomes progressively worse as the 
Prandtl number increases. Furthermore, Dravid [83] assumes that there 
is no heat flow in the radial direction at the tube center in his 
numerical solution which is clearly incorrect. Dravid et al [82] 
obtained a numerical solution with a Dean number of 225 only. It 
should be pointed out that numerical difficulty arises when the Dean 
number exceeds the highest values indicated in the figures for 
Pr = 10 and 500 only. Generally, it can be said that the convergent 
solution cannot be obtained when the value for the parameter Kp !/2 
exceeds about 350. The gradual divergence is manifested by the 
increasing difference between the values for (Nu), and (Nu). 
Reference [82] notes that the convergence becomes progressively 


poorer when Re « Pr increases beyond 5,000. However, it is believed 
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that KPr is a more reasonable convergence criterion. 


A correlation equation for the average Nusselt number 
similar to that of Hausen [107] for the Graetz problem in straight 


tubes (K = 0) is highly desirable for the present Graetz problem in 

~ curved tubes. It is clear that the increment of Nusselt number over 
that of straight tubes (K = 0) is a function of the Graetz number for 
given Prandtl] and Dean numbers. The difference in behaviour for the 
increment of the average Nusselt number between the Leveque type solu- 
tion region very near the entrance and the limiting asymptotic region 
coupled with the existence of a minimum value for Nusselt number makes 
the development of the correlation equation rather difficult. This 
indirectly suggests the great difficulty in correlating the experimental 


data. 


4.6 HEAT TRANSFER RESULTS FOR THE THERMALLY FULLY DEVELOPED REGION* 

Heat transfer results for thermally fully developed regions 
in curved pipes with uniform wall temperature are of practical intersét 
in design. As shown in Fig. 22, temperature profiles in fully developed 
regions are similar and only the relative magnitude of the profile varies 
in the axial direction. The region of interest under consideration may 


be termed the similarity region [65]. 


Temperature Field Characteristics 


In order to see the effect of the Dean number on the 


temperature field, temperature profiles along the central horizontal 


* Reference [86] is based on this part of the work. 
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and vertical axes are illustrated in Fig. 38 for several representative 
Dean numbers with Pr = 0.7. Since the fully developed temperature 
field in the region of similarity is of interest, the temperature 
profile is normalized using the maximum dimensionless temperature. 

It is seen that the effect of centrifugal forces represented by the 
fea number is to shift the location of the maximum value toward the 
outer wall. The change of sign of the curvature for the temperature 
profile in the central region from a negative value for K = 0 (straight 
tube) to a positive value for K = finite is eae by the fact that 
the terms ud6/or and vo6/rdd are dominant over the axial convection 
term wo6/r a2 which is always negative for heating. It is expected 
that the gradual increase of the radial temperature gradient at the 
outer wall (1/2 > > > - 1/2) with the increase of Dean number will 
contribute to the gradual increase of the Nusselt number. 

The distributions of isothermals will provide some insight 
into the heat transfer mechanism, and are shown in Fig. 39 together 
with the isothermals from the uniform wall heat flux case from 
Chapter III for Pr = 0.7 and K = 123.2. By examining the distribution 
for 6 = 0.2, one finds that the wall temperature gradient for the 
uniform wall heat flux case is larger than that for the uniform wal] 
temperature case. Focussing one's attention on the distribution 
along the central horizontal direction ( = 0 and 11), one notes that 
the rate of temperature drop for the uniform wall temperature case 
is larger than that of the uniform wall heat flux case. The relative 


rate of increase of the Nusselt number ratio, Nu/(Nu) 9; for the two 
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basic thermal boundary conditions is of considerable interest. In 
this respect, one should note that the Nusselt number depends on the 
average wall temperature gradient as well as the bulk temperature of 
the fluid. Indeed, it will be shown later that the value of the 
Nusselt number ratio for the uniform wall temperature case is higher 
than that for a uniform wall heat flux for a given value of 


Dean number. 


Local Nusselt Number 

The effect of the Dean number on the angular distribution 
of local Nusselt number along the pipe wall is shown in Fig. 40 for 
Pr = 0.7. At K =-65.3, the region with Nu/(Nu) 9 > 1 occupies nearly 
two-thirds af the wall, including the outer wall. It is of interest 
to note that with further increase of Dean number, the value for 
Nu/(Nu) 9 near the inner wall = 7 remains to be less than one. A 
comparison between Fig. 40 and the corresponding plot shown in Fig. 17 
of Chapter III for the case of uniform wall heat flux reveals that 
the local Nusselt number ratio for a uniform wall temperature is 
consistently higher than that for a uniform wall heat flux with the 
same Dean number, such as K = 123.2 shown in both figures, but the 
general trend is similar. For example, at » = O and with K = 123.2, 
the Nusselt number ratio is 4.75 for the uniform wall temperature 
case, whereas the corresponding value is 3.3 for the uniform wall 
heat flux case. 

The overall heat transfer results in terms of the Nusselt 


number ratio versus Dean number are shown in Fig. 41 for several 
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Prandtl numbers with the results from the uniform wall heat flux 
case from Chapter III inclu ed for comparison. The trends of heat 
transfer results for both cases are seen to be quite similar except 
for the fact that with a given value of Dean number the value of 
Nu/ (Nu), for a uniform wall temperature is always higher than that 
for a uniform wall heat flux. This situation is in contrast to the 
limiting Nusselt number of 4.36 and 3.66, respectively, for fully 
developed laminar flow in straight tubes with uniform wall heat 


flux and uniform wall temperature. 


Comparison with Results from Approximate Analytical Methods 


In the absence of experimental data for the present 
problem, it is desirable to compare the present numerical results 
with the available results from a perturbation method [64] and a 
boundary-layer approximation method [65]. This comparison will also 
serve to ascertain the adequacy of the two currently known approximate 
analytical methods. 

Maekawa [64] approached the problem of fully developed 
laminar forced convection in curved pipes with the thermal boundary 
conditions of both uniform wall heat flux and uniform wall temperature 
using a perturbation method. Maekawa used Dean's solution [13] for 
the momentum equations based on a second-order perturbation and carried 
out the solution of the energy equation up to a fourth-order per- 
turbation. Maekawa's results are reproduced in Fig. 42 with comparison 


made against the numerical results from Chapter III and Ozisik and 
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Topakoglu's results [74] based on a second-order perturbation for 
the uniform wall heat flux case using a perturbation method. In recent 
years, Morton's perturbation method [14] has been applied by several 
investigators to the solution of fully developed convective heat 
transfer problems with secondary flow. It is now known that the 
perturbation mathod has a rather limited range of applicability. 
Maekawa [64] presented results up to Nu/(Nu) 5 = 1.05 and further 
results shown in Fig. 42 are based on computations from the equations 
for Nu/(Nu) 5 given in [64]. Apparently Maekawa's results are incoreect 
with further increase of Dean number. In contrast to Maekawa's 
results Ozisik and Topakoglu's results show a blow-up trend as the 
Dean number increases. It is noted that Maekawa's results do show 
that at a given value of Dean number, the value of Nu/(Nu), for a 
uniform wall temperature is higher than the corresponding value for 
the uniform wall heat flux case, and this trend is consistent with the 
numerical results shown in Fig. 42. Fig. 42 clearly shows that the 
perturbation method leads to doubtful results as the Dean number 
increases. It should be noted that a low Dean number range such as 
K < 20 for Pr < 1 is not of practical importance because of possible 
experimental error. 

Mori and Nakayama's boundary-layer approximation [65] is. 
valid only for high Dean numbers. Mori and Nakayama conclude that 
the formula for the Nusselt number for a uniform wall temperature 
‘is the same as that for a uniform wall heat flux. A comparison 


between the present numerical results and those of Mori and Nakayama 
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from their recommended correlation equation [65] is shown in Fig. 43. 
An asymptotic Nusselt number of 16 obtained by Dravid et al [82] for 
the case of Pr = 5, K = 225 and a/R. = 0.05 is also shown in Fig. 43 
for comparison. As explained earlier, the asymptotic value obtained 
after the cyclic variation of local Nusselt number damps out is lower 
than the value obtained by the present numerical solution. It is 
evident that the correlation equation given by Mori and Nakayama does 
not lead to the limiting Nusselt number of 3.66, and furthermore, 
appears to be valid only near Pr = 1.0. This remark is similar to 

that reported in Chapter III for the uniform wall heat flux case. The 
discrepancy in predictions based on the two different methods for 

Bie > 21S believed to be Significant, and Mori and Nakayama's Prandtl 
number effect is now known to be incorrect [82]. For given Prandtl 

and Dean numbers, the difference in Nusselt numbers between the uniform 
wall temperature and uniform wall heat flux is so small that experi- 
mental confirmation would be extremely difficult. Consequently, Mori 
and Nakayama's conclusion [65] that the Nusselt number in curved pipes 
is hardly affected by the wall temperature condition at high Dean 
numbers, which is similar to that of turbulent flow in a straight pipe, 


is qualitatively correct from a practical viewpoint. 


A Correlation Equation for Prandtl Number Effects 
The possibility for correlating the Prandtl number effect 
on heat transfer results for fully developed laminar forced convection 


with secondary flow was pointed out in Section 2.7. The correlation 
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equation for Prandtl] number effects on the Nusselt number in 
Chapter III is based on a study of the governing equations and 
verified by the numerical results. As pointed out earlier, and shown 
in Fig. 41, the heat transfer results for the two thermal boundary 
conditions of uniform wall temperature and uniform wall heat flux 
are quite similar. Consequently, one can expect that a correlation 
~ equation for the Nusselt number similar to that reported in Chapter III, 
using a parameter K°Pr, is also possible for the present problem. 
The heat transfer results from this study using the 


Me instead of K are shown in Fig. 44 together with 


parameter KPr 
Mori and Nakayama's results [65] and the results for a uniform wall 
heat flux are included for comparison. The new correlation is seen 
to be very effective since all the numerical results for Pr > 1 nearly 


coincide. The correlation equation for the Nusselt number similar 


to the one deduced in Chapter III is 


Nu/(Nu), = 0.270 Q(1 - 1.4897! + 23.2072 - 120973 + 212074) (126) 
where 


g = (KPrl/*)'/2 5 3.0 for Pr > 1 


As indicated in Chapter III, the range with Q < 3.0 is of 
little practical importance because of a rather weak secondarv flow, 
and the correlation equation (126) can now be regarded as valid, 
with sufficient accuracy for all the practically important laminar 


flow regimes. In interpreting the results presented in Fig. 44, one 
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should note that (Nu), = 3.66 for a uniform wall temperature 
and (Nu), = 4.36 for a uniform wall heat flux. Fig. 44 clearly 
indicates that Mori and Nakayama's Prandtl number effect is in or- 


rect except Pr = 1. 


4.7 CONCLUDING REMARKS 

ie The Graetz problem in curved pipes is characterized by 
the secondary flow effect Superimposed upon the usual entry effect. 
For given Prandtl and Dean numbers, the local Nusselt number first 
decreases continuously from the entrance due to the entry effect, 
but the gradual increase of the secondary flow effect eventually 
takes over the entry effect with the Nusselt number reaching a mini- 
mum value from which point on the Nusselt number increases until a 
| fully developed temperature field is reached. Up to the point where 
the Nusselt number is a minimum , the isothermals are of covex shape, 
but from there on a kidney shape appears. The parallel straight 
lines for different Dean numbers such as those shown in Fig. 30 and 31 
for the Leveque solution region are caused by the different degree of 
deviation of the axial velocity profile from the parabolic Poiseuille 
profile since very near the entrance only the axial convection term. 
(w90/92) is significant as compared with the secondary flow convective 
terms. For a given Dean number, the effect of the Prandtl number is 
to shorten the thermal entrance length (1/Gz). For large Prandtl 
numbers the temperature field develops rather rapidly. The effect 


of the Dean number is similar to that of the Prandtl] number. However, 
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the Dean number effect becomes much more appreciable at high Prandtl 
numbers than at low Prandtl numbers. 

2. In this study, the development of the temperature field 
is contrasted clearly to the local Nusselt number variation in order 
to see the secondary flow effect. In particular, the fully developed 
temperature field is shown to be attained when the thermal boundary 
layer at all points around the tube circumference merges completely. 
It is reasoned that once the temperature field is fully established, 
the temperature profiles remain constant, and only the relative mag- 
nitude varies along the axial distance in the so-called similarity 
region, (see Fig. 22). This observation is a crucial one since 
Dravid et al [82] assert that the cyclic oscillation of the local 
Nusselt number encountered after reaching a local maximum value is a 
real physical effect whereas the above reasoning suggests that the 
oscillation phenomenon is a result of numerical instability. Other 
reasons for this argument are already given in Section 4.3. It is 
suspected that the numerical ins tabia tty is caused by a deviation 
from the diagonal dominance for the coefficient matrix when either the 
Prandtl or Dean number is large. It should be noted that a convergence 
study based on the reduction of mesh sites by a factor of, say 2, will 
not guarantee that the convergence to the physical solution is achieved. 
The convergence of the numerical solution at high Prandtl or Dean 
numbers apparently needs further study. In proposing a model for the 
interaction between secondary flow and the propagating thermal boundary 


layer to explain the first wavelength and the oscillation phenomenon, 
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Dravid et al [82] apparently are not aware of the fact that the 
temperature field is already fully established at the initiation of 
the fluctuation. 

| 3. The limitation of this analysis imposed by the assumptions 
1 and 2 in Section 4.2 must be emphasized. Recently, the Graetz 
solution is shown to be a limiting case applicable only when the 
Rayleigh number is less than 10° [96]. Obviously in many practical 
applications, the free convection and variable property effects must 
also be taken into consideration. 

4. The heat transfer results for fully developed laminar flow 
in curved pipes with the two basic thermal boundary conditions of 
uniform wall temperature and uniform wall heat flux are quite similar, 
but distinct. For given Prandt] and Dean numbers, the limiting 
Nusselt number for the uniform wall temperature case becomes higher 
than that for the uniform wall heat flux case after reaching a certain 
Dean number. This situation is opposite to that of a pure forced 
convection in a straight tube. This finding is consistent with the 
results from perturbation methods [64] for extremely low parameters 
but contradicts the results from the boundary-layer approximation [65] 
which suggests that at high Dean numbers the same formula for Nusselt 
number can be applied for both thermal boundary conditions. 
5. A comparison between the numerical results and the approximate 

analytical results indicates that the perturbation method is not a | 
practical method, and the boundary-layer approximation for high Dean 


numbers appears to valid only near Pr = 1. 
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6. The Prandt] number effect on heat transfer result for a 
uniform wall temperature is found to be similar to the case of uni- 
form wall heat flux. It is significant that the new correlation 
equation for the Nusselt number is valid for Pr > 1. 

7. It should be pointed out that the fluctuating phenomenon 
for the local Nusselt number observed in this study is similar to 
that of Dravid et al [82]. However, the physical interpretation 
presented in this study is completely different from that of Dravid 
et al [82]. The present study presents another viewpoint vegitra tha 
the fluctuating phenomenon. It is not suggested that the present 
interpretation is a conclusive one and it is felt that much more work 
is required to clarify the present uncertainty. 

8. The numerical results for this chapter are tabulated in 


Appendix 7 for future reference. 
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CHAPTER V 


GRAETZ PROBLEM IN CURVED PIPES 
WITH UNIFROM WALL HEAT FLUX 


5.1 INTRODUCTION 

The reported theoretical and experimental works on thermal 
entrance region heat transfer in curved pipes with various thermal 
boundary conditions are rather limited and some uncertainties still 
exist. As pointed out in Chapter Wee the numerical solution for a 
large Prandtl number fluid or for a large Dean number leads to a 
fluctuating phenomenon for the local Nusselt number before approaching 
the fully developed condition. The possibility that the fluctuating 
phenomenon is caused by a numerical instability cannot be ruled out 
completely and further work in this regard is required. 

The purpose of this chapter is to present results for 
thermal entrance region heat transfer (Graetz problem) in curved 
pipes with a uniform wall heat flux and report the results of some 
numerical experiments in an attempt to ascertain the possibility of 


numerical instability causing the fluctuating phenomenon. 


5.2 FORMULATION OF THE PROBLEM 

Consideration is given to a steady fully-developed laminar 
flow of an incompressible viscous fluid with constant properties. 
The present analogous Graetz problem is to find the development of the 
temperature profile along the heated (or cooled ) section of the 


curved pipe. The fluid temperature is constant and equal to the 
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wall temperature up to the thermal entrance where there is a 
discontinuous step change in wall heat flux from zero to a finite 
higher (or lower) value. The assumptions employed in Chapter IV for 
the case of a uniform wall temperature will be used for the formulation 
of the present problem. Using the dimensionless variables defined 

in Chapter IV, except for the temperature, and referring to the co- 
Ordinate system defined in Fig. 10, the energy equation and the 


boundary conditions become: 


00 00 ane 00 
V Cc 
Ue eer a) Wa 
Cc 
12. 2, 
s 5 (25+ toy 1, ) (127) 
ror ; r Oo 


(128) 
oO ea Gael y.ctw>0 
r 
where 
+. uk 
a eo! 
W 


and Ob? uniform wall heat flux. 


It is noted that the velocity field obtained in Chapter III 
can be used for the present problem. Equation (127) is of parabolic 
type and an analytical solution is apparently not practical. The 
nunerical method used in Chapter IV will be applied again to the 


present problem. At present, the numerical solution of the secondary 
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f low problem invariably leads to a numerical difficulty when the 
Dean number or the Prandtl] number jis large. Physically, when the 
Dean number is large, the convective terms due to secondary flow 

and the axial convection term in the energy equation dominates over 
the conduction terms in the core region. On the other hand, for 
large Prandtl numbers, shebecdéuckion terms may be negligible 
compared with the convection terms. Consequently, a large Dean 
number or a large Prandtl number leads to the same effect as far as 
the relative importance of the convection and conduction terms are 
concerned. The effects of a large Dean number and large Prandtl 
number are now seen to be equivalent. One may now conclude that the 
role of the convective terms due to secondary flow in the numerical 
solution is significant and presents the major source of numerical 
difficulty: Thus, it is believed that the key to the question of 
fluctuating local Nusselt number before approaching an asymptotic 
Nusselt number when either the Prandtl or Dean number is large lies 
in the behavior of the convective terms (ud0/dr + vda6/rdd). For this 
reason, the effect of several different finite-difference represen- 
tations for the convective terms on the Nusselt number calculations 


will be examined. 


5.3 A GENERAL FINITE-DIFFERENCE APPROXIMATION TO THE CONVECTIVE TERM 
In carrying out the numerical solution of the present problem 
using the ADI method and central difference approximations for the con- 


vective terms, difficulty is encountered when the secondary flow convective 
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terms are large compared with the conduction terms. This observation 
was also noted in the previous chapter. Thus, the problem is closely 
related to the question of stability and convergence of numerical 
solutions of parabolic equations. The stability and convergence of 
the numerical solution depend on the mesh size. However, a reduction 
of the mesh size by a factor of, say 2 or 3, will not guarantee the 
convergence of the numerical solution to the physical solution. Since 
the damped fluctuating Nusselt number phenomenon observed in the 
numerical solution has not been confirmed experimentally, it is 
desirable to ascertain whether or not a particular finite-difference 
representation yields a true solution to the original partial dif- 
ferential equation. Thus, the convergence study must be supplemented 
By ‘ds ing different finite-difference approximations. 

When the Dean number or Prandtl number is large, a central 
difference approximation for the convective terms does not lead to a 
coefficient matrix with diagonal dominance. The situation can be 
corrected by using a non-central difference approximation, but the 
increased numerical stability may be accompanied by a decrease in 
numerical accuracy. It is possible to devise a general finite-difference 
approximation for the Ranenenive transport terms which represents a 
compromise between numerical stability and accuracy and yet recovers 
either a central or non-central approximation as a limiting case. 

In order to see this more clearly, the central and non-central 


approximations for the term ud0/dr are given as, 
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It. is noted that the second equation becomes a backward difference 
when U. j is positive and a forward difference is obtained when u. 
is negative. By introducing a coefficient 8 which may vary from 


0 to 1, a general finite-difference approximation for ud6/dr can be 


obtained as, 


] 
+ Tipo 2 Blu; sl) "F415 (130) 


where 8 may vary from 0 to 1. It is seen that B = O represents the 
central difference approximation and that 8 = 1 recovers the non-central 
difference approximation. The expression similar to equation (130) 

can be applied to other convection terms. The numerical solution of 


equation (130) can now be made by specifying a value for the coefficient 
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such as 8 = 0.5 for example. 
With the above modification for the finite-difference 
approximations of the convective terms, the ADI procedure outlined 


in Section 4.3 can now be applied to the present problem. 


5.4 NUMERICAL EXPERIMENTS ON THE EFFECTS OF DIFFERENT FINITE- 
DIFFERENCE APPROXIMATIONS FOR CONVECTIVE TERMS ON LOCAL 
NUSSELT NUMBER RESULTS 

Before proceeding to present numerical results such as 
the temperature profile development and evaluation of the Nusselt 
number, it is appropriate to present the results of some numerical 
experiments regarding the effect of using 8 = 0, 0.5 and 1.0 in 
equation (130) for the convective terms due to secondary flow. 

It is noted that all the numerical results in this study 
are obtained by using the mesh size of M, N = 28. Other details 
given in Section 4.3 also apply to the present numerical solution. | 
The computing time required to obtain a complete solution for given 
values of Prandtl and Dean numbers ranges from 3 to 10 minutes using 
the IBM 360/67 system. | 

The results of local Nusselt number variations using 
® = 0, 0.5 and 1.0 together with the Graetz solution (K = 0) for 
Pr = 10 and K = 43.8 are shown in Fig. 45 for comparison. By using 
8 = 0 (central difference approximation), the fluctuation of the 
local Nusselt number (see Section 5.6) is seen to disappear after 


passing through two local maximum values of Nu and eventually a 
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fairly stationary value is approached. It is noted that the 
fluctuating phenomenon remains identical even with a change of mesh 
size by a factor of three. At first glance, eneluay think that the 
numerical solution with 8 = 0 is a reasonable one. With g = 0.5, one 
sees that the numerical solution agrees closely with that of 8 = 0 


‘up to 1/Gz ~ 1+3.x 1072 


and thereafter a different trend appears. 
With B = 1 (non-central difference approximation), the trend of the 
numerical solution follows those of 8 = O and 0.5 up to 1/Gz = 107°. 
but apparently the truncation error due to the non-central difference 
approximation is too large. 

The deviation of the numerical solution from the Graetz 
solution (K = 0) at 1/Gz = 1073 represents the onset of the secondary 
flow effect and the first local minimum value of Nu may be considered 
as the balance between entrance and secondary flow effects. After 
passing through this local minimum Nusselt number, the secondary flow 
effect is seen to take over the entrance effect and the Nusselt hunber 
increases until a local maximum value is reached at 1/Gz = 8 x me 
The behavior of the local Nusselt number can be explained physically 
up to this point but the physical mechanism for the subsequent decrease- 
increase cycle cannot be understood readily. It is clear that the 
role of secondary flow is to increase the Nusselt number over that 
from the Graetz solution and yet after reaching a local maximum value, 
the Nusselt number is seen to decrease at a rate which is greater than 


that of the Graetz solution further downstream. This phenomenon 


cannot be understood readily and at this point one hesitates to accept 
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the numerical solution after reaching a local maximum value as a 
physical meaningful solution. The role of the convective terms 
(uae/or + v96/rad¢) is clearly seen in the energy equation (127) and 
it is not understood why the effects of lateral convective terms are 
similar to that of the axial convective terms after reaching a local 
maximum for Nu and thus contribute to a decrease of Nu over that of 
 aaGrapte Se ldeaone It may be concluded that even with g = 0.5 

the result of the numerical solution after reaching a local maximum 
value of Nu is still uncertain. Apparently the possibility of 
numerical instability cannot be ruled out entirely and this view- 
point is completely different from that of Dravid et al [82,83] 
where the damped fluctuating Nusselt number phenomenon is considered 
to be a real physical phenomenon. 

The present numerical difficulty is, to some extent, 
similar to that encountered in the elliptic problem treated in 
Chapter III with large Prandtl or Dean numbers. Physically, the present 
parabolic problem approached the elliptic problem asymptotically when 
the temperature field becomes fully established. Consequently, 
the deviation from diagonal dominance for the coefficient matrix (see 
equation (122) in Section 4.3) and the difficulty in evaluating the 
associated right-hand column vector accurately for the case of a 
large Prandtl] number or strong secondary flow may contribute to the 
numerical difficulty for the present parabolic problem. The non-central 


difference approximation with 8 = 1.0 ensures diagonal dominance for 
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the coefficient matrix but apparently the resulting truncation error 
leads to large numerical errors. 

At present it is not possible to find the best value of 
the parameter 8 to be used. In view of the fact that different values 
of 8 such as 0 and 0.5 lead to different fluctuating phenomenon for 
Nu after reaching a local maximum one may conclude that the fluctuating 
phenomenon is due to numerical instability and does not represent a 
true physical solution. Further discussion on this point will be made 
in connection with the dreseftation of temperature profile development 


and Nusselt number result. 


5.5 TEMPERATURE PROFILE DEVELOPMENT 

Temperature profile developments along the horizontal and 
vertical central axes for the cases Pr = 0.7, K = 123.2 and Pr = 10, 
K = 27.8 are shown in Figs. 46 and 47, respectively. The distortion 
of the temperature profiles from those of the Graetz solution for a 
straight pipe (K = 0) is obvious. It is seen fiat after reaching a 
certain downstream location, the temperature at the inner wall (@ = 7) 
becomes progressively greater than that at the outer wall (¢ = 0). 
The thermal boundary layer at the inner wall develops much more rapidly 
along the downstream than at the outer wall and eventually the thermal 
boundary layer at all angular positions merges. For example, with 
Pr = 0.7 and K = 123.2, the region with 6 = O disappears completely 
at a downstream distance of 1/Gz = 0.0130 and after reaching 1/Gz = 0.0504 


the profiles are seen to be similar and only vary in relative 
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r ——> (9 = 1/2) 


Fig. 46 Temperature Profile Development for Pr = 0.7 and K = 123.2 
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Fig. 47 Temperature Profile Development for Pr = 10 and K = 27.8 
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magnitude. Consequently, the temperature profile may be considered 
fully developed at 1/Gz = 0.0504. This fact will be confined further 
when the axial distributions of average wall temperature, bulk temper- 
ature and mixed mean temperature difference are discussed. By noting 
that the fully developed temperature field may be obtained at 1/GZ = 107! 
for a straight pipe (K = 0), one sees that the thermal entrance length 
is shortened considerably with the existence of secondary flow. 

One gains better physical insight into the development of 
the temperature field by studying the development of isothermals along 
the downstream direction. A series of isothermals corresponding to 
the axial locations shown in Fig. 46 and 47 are shown in Figs. 48 and 
49, respectively. ‘It is useful to contrast the profile developments 
shown in Figs. 46 and 47, directly with the corrachanditig isothermal 
fields illustrated in Figs. 48 and 49, respectively. For example, 
Fig. 48 shows that at 1/Gz = 0.0130 the region with 6 = 0 indeed dis- 
appears completely as indicated by the fact that the minimum temperature 
is 6 = 0.00196. As noted earlier, downstream of 1/Gz = 0.0504 the 
temperature field becomes fully developed as confirmed by similar iso- 
thermal fields at 1/Gz = 0.0504 and 0.1066. It is clearly seen that 
between 1/Gz = 0.0130 and 0.0504 the temperature field is still under- 
going some change. Generally one sees from Fig. 48 that the effect of 
secondary flow on temperature field increases with downstream distance. 
Of course the pattern of isothermals at various axial distances are 
closely related to the Nusselt number variation. 


An examination of the isothermal patterns illustrated in 
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Fig. 49 shows that with Pr = 10 and K = 27.8 two eyes for the iso- 
thermals appear at 1/Gz = 0.0130 and the minimum temperature point is 
not located along the horizontal central axis. For Pr = 10 and K = 
27.8, the temperature field becomes fully established at 1/Gz = 0.0148 
_and the thermal. entrance length is shortened considerably in compari- 


son to 1/Gz $ 107! 


for a straight pipe (K = 0). 

The temperature field development in the form of such over- 
all quantities as bulk temperature 6,» average wall temperature 8y 
and mixed mean temperature difference A@ are of considerable practical 
as well as theoretical interest and the results are shown in Fig. 50 
for the case of Pr = 0.7 and K = 123.2 together with the limiting 
case of K = 0 shown for comparison. Because of the nature of a uni- 
form wall heat flux boundary condition, the bulk temperature 6, is 
known to vary linearly along the downstream distance regardless of the 
value of Dean number K. As a matter of fact the bulk temperature 
distribution 6, is known in advance without solving the problem. It 
is readily understood that the average wall temperature along the axial 
direction for K = 123.2, for example, is lower than that of K = 0 due 
to the secondary flow effect. As a result: the mixed mean temperature 
difference A@ for K = 123.2 is seen to be lower than that of K = 0 
along the axial distance. This in turn will increase the local Nusselt 
number since the temperature gradient at the wall is constant for the 
present problem. It is noted that the mixed mean temperature difference 
A@ for K = 0 and 123.2 becomes constant at approximately 1/Gz = 0.09 and 


0.045, respectively, indicating the establishment of the temperature 
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field. It is observed that with K = 123.2 the difference between 6, 
and e, or A@ undergoes one undulation before reaching a fully developed 
condition. Once the temperature field is established, the average 
wall temperature o changes linearly with the axial distance and be- 
comes parallel to the bulk temperature distribution 6,° 

From Fig. 50, one can recognize generally three regions of 
interest. Near the thermal entrance the effect of secondary flow may 
be small or negligible and the region is identical with the Leveque 
solution region for a straight pipe (K = 0). In this region the iso- 
thermals are expected to be fairly concentric. On the other hand, 
far downstream, the temperature field becomes fully established as 
indicated by the region with constant A@®. In the remaining inter- 
mediate region, the secondary flow effect gradually increases along 
the downstream until no further increase of the effect is possible. 
The temperature distributions shown in Fig. 50 may be contrasted with 
the temperature profiles and isothermals shown in Figs. 46 and 48, 


respectively. 


5.6 HEAT TRANSFER RESULTS 
As noted in Section 4.5, the Nusselt number, Nu = h (2a)/k, 


may be obtained in two ways as 


. Seyae W 
Nuy = 200r)w — 
w(6, - 6) 
2 1/2 1/2—~= oe 
] Ale) Ww 
Nu, = Pr) Go We) eee (131) 


ets Bs ieee ke 


wf igexied sonersttth ot, est 2 :y dgtie don 
beqofoveb yifu? s pritdose7 enoted not setubmy sn70 adoprsh 
spsvave ant  borlehitayee ral blah studsreqned ity” 

d bas sonsteth Taba ‘gid aittw viassat lt zopterta Fn 

19° nortudraszeth srutsyeqne? Ytue eng OF | 

Yo 2notyey aswid yl Tevense astnpaos is> 9n0 08 ru 
¥ sin wort wersbno382 So fo26ts ott, “sonprane Taare “ids : 
gupevel art rit Pw isotinsbt ef weleey att ‘brs ee a 
ost ‘od notpey eras al 0 =y) ‘sqha sapiens. 5 rot ok er A 
sorted verito edd nO St tmababs ‘qiotat ad 2 bast 

es banzhidstes yi tut zenooad oiett owt ereqnad rath oe 
awtat pontsttemey ont al 8b ‘tnedenoo ddhw uty siz wie 
‘ena 6 esessvont Vitsubsip toate wry banter ait emote 
-gtdiezoq #t sa8¥te si? %0 sasstont ei! on Tron 
‘ittw beteervinos sd yem Oe pha nt wort > pnottudtaserh 
88 bas BF .2pta at’ two Hoitoe bas zaftoxg 8 srt 


ct A 


Leute Waly 26 2ysw owt at ihe dst 


i ap hare 
Key oe a oe 


213 


The numerical results show that the values for Nu, and Nu, 

deviate generally from 0 to 1.3 per cent from the average value of 
Nu, and Nu,. The deviation increases to about 3 per cent in the 
_ higher parameter region when Pr > 10. The agreement between the two 
values Nu, and Nu, serves to confirm the accuracy and convergence of 
the numerical solution. It is possible to. ascertain the accuracy of 
| the numerical solution for the limiting case of a straight pipe (K = 0) 
by ppapar ino the present numerical evaluation of the local Nusselt 

number with that of the numerical solution of Reference [108] and the 
Banaiytical solutions of References [109,110]. The numerical result 
for the case of a uniform wall temperature (see Chapter IV) is also - 
included in Fig. 51 for reference. It is seen that the present work 
agrees with that of Hsu [109,110]. Thus the accuracy and convergence 
of the numerical solution are confirmed for the limiting case with | 
K = 0. The local Nusselt number variations for Pr = 0.1, 0.7, 10 
and 500 are shown in Figs. 52 to 55 with the Dean number as a parameter. 
For the cases Pr = 0.7, K = 123.2 and Pr = 10, K = 27.8 shown in 
Figs. 53 and 54, respeectively, the Nusselt number variation can be 
contrasted directly with the development of the temperature profile 
and isothermals shown in Figs. 46, 47 and 48,49, respectively. A 
close relationship exists between the temperature field development 
and the local Nusselt number variation and some observations will be 
noted next. 


For the purpose of understanding the physical mechanism 
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behind the Nusselt number behavior, one may bicitet det the three 
regions consisting of the Leveque solution region, the intermediate 
region where the secondary flow effect is important and finally the. 
asymptotic region as noted in Section 5.5. In the Leveque region 
corresponding approximately to the Scrat ge Fite portion shown in 
Figs. 52 to 55, the behavior of the local Nusselt number depends on 
the Prandt] number. For example, with Pr = 0.1 and 0.7, the Nusselt 
number variations for different Dean numbers are seen to be parallel 
to each other while for Pr = 10 and 500, the Nusselt number variation 
for a given Dean number is seen to coincide with the Graetz solution 
for a straight pipe (K = 0). The parallel behavior of the local 
Nusselt hiibar’ £6r Pr = 0.1. and 0.7 is caused by the distortion of 
the axial velocity profile w from the parabolic profile and the axial 
convection term involving w 96/dw is seen to be dominant as compared 
with the transverse convection terms due to secondary flow, u 36/dr 
+ v 06/ra¢, in the Leveque solution region. In contrast, for the 
cases Pr = 10 and. 500 shown in Figs, 54 and 55, respectively, the 
secondary flow is generally weak and the Nusselt number variation 
is seen to follow closely the Graetz solution (K = 0) for a straight 
pipe. Thus, for Pr = 10 and 500, the secondary flow effect is seen 
to be negligible in the Leveque region for the range of Dean numbers 
under investigation. 

For the intermediate region noted above, the behavior of 
Nusselt number variation with Pr = 0.1 is similar to that of the 


Graetz solution (K = 0) for several Dean numbers shown in Fig. 52. 
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Of course, the increase of Nusselt number at any axial location is 
due to the secondary flow effect. For Pr = 0.7, the local Nusselt — 
number behavior exhibits a local minimum value and finally the 
asymptotic value 1s approached and remains constant. It should be 
noted that for Pr = 0.7, no fluctuating Nusselt ee behavior is 
observed up to K = 123.2 shown in Fig. 53. It is of interest to note 
that the minimum Nusselt number point for Pr = 0.7 and K = 123.2 
shown in Fig. 53 correspends approximately to the axial position 

1/Gz = 0,013 in Figs. 40 and 48 where the heat transfer from the 

wall already penetrates the whole region. Simitarly, the minimum 


27.8 shown in Fig. 54 


Nusselt number point for Pr = 10 and K 


0.00593 shown in Figs. 47 


corresponds to the axial position 1/Gz 
and 49. After reaching the point of mimimum Nusselt number, the 
temperature field will continue to develop until the fully developed 
condition is approached at which point the asymptotic Nusselt 

number appears. For Pr = 10 and 500 shown in Figs. 54 and 55, the 
numerical solution exhibits a fluctuating Nusselt number phenomenon 
at higher values of Dean number and the local maximum Nusselt number 
is considered to be the asymptotic value in view of the discussion 
given in Section 5.4. This assumption regarding the asymptotic 
Nusselt number is consistent with the result shown in Fig. 53 where 
no fluctuating phenomenon is observed and the Nusselt number remains 
constant in the asymptotic region. In Fig. 48, the isothermals at 
1/Gz = 0.0504 and 0.1066 are seen to be remarkably similar and a 


check with the corresponding axial locations in Fig. 53 shows clearly 
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that the fully developed condition is reached. Similarly, for 
Pr = 10 and K = 27.8, the temperature field becomes fully developed 
at 1/Gz = 0.0130. 

The average Nusselt. numbers over the axial distance from — 
the thermal entrance a shown in Figs. 56 to 59 for Pr = 0.1, 0.7; 
10 and 500, respectively. 

The asymptotic Nusselt number results are of special 
interest in many design problems, and the results from the present 
study are summarized in Fig. 60 together with the results for an 
axially uniform wall heat flux (circumferentially uniform wall 
temperature at any axial position, Chapter III), and for the uniform 
wall temperature case (Chapter IV) for comparison. It is to be noted 
‘that for a given Prandtl number, the uniform wall heat flux case 
gives the highest asymptotic Nusselt number for a given Dean number 
after reaching a certain Dean number depending on the Prandtl number. 
As K+ 0Q, all the birvas are seen to approach either 4.36 for a 
uniform heat flux or 3.66 for a uniform wall temperature. It is also 
noted that the Prandtl number effect on the asymptotic Nusselt number 
is quite similar regardless of the kind of thermal boundary condition. 

Based on the known fact and the present results, it is now 
possible to propose a model in order to explain the observed behavior 
of the local Nusselt number. It is known that for a given Prandtl 
number the effect of secondary flow as indicated by the Dean number 
is to decrease the thermal entrance length. The behavior of the 


asymptotic Nusselt number as a function of Dean number js also 
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‘generally known. The decrease of local Nusselt number with axial 
distance for the Graetz problem (K = 0) isienewn to be caused solely 
by the axial convection term and the behavior is generally known to 
-be an entrance effect.. For the case of large Prandtl] number fluids, 
“say Pr > 10, and considering only the Leveque solution region, the 
‘secondary flow effect as represented by the transverse convection 
term (u 06/or + v 30/ra¢) are still negligible as compared with the 
axial convection term in the energy equation and the local Nusselt 
number will coincide with the Graetz solution. This fact together 
with the extent of the Leveque solution region as indicated by the 
axial distance 1/Gz is clearly shown in Fig. 54 for Pr = 10: By | 
regarding the local Nusselt number as consisting of a part due to 

the Graetz solution and an incremental part due to the secondary flow 
effect, one may obtain the sketch shown in Fig. 61(a). In the sketch 
a point indicated by the circle denotes the fully developed condition. 
It is now assumed that the incremental part of the Nusselt number, 
namely ANu, may increase monotonically along the axial distance 1/Gz. 
By superimposing the incremental part ANu onto the Graetz solution, 
one obtains the Nusselt number variation shown in Fig. 61(b). The 
point represented by the triangle corresponds to the local maximum 
value of Nu. Admittedly, the proposed model shown in Fig. 61 is a 
crude one but it does explain the behavior of local Nusselt number 
at least qualitatively in the thermal entrance region as a function 
of Dean number. At a certain higher Dean number the local minimum 


Nusselt number is seen to disappear. Because of the nonlinear effect 
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due to the convective terms and the distortion of the axial velocity 
profile from the parabolic one due to secondary flow, the superficial 
superposition of the two parts as represented by the Graetz solution 
_and the incremental part ANu in the intermediate region preceeding 
the asymptotic region may not have any physical basis. Nevertheless, 
the above model may serve to demonstrate the general behavior of 
local Nusselt number. Even with the rather simple model for large 
Prandtl number fluids presented here, the development of the empirical 
correlation equation is expected to be extremely difficult for the 
ann problem. According to the proposed model, the asymptotic 
Nusselt ndnber is approached once the temperature field becomes fully 
established andthe asymptotic region is indicated by the dotted 
lines. The present mode] applies only to high Prandtl number fluids 
and it suffices to mention here that a different model is required 


for low Prandt] number fluids. 


5.7 SOME OBSERVATIONS ON DRAVID'S WORK [83] 


As pointed out earlier, theoretical and experimental works 
on the Graetz problem in curved pipes are rather limited. Recently, 
Dravid et al [82] conclude that the fluctuating local Nusselt number 
before reaching the asymptotic value is a true physical phenomenon 
whereas the author interprets the fluctuating phenomenon as a 
manifestation of numerical instability. It is useful to discuss 
here some of Dravid's work [83]. Dravid's numerical and experimental 


results are reproduced in Fig. 62. The numerical results for Pr = 5 
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and K = 225 with a uniform wall heat flux (90/dr = constant) and 
an axially uniform wall heat flux (36, /9z = constant, om = constant 
at any axial position) clearly show the fluctuating phenomenon. 
Because of experimental difficulty in simulating the theoretical 
boundary condition and the associated Seer uncertainties 
as indicated by the somewhat random nature of the experimental data, 
the results can be subjected to various interpretations and the 
fluctuating phenomenon is by no means obvious. In this respect many 
questions regarding the behavior of the results can be raised. In 
particular, the decrease of local Nusselt number after reaching a 
local maximum value cannot be explained physically. If the fluctuating 
phenomenon is not a true physical phenomenon, than the question of 
determining the asymptotic value also arises. 

Dravid et al [82] define the wave length of the first 


oscillation hy and give the following equation for hy 


0.5 Re 
1.6500 + 0.9656 Re 


X= LoL R132) 


J 
1/2,1/4 
where A = a/R. 


They note that the wavelength predicted seems to be insensitive to 
the Prandtl number in the limited range of Pr = 0.5 ~ 15. Following 
their definition of wavelength, the results from the present study 
for Pr = 0.7, 10 and 500 are shown in Fig. 63 with K = 7.66. It is 
seen that the wavelength w is a strong function of Prandt] number 


at K = 7.66. The behavior of the local Nusselt number between the 
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local minimum value and the subsequent local maximum value is known 
to be caused by a secondary flow effect and it is hard to regard 
this part as an oscillating phenomenon. 

Dravid's experimental data [83] on wall temperature 
measurements for the case of a uniform wall heat flux are reproduced 
in Fig. 64. In the figure, a smooth line is drawn through the 
experimental data points for each set of Prandtl and Dean numbers. 
If the fluctuations as shown in the figure are considered to be an 
oscillatory phenomenon, then it appears that the wavelength, hw? 
is a function of the physical coordinate, z = R @/as instead of a 


function of Re and X as shown in equation (132). 


5.8 CONCLUDING REMARKS 

1. The numerical experiments using different finite-difference 
approximations (8 = 0, 0.5, 1.0) for the convective terms due to 
secondary flow in the energy equation seem to suggest that the fluc- 
tuating phenomenon exhibited by the Nusselt number is a manifestation 
of numerical instability instead of a physical phenomenon. In this 
study, the fluctuating phenomenon appears at high Dean numbers for 
Pr = 10 and 500. The numerical results for Pr = 0.1 and 0.7 are 
free of such fluctuations. 

2. The behavior of the Nusselt number in the Leveque solution 
region is characteristically different for large and small Prandtl 
number fluids. The behavior can be explained from the roles of the 
convective terms due to secondary flow and the axial convective term 


in the energy equation. 
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Uniform Wall Heat Flux 
A= a/R. 220205 


Axial Distance, Z= R n/a 


Fig. 64 Dravid's Wall Temperature Measurements [83] 
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3. It should be emphasized that the fluctuating phenomenon 
for the Nusselt number observed in the present numerical study is 
exactly the same as that observed in Dravid's work [82,83]. However, 
the present interpretation is completely different from that of 
Braid. Further work is clearly required to clarify the present 
uncertain situation. In this study, the development of temperature 
fields for Pr = 0.7, K = 123.2 and Pr = 10, K = 27.8 are studied in 
detail and are compared with the respective Nusselt number behavior. 
The determination of the fully developed condition is based on a 
study of the temperature field development in the form of temperature 
profiles, isothermals, axial distributions of average wall temperature 


ys bulk temperature 6), and mixed mean temperature difference AO = Oy - 8). 
4. The aswintouic Nusselt number results obtained in Chapters III, 

IV and V are summarized in Fig. 60 for comparison. The convergence 

and accuracy of the numerical solution are confirmed also by the good 

aarhenent between the values for the two alternative expressions Nu, 


and Nu, for the Nusselt number. The numerical results for Nusselt 


number are listed in Appendix 8. 


ccs Sn ; ; j L 


nossmenaiq patteutoyl? ont ted best andro od ont n 4 
et Youle feotvamin tngea%g sid af bevipedo wean ate ie 
«favawoH .[£8,$8] dyow 2'btvaxd at bovieeis tarde oe onse 3 
to todd mov’. anareTHt vistalamen 2t notisterqragnt t 
jns2e%q sit Ytivsia oF bartapey uivesto 23 dow so 
ows sisqmat...0 Ineimgofaysb ons. Ybuse ahs mh wot 96u a” 
nt betbute ov B.tS = 4 OF = V9_bag S.8SE 3 » she0'@} As pee i‘ 
.1olysied ysdaun tfszaui ovtaoaqeoy oat Ad tw baryeqnton selves a 
6.00 beesd at hot stoma ieiatebes. vi Fut edd Yo notsnal an a 
aophiiaiaed 40 mio? adt nt “Inengo Tovah blott svutevaqmed oi} 
swseveqmet [Taw spsyevs to enoltudiadeth fetxé ahh 
ge a fe) * G4 soasiettth siitsreqmes neem bextm brs ° eit ’ 9 33 Aud 
=e IT] evet gan? nt Heian esiueey scone diezeui ot dosqmyes ST. : 
soneptevnios ait “oa rn@nag “ot 08 fale ot bes tysmnye - ye ik: i 
boop aft yd offs beat ines 918 notdutoe ‘Teolvonun eilt to yo i “a 
rl enotzas1qxs ovitsnvedia out odd 30t 2eul sy auld i Su 


tlaezzuh yor 2d{ueen hidden. eat weamun 2 fozeun ofit xot “ 


er a a xt bneqgA catbatall oe 


{ 


j 
' 

fi q vy 

at | 


; Wed 
i : ¥ 1). 
her : ( 
iad ¥ = fi 
ne . ‘ ‘ e 
a P| : i" 
' ri 4 io 
i s 
: ‘| i) ar ; 
on 
) j ay 
re 7 
A - 7 


CHAPTER VI 


LAMINAR FLOW IN THE HYDRODYNAMIC ENTRANCE REGION 
OF CURVED PARALLEL-PLATE CHANNELS 


6.1 INTRODUCTION 

The predictions of axial pressure drop, developing velocity 
profiles and hydrodynamic entrance length for laminar flow in the inlet 
section of tubes and various other non-circular ducts are of practical 
interest in design. For the circular straight tube, for example, both 
theoretical and experimental investigations have been carried out 
rather extensively in the past. A fluid enters the tube or channel 
with a velocity profile which is determined by the upstream conditions. 
At some distance downstream of the entrance the fluid velocity in 
the central portion of the cross-section increases whereas the velocity 
near the wall decreases. Sufficiently far downstream, the fluid 
velocity eventually becomes fully developed. The hydrodynamic entrance 
length is characterized by the developing velocity profiles. In the 
developing flow region, the axial pressure drop is caused by the 
wall shear stress and the change of momentum. 

The literature on analytical solutions for entrance flows 
in straight circular tubes and parallel-plate channels is rather 
extensive. In sontrect. the corresponding analytical solutions for 
entrance flows in curved circular tubes and parallel-plate channels 
do not seem to be available in the literature. An excellent review 


of the literature on hydrodynamic entrance region problems in straight 
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tubes and ducts was given by Sparrow, Lin and Lundgren [111] and 
Lundgren, Sparrow and Starr [112] in 1964. It is noted that many 
theoretical results on pressure drop in the hydrodynamic entrance 
region of various ducts have been reported in recent years. Recent 
works on flow in pipe bends by Kawaguti [113] and Hurd and Peters 
[114] can also be cited here. 

Consideration is now given to the development of steady 
laminar flow of an incompressible Newtonian fluid in the entrance 
region of a curved parallel-plate channel. An example is shown in 
Fig. 65 where the channel width is uniform and constant but the 
radius of curvature may be variable along the flow direction. In this 
connection, many possibilities arise such as 90° and 180° channel 
bends and spiral or corrugated channels. In addition, one may have 
converging or diverging curved parallel-plate channels with the 
Jeffery-Hamel type flow in the converging plane-walled channels as 
the limiting case. Furthermore, Couette type flow in curved parallel- 
plate channels is also possible. In practice, the curved parallel- 
plate channel may be preceded by a plane parallel-plate channel or 
other various inlet configurations. In this respect, if the flow 
field upstream of the entrance must be considered, then a great 
variety of possible situations may arise. This brings out the question 
of the specification of upstream conditions. In the formulation of 
the entrance flow problem, if the disturbance effects upstream of the 
channel entrance are allowed to propagate within the channel, then 


certainly the disturbance propagation in the fluid upstream of the 
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Fig. 65 Coordinate System for Curved Channel 
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tube entrance must be considered. From this viewpoint, the usual 
specification of a uniform entrance velocity must be regarded as an 
approximate boundary condition. The difficulty of formulating a 

well posed problem in terms of proper entrance conditions apparently 
has not been overcome so far. In the case of a plane parallel-plate 
channel preceding a curved parallel-plate channel, it is known that 

at a sufficiently large upstream distance from the entrance the 

fully developed parabolic velocity profile prevails and may be used 

as a possible boundary condition. One may summarize that a variety 

of entrance conditions can exist in practical problems. In this 

work, the conventional approach regarding the entrance boundary 
conditions will be,empioyed and the case of uniform, parabolic and 
triangular entrance velocity profiles will be studied in detail. 

The solution of these three cases serves to demonstrate the applicability 
of the numerical method in solving entrance flow problems in a curved 
parallel-plate channel with an arbitrary entrance velocity profile. 
Besides presenting flow results such as pressure drop and hydrodynamic 
entrance length, the present study can provide a basis for an investiga- 
tion of hydrodynamic instability of entrance flow in a curved parallel- 
plate channel. It is useful to recall that the present geometrical 
configuration in the form of a curved parallel-plate channel may be 
approached when the aspect ratio of the curved rectangular channel 
exceeds a value of say 10. To the author's knowledge, a theoretical 
solution for entry flow in curved pipes or channels is not available 


in the literature. 


ees ; nies: ie ye 


- reas pee 


eves anv ,tntoqwaly ebay a .bezabt anos od 2am 
ib 26 babyspe1 sd. deum etnies eons 8 amotteu 20 | | 
& patistimrot to Pate ant ‘SRO Nihias, ee ee | 

vf tne tsqqs 2nott Kongo. eareyong 1ag0%q) to “aes 
atsiq-falleieq sn6ig 6 to 8289 ental - 16% 92° moo t8v0 
teria nWone at $h , faanéedo orota- loft éreg bow: s ‘ent 
prs sheieas odd mort sonadath mestS2qv dovst vag fo iy: 
beey ed yom bis al fsvang eft tong @iootey ot Tedssiq | 
vistusy 6 Jorg es insrmiie gem a0" .notttbaos wsbnuod ater 
2 held nt .amafdonq fsstdoayg at vetxe aso enots tora. | 39 f i | 
Yisonved soneitns oft pnt buspet dosovgais {enotinevnos af c 
brs atfodevsa ,modttay 9, S282 ott bis boyofqme ad rhtw e ; 
Itstob nt betbute ed tw gehtterq_ttoofay sanetdns 7 Pit 
yi th idpot teas andy ates 2nomeb ‘Od gavise e926) salt seadt to & 
bavius's nf 2mefdorg wor? sonbadas. patvtda nt boson trots a 
.olttovg yttoofay sonsvand ents ne dt tw fecmnents eet 
> tmemyborbyt bas qorb eni2tenq as Hou effuzer ‘wort bat» 
~60 teovnt ie 407 etend 6 sblvong as Ybul2 Ins2arq ont wgpnal 83 
~fat isveq beviud, Bat ‘wort aonettns to ust ttdatent ptasimyborbyd ton 
fedingomoge snse9 ont todd tf 6997 03 [uteeu et $1 . Fonnada 3: 
ed ysm fenneds otetq-fef (seq bavw> 6 To smo? sit At aoksewetw03 | 
fannsro, vefuanss3ey “bavitu> arid to otte. pages odd: ssi berisorags 
| soi texwand & .apbslwond 2 ‘ont ‘ont OT OF ype to eu 6 etabinea 
ofdeftevs fon zt peneis 40 esata | hdl mest wine “Ot nottuloe ; 
le lle!) ghee A Benants ott ab 4 


5 
a 


ae 
De 


a 
. 


Viel 


240 


6.2 DEDUCTIVE ANALYSIS OF THE GENERAL BASIC EQUATIONS FOR ENTRY FLOWS 


Referring to the coordinate system shown in Fig. 65, and 
noting that the present problem represents the limiting case of entry 
flow in a curved rectangular channel with an infinite aspect ratio, 
one obtains the following governing equations expressing conservation 
of mass, momentum and energy for a steady laminar incompressible 


fluid (see Appendix 3). 


Continuity equation 
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Q-momentum equation 
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0 W ] oW W 
PART YY ON oe ae (135) 
OX Cc (R+ X) 
Energy equation 
pga carl aig em esata 


The channel under consideration may also be viewed as being 
formed by two coaxial cylinders with a two-dimensional flow between 
the cylinder walls due to a circumferential pressure gradient. As 
shown in Fig. 65, the central horizontal axis of the channel has a 
redius of curvature Ro and the origin of the cylindrical coordinates 
(R, &3Y) is located at the center of curvature with (R,2) in the 
horizontal plane. 

It is desirable to study the basic equations using the 
deductive procedure of Reference [95] and formulate the problem in 
a somewhat formal manner. Following this decuctive procedure all 
variables must now be normalized. Considering the physics and geometry 
of the problem, the following dimensionless variables will be 


introduced. 


U/U.» 


x = X/a, we Q/Q u 
w= W/W p= P/P, and 6 = (T - Ty)/9. 


where a is the half width of the channel, Tw is the wall temperature 


and the quantity with subscript c indicates a reference quantity. 
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The above relationships are substituted into equations 
(133) to (136) to obtain the non-dimensional equations. 
to determine the order of magnitude for the characteristic or 


reference quantities, physical information regarding the problem 
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In order 


must be used. For entry flow in a curved parallel-plate channel, 


it is reasonable to assume that the velocity components in Q- and 


X-directions are equally important. Then from the continuity 


equation (133), it is found that 


where A= a/R. 


(137) 


Also for the entry flow, the axial inertia terms can be considered 


to be as important as the viscous terms in 2-momentum equation. 


this information, one obtains 


where Re. = 


nails yske 
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(138) 
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In 2-momentum equation, it is obvious that the pressure term must be 
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important because it is the driving force. Consequently, the 
pressure term can be equated to the viscous terms to yield the 


following characteristic quantity Po for pressure. 


a ne” 
Po/ ou. =4 Re. (140) 


Using the above relationships (137) to (140), equations (133) to (136) 


in terms of the new variables become: 


Continuity equation 
ee (141) 
ax (1 + Ax) (T+ Ax )dw 


X-momentum equation 
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-2 r OW 
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Cc (1 i, vx)? OW) 


In the above equation, the centrifugal force and pressure terms are 
of primary importance. For entry flow problems the inertia terms must 


be retained, however, the viscous term involving Re. may be neglected 


when the magnitude of the Reynolds number is about 10/74 or more. 
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Q-momentum equation 


Re era OW i aa 
ox (1 + Ax) (1 + AX) 1 + dx 
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CG 1 + Ax) oxdw (1 ‘ rx) ow 


Energy equation 
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The pressure term may be eliminated by carrying out cross-differentiation 
between equations (142) and (143). The following single momentum equa- 


tion results after introducing the stream function ¥ and the vorticity c. 
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+ aK? é er bai ig Pia ax STP Ry ao) 4 
= ver + 8K a ay? a ra Reuse Pere 2 G A 
vyec (146) 
u == Tews and w= a (147) 


In equation (145) one sees the primary inertia terms and the secondary 


inertia terms involving Ke. 


term involving K-4, 


It is also seen that there is a viscous 


The energy equation becomes 


where the Laplacian operator is 
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parameter K and Prandtl number Pr appear in the governing equations 
(145), (146) and (148). 

Attention will now be focussed only to the hydrodynamic 
entrance flow problem and the energy equation will not be considered 
further. The values of X and K are now evaluated for the conditions 
of practical interest. Considering the practical limit of a in 
comparison to Ro one obtains A < O[1]. It is reasonable to assume 
that Re. > O[10]. It is now found that K > 0[10] for most practical 
situations. On this basis the terms involving K7* and k4 in 


equation (145) can be neglected in comparison with other terms to 


give, 


] oY oO oY oO as 
Tee ar Le (150) 


It is significant to note that with the above simplification, 
the flow problem is independent of the parameter K and depends only 
on the curvature ratio i. 

A remark regarding the importance of the axial viscous term 
from another viewpoint for the general entry flow problem may be in 
order. It is noted that the normalized equation (143) results by 
using relationships (137) and (138). On the other hand, if relation- 
ship (137) resulting from the continuity equation alone is used, the 
characteristic coefficient of the terms, [1/(1 + Ax)] 9u/axdu + 
[a/(1 + rx)*] du/dw, in the Q-momentum equation becomes [a/R.0.]°. 


Thus, it may be reasoned that the axial viscous terms may be neglected 
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under the restriction 


a -1 
< 0[10 ] (151) 
RM 


The above relationship suggests that the axial viscous terms cannot 
be neglected for the entrance region up to a downstream distance of 
about 5 x (2a). The present restriction complements the earlier 
restriction for the flow regime, Re. > 0[10], under which the axial 
viscous terms may be neglected. It is of interest to note that when 
the axial viscous terms and the secondary inertia terms in equation 
(145) are retained, then the Dean number K appears explicitly in the 
curved entry flow.oroblem. This situation is analogous to the 
formulation used by Wang and Longwell [115] where the axial viscous 
terms in the momentum equations are retained for laminar entry flow 
in a parallel-plate channel. For the present study, the solution of 
equation (150), valid for most practically important cases, will be 


sought subjected to the restrictions mentioned earlier. 


6.3 A NOTE ON PRESSURE DROP FOR FULLY DEVELOPED LAMINAR FLOW IN 
STRAIGHT AND CURVED PARALLEL-PLATE CHANNELS 
Before considering further the effect of curvature ratio i 
on flow development in the hydrodynamic entrance region of a curved 
parallel-plate channel, it is useful to summarize the known flow 
results for the fully developed flow condition. 


It is noted that for a fully developed flow in a curved 
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parallel-plate channel, the derivatives of the velocity components 

in the w-direction vanish and from the continuity equation (141), 

one obtains d[(1+Ax) u]/ox = O implying u = 0. For the limiting 

case of fully developed flow, the following governing equation results 
from equation (143). 


2 2 
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gL aR eae eee Yh Terra 152) 


The fully developed velocity w satisfying the boundary condition, 


w= 0 at walls, is given by 


2 2 
ca | ; LUE ie ieee Hey in LUE (153) 


where the subscript ~ denotes the fully developed flow and c stands 
for a curved parallel plate channel. 

The fully developed solution for two-dimensional flow 
through curved parallel-plate channels can also be found in a book 
edited by Goldstein [5]. For the limiting case of A = 0 representing 
plane Poiseuille flow, the velocity profile w becomes 


w= 5 (2). - 1] (154) 
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where the subscript s denotes the flow in a straight parallel-plate 


channel. 
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After integrating equation (153) with respect to x 
from x = -] to x = +1 and setting the mean velocity equal to one, 


the following expression for the axial pressure gradient is obtained. 


4 
(2) --3 (8——4,—55 C55) 
Wc 5 can® (1 - 04)? an? PA) 


It can be shown that the quantity inside the square brackets in 
equation (155) approaches one when } > 0. Consequently, for a fully 
developed plane Poiseuille flow, one obtains 

(BPS eed, Sf Ore har 0 (156) 


ow she: 


For the limiting case } = 1, the quantity inside the square brackets 


becomes 4/3 and one obtains, 


oer + 
G0) 4, ford >1 (157) 
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For fully developed laminar flow in curved parallel-plate channels, 

the above value represents the maximum value attainable for the pressure 
gradient (9p/2w) - o* This fact does not appear to be pointed out 
clearly in the literature. By substituting equation (155) into 

equation (153), one obtains the expression w for fully developed 
velocity profile. 


Following the definition for friction factor f, namely, 
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one obtains, 


4 
12 -16 r 
0) OE pa i ell ce, emer we mee ies marie esse (159 


The corresponding expression ct , for straight parallel- 


plate channel is 


(fee Be (160) 


Here the following expression for the ratio of friction factors 


AT eicet Ut) is of special interest in design 
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The numerical results for equation (161) are tabulated in Appendix 9 
and the graphical results for equations (155), (159) and (161) are 
shown in Fig. 66. It is clearly seen in Fig. 66 that the pressure 

loss for fully developed laminar flow in curved parallel-plate channels 
increases with the curvature ratio X and the maximum value is reached 
at the limiting case } = 1. The asymptotic results presented here 

are useful for the present study on flow development in curved 


parallel-plate channels. 


6.4 FORMULATION OF LAMINAR ENTRY FLOW IN CURVED PARALLEL-PLATE CHANNELS 


Consideration is given to the development of isothermal laminar 
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flow of an imcompressible Newtonian fluid under steady state 
condition in a curved parallel-plate channel of semi-infinite length. 
Referring to the coordinate system shown in Fig. 65, the flow between 
the two curved plates is independent of Y, and the governing equations 


in dimensionless form are: 


Momentum equation (Vorticity transport equation) 


] oY tO ov oa i 
Tid aaa aw ax)? =VT (150) 
Vorticity equation 
wee? 
c=VY¥ (146) 
‘apo dle ak 
where Vane mz + Tiaeay (149) 


The velocity components in terms of the stream function ¥ are given by 


che 


= ] oY or 
u=- Tia weus and w= ar (147) 


For convenience the dimensionless variable used are given as x = Xa, 


w= 2K 171/20, y= a/veU, w = 2a/veRe |W, and p = P/(pW,*). The 
dimensionless variables are identical to those used in Section 6.2 
except that the characteristic velocity Wo is now replaced by the 
average velocity Wa for convenience. It is useful to recall that 


the foregoing governing equations are valid for flows with Dean number 
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K > O[10]. In other words, noting that \ < 1, the restriction on 

the Reynolds number becomes Re > O[10]. Furthermore, the above 
formulation is not valid within the entrance region when Ro is of 
order 0 to 10a because of the neglect of the axial viscous terms. The 
limitations of the present formulation are now clear. The boundary 
conditions are now considered next. 

For the entrance channel flow problem, in general, a 
difficulty of specifying the proper entrance boundary conditions 
arises. However, in the present study, the entrance velocity will 
be assumed to be known and the following three entrance velocities 


of uniform, parabolic and triangular profiles are employed. 


(a) Uniform entrance velocity 


The velocity distribution at the entrance is taken to 


be uniform. 


(162) 


zs r fe = 
Noa (ahs CG Pg w=0, xX =X 


It can be verified readily that the secondary velocity u = 0 and 


the axial velocity w = 1 at the entrance. 


(b) Parabolic entrance velocity 


(163) 
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The above conditions correspond to u = 0 for the secondary velocity 


and w = - 3(x? - 1)/2 for the axial velocity at the entrance. 
(c) Triangular entrance velocity 
al 2 r i 
ye 5 (x +2x-1) at w=0, x =x 


(164) 
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(1 + Ax) 


In terms of velocity components, the above conditions signify u = 0 
and w = x + 1 at the entrance. 

The following no-slip conditions at the wall complete the 
specification of boundary conditions for the present parabolic-type 


momentum equation. 


y= +]..at w=w, xX = +1 (165) 


In the above formulation, the vorticity <7 is not known explicitly 
at the walls (w > 0). 

It is known that the laminar flow development in the entrance 
region does not permit an exact solution even for a straight tube. The 


difficulties in obtaining an analytical solution can be traced to the 
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nonlinear nature of the inertia terms in the momentum equation. The 
various approximate methods of solution which have been devised to 
provide needed information relating to the flow development and the 
pressure drop in straight ducts or channels are well summarized by 
Lundgren, Sparrow and Starr [112]. In the present work, a finite- 
difference method of solution will be employed. The detailed informa- 
tion on point velocities for flow development is also required, for 
example, for further study on forced convection problems as well as 


hydrodynamic stability problems in the entrance region. 


6.5 NUMERICAL SOLUTION USING THE DIRECT VORTICITY METHOD 


Fig. 67 Coordinate System and Numerical Grid for a Curved 


Parallel-Plate Channel 


The vorticity transport equation (150) is a quasi-linear 
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second order partial differential equation of parabolic type 

and the vorticity equation (146) is a linear second order ordinary 
differential equation. Because of the nature of equation (150), 
the Crank-Nicolson scheme [116] of finite-difference approximations 
for the parabolic equation is used. Referring to the coordinate 
system shown in Fig. 67, and using a three-point central-difference 
approximation for X-derivatives, one obtains the following second- 
order-correct Crank-Nicolson equation and a finite-difference 


equation for equations (150) and (146), respectively. 
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+ [- Dhie A ]¥ 
he 2h(1 + ax) i+1,j+l 


S530 441 (167) 
It is noted that equations (166) and (167) take special forms at the 
points adjacent to the wall boundary after applying the boundary con- 
= 1, and (9¥/9x) 


ditions ¥ ] 


1ge1 = 7!) fer ge rege (28/8) ya ja7% O- 
In solving equation (166), the vorticity at the boundary 

is not known in advance. For the determination of the boundary 

vorticity, the direct vorticity method discussed in Appendix 5 is 

applied. The method is based on the observation that a linear relation- 

ship exists between vorticity and stream function at all points, including 

boundary points, through finite-difference equations. Following the 

procedure described in Appendix 5, the following expressions for the 

vorticities at the boundary grid point (1,j+1) and its neighbouring 

grid point (2,j+1) can be obtained. 

(4) (1) (2) (1) 
Ege EME GET 7 CO MR GalO MAL ga 


(1) (2) (1) 
ES AY 
Peltonen Me] iat) Mel jal) eee 


(4) (3) (1) (1) 
o9 j+l gel cae jt] AN] qe ~ M+] jt) 


J vy o } Rea eIe boat py 
7 bi 
Ses. 4, Z ay evan. if can) 
an 
se tae ets bs ey. 
~ Hap aw hi meat ve 
Wat dae i] 
Tt, wt e oh e ie: 
‘im | 
it A ak oe | 
(var) | Hale + Pie 


A See 
A +? 4 
Hit 


a 


aid t6 eno? (staege ais (Naf) bas Opn) snot Supe @ 
“TOD yisbrued and pntyiqgs 19378 yrsbrued fa ait od 


aa 
10 rye pantXBN8) * ret, (xe \¥6) bas wf * tot, rat ee Tt 


ersbnued ef t6 yttottrov atts -(2at) ne tisupe. on 4 
“tabrued sft Ya’ note satanaseb atts 40 BONSvbS at\ ow 
eta xipneqan, nt bezevoeth ‘bostd on Ptahisey roatb ott ww 

-nottsiet ssentt & 54s not dovinede fit ne bezed 2t bonten 6 att 2 
ontbufont .atnteg fle 96 nor sonut spite | bra: ratotaaoy noswtad sets 


) 


ant ontwollo% _enob taupe. vottt b= cise douordd |, 23 ssubod % ebay 

atid 10? envtaesigx9 gntwor for wis: ‘eG xtbneqgA at bedtnseeb | I y 
oni swoddoon zat bas (T#tat: shou bie yisbauod oft ts aatatat 

a — abantsddo sd m6" “Utets) pe 

cn 5 ee Pete sae P a 

Cte tont © Ee ta PO Cte to DD : It Pe 


ay iene (s) | (ry veg re, - a “ 


258 


(3) (1) (1) 
+ (Yay sit] ~ 'M+1, 541 )A¥ 49 jt 9/%4 541 


and 
(3) (1) (1) (2) 
Oe ga = CC Med jet 7 Merged) % Me ger 7 Mer 47? 
(2) (1) (1) (3) 
~ (Yer pet 7 Yet ge) 4% mer ge1 > O¥mer gerd (168) 
where AY S54] = W(d¥/ax) 5 543 and the superscript (n), Weal teh 35-4 


represents the value obtained at the consecutive step. One notes that 


the boundary conditions, Yd 441 = 1 and AY], 54] = 0 given by 
(4) 


equation (165) are used in deriving the expressions for O14] and 


-) | For a given curvature ratio X, the numerical solution is 
9 ° 


effected as follows: 
(1) (1) 


1. Assign two values is pie bo Pb 0 and solve equation (166) 


explicitly for Ce pe (i =3, 4 .... M+1) by using direct successive 
(1) 
substitution. With c, gee = 1, 2, ...., M+1) known, the stream 


function ¥ can be found using equation (167) and the values for 


i,j+l 
(1) (1) 
AY Me jt] and oM+1, J+ will be stored. 
2 (2) 
2. By setting C1 j+l = 0 and CO i+] = 1, the procedure described 
(2) (2) 


in step 1 can be repeated to obtain AYMe1, 5+ and Yue] jt] and the 


values will be stored. 
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procedure described in step 1 again, one obtains the values for 


(3) (3) 
AYMeL 54] and YM+1g+1° 
4, Using equation (168), the values for 7 (4) and z (4) 
; ; 1,441 Dale] 
can be computed. Using the newly obtained values for ae and 


ei: the procedure described in step 1 can be followed to obtain 


the value for Ge je? (T= Set, ase MPT) and ¥. j Gs 2h SF 89.3 Mtl) 


which represent the numerical solution at the axial position jtl. 

5. With a computational procedure for the numerical determina- 
tion of the vorticity established, it suffices to mention that the 
usual iterative relaxation method for the numerical solution of a set 
of finite-difference equations with the associated boundary conditions 


may be employed. The prescribed error for the dependent variables is 


M+] (m+1) (m) M+] (m+1) a 
he Pot at te a1 Pave es. 10 


where f. j represents Cs j or ¥, j and the superscript m denotes the 


number of iterations. It is noted that even close to the inlet section, 
the number of iterations required to satisfy the above convergence con- 
dition is found to be only 3 to 8 for all cases. 
6. Advance the axial step to j+2 and repeat steps | to 5. 
The numerical solution of equation (168) presents no dif- 
ficulty. The marching procedure starting with j = 1 is used for the 


numerical solution of equation (166). 
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Numerical experiments are made using the mesh sizes of 

M = 10, 16, 20, 40 and 80 in the transverse direction. Along the 
main flow direction, the axial step size Aw = 107" is used for the 
range w = 0 ~ 0.01 and Aw = 107° is used for the range w = 0.01 ~ 0.5 
as a rule. The mesh size of M = 40 is found to be satisfactory after 
examining the numerical results for the velocity field and pressure 
drop and is used in obtaining all the numerical results. By using 
the present direct vorticity method, the value of the stream function 
at the boundary is found to deviate by an amount ranging from 0 to 


9 from the known exact magnitude of one. The computing time 


PayelOy 
required for a complete numerical solution for a given curvature 

ratio X and entrance velocity profile is about 4 minutes. The computa- 
tions are generally continued up to w = 0.4 or 0.5 where the fully 


developed condition is confirmed. 


6.6 LAMINAR ENTRY FLOW IN A PARALLEL-PLATE CHANNEL (A = 0) WITH A 
UNIFORM INLET VELOCITY PROFILE 

Flow development in the hydrodynamic entrance region of a 
parallel-plate channel with a uniform entrance velocity has been 
studied very extensively in the past. The parallel-plate channel 
(A = 0) represents a limiting case of curved parallel-plate channels 
with various curvature ratios. The main purpose here is to compare 
the numerical results for flow development in a parallel-plate channel 
with those reported in the literature. This will serve to confirm the 


accuracy of the numerical solution. 
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The major effect of the entrance region is to give rise 
to a pressure drop which is larger than that experienced by a fully 
developed flow. The greater pressure drop in the entrance region 
can be attributed to both the change in momentum and the larger wall 
friction of the developing flow. For many practical applications, 
the predictions of the pressure drop and of the hydrodynamic entrance 
length are of primary importance. 

The major effect of the entrance region on the developments 
of the axial and transverse velocity distribution are portrayed in 
Figs. 68 and 69, respectively, by a sequence of velocity profiles 
at various axial positions along the channel. It is noted that the 
development of the axial velocity profile agrees with the published 
results of Schlichting [117], Bodoia and Osterle [118] and Collins 
and Schowalter [119]. It is seen that the axial profiles near the 
entrance have a distinct flat portion in the central region indicating 
an iviscid core flow. With increasing distance from the entrance, the 
flat position eventurally disappears due to the action of viscosity at 
the wall. The transverse velocity profiles shown in Fig. 69 are also 
of interest. It is seen that the transverse velocities are directed 
towards the center line of the channel and the magnitudes decrease 
gradually along the axial direction. The locations of the maximum 
transverse velocities are seen to shift gradually away from the upper 
and lower walls along the axial direction. The transverse velocities 
disappear completely when the flow becomes fully developed. 


According to an order of magnitude analysis shown in Section 6.2, 
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the axial viscous terms may be neglected when K > 0[10] or 

equivalently Re > 0[10] by noting that } < 1. In this respect, 
according to Wang and Longwell's results [115] for a Reynolds 

number of 300, the axial viscous terms have influence up to an 

entrance distance w = 0.016 for the present problem. In terms of 

the physical coordinate, the corresponding entrance distance is 

Z = 0.625 x (Channel width). Further theoretical results regarding 

the effect of Reynolds number on axial viscous terms are not avail- 
able. It is obvious that further work is required to bring out more 
clearly the limitations of the formulation based on a uniform entrance 
velocity and neglect of axial viscous terms. Depending on the Reynolds 
number, the present formulation is not valid in the immediate neighbour- 
hood of the entrance. However, as seen from the example of Re = 300, 
the numerical solution is expected to be valid throughout most of 

the entrance region of the channel. The present numerical method of 
solution is applicable to any arbitrary entrance velocity profile and 
the simplified governing equations (146) and (150) may have definite 
advantages in some respects. After discussing the developing profiles, 
the pressure drop in the entrance region will be considered next. 

The pressure drop between the channel inlet (w = 0, p = Po) 
and any axial location (w = w, p = p) can be determined by integrating 
equation (143) neglecting the terms with Re.“ over the cross-section 
and along the length of the channel. Introducing the dimensionless 


pressure p = P/(oW, *), one obtains the pressure drop Ap as 


Ap = Pg - P (169) 
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On the other hand, the pressure drop which would be sustained by 
a flow if it were fully developed right from the channel inlet can 


be found from equation (157) as 
(Ap), = 3w (170) 


The pressure drops Ap and (Ap). defined above along the dimesionless 
axial coordinate w are plotted in Fig. 70 together with other theo- 
retical results [115,117,118,119] for comparison. It is noted that 
the difference Ap - (Ap). represent the increment in pressure drop 

due to the development of the flow (see Table 4). The present 

result is seen to agree very well with that of Bodia and Osterle [118]. 
Wang and Longwell's prediction [115] is seen to be somewhat higher 


than the present result. 


Table 4 


Comparison of Pressure-drop Results, [Ap - (Ap)_] 


Work [Ap - (Ap),] 
Schlichting [117] 0.301 
Bodoia and 
Osterle [118] 0.338 
Collins and 
Schowalter [119] 0.370 
Wang and 
Longwell [115] 0.394* 
Sparrow, et al [111] 0.325 
Present Work 0.352 


*atx=+0.1 
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On the other hand, Schlichting's prediction [117] is somewhat lower 
than the present one. In Fig. 4C of reference [120], the results of 
Han [121], Bodoia and Osterle [118], and Sparrow, Lin and Lundgren 
[111] are compared against the experimental data of Beavers, Sparrow 
and Magnuson [120] for a rectangular channel with aspect ratio 
(width/height) 51 with generally satisfactory agreement. The above 
comparison in turn confirms that the present result is a reasonable one. 
The prediction of hydrodynamic entrance length is also of 
interest in design. The hydrodynamic entrance lengths based on the 
attainment of 98 and 99 per cent of the center-line velocity for the 
fully developed value from this work are compared against other 


results in Table 5. 


Table 5 


Entrance Length for a Parallel-plate Channel (A = 0) 


With Uniform Entrance Velocity Profile 


“98 “gg 
Schlichting [117] 0.160 
Bodoia-Osterle [118] 0.136 0.176 
Collins-Schowalter [119] 0.136 
Present Work 0.138 O.173 


It may be useful to define the friction factor for the 


entrance region as 


tas SL mi es ae j 


vawot tefwemoz et [CE] nobpatbosg: a'gotsdat toe cbs ¥9 ato” 
Yo atfueey ont ,[OSf] someiete to 8 -pta wi “a 1g ¢ 
as ipbnul bas nts eworrteg? brs vista shrat20 bi 9 
wor18g2 ., eteveea ¥est8b -[ sinemtyaqxs ait Jentens ‘oan & 
‘oltey Jo9qes ntiw Tennsds bc oniadl s vo? COS13 
avods edt: _ deme p68 wos 2stetdee vl Tenanae rishw Ta (t re ig 
3110 alakieuues & 2t ‘tTugen dnsearg oft brio aah ry (and 
79 cals at dtpne! sons 2hioryborrbye to nottotbeng, oat wt 
odd: no beesd eddpnes sates a hiabrygboybigt AT sof esd: at 3 21 3 | 
edt not vitoolsv snt{~vaines edd Wo gneo teq €e bas 8g Jo. 3¢ | 
rego tentsps barsqmoa 16: wow etd movt eotey beqots 


re 2 ofdst ial 
. eh 


‘ 


/ f 2 sider LPP 


400%) Tanna atstq-fat tered «eh. remy sonentaa 3 


attend yotootey sonexsa3 mrotiou AIT b ne 
| | | ; a | “4 ar P * 
ee _ be” RLF AY | ras 
% 7 a, TY ie Wk Oe | wea 
Oarso | his Mee _ [erry petite 
OO | BOLO” Cert] a{vete0-stobod 
a at i eee vsdTewodse-ant fo 
sy Cy? 5c A ; rol sneer 
P 
od 40% “101587 Hotsotn? dt saab 63 Twisew ed vem it : 
v ; Poy Al oe tk notger"bomerine 
| a aor 7 ai one 
a ; 


268 


eyes Eres (171) 
W 2 RS 
Pen 
In dimensionless form, one obtains 
YA PO.” P 
f = ia (172) 
where p = P/(pW.*), w = 2Re 'n7!a and Re = W2a/v. For fully 


developed laminar flow in a parallel-plate channel, one has (f) 


Sy 


= 12/Re from equation (160). Thus, the friction factor ratio (f)_ , 


becomes 


wot (173) 


It is noted here that the pressure drop Ap = Po - P can be obtained 
from Fig. 70. 


6.7 LAMINAR FLOW DEVELOPMENT IN A CURVED PARALLEL-PLATE CHANNEL WITH 
A UNIFORM INLET VELOCITY PROFILE | 

The initial and boundary conditions for the present problem 
are exactly the same as those for plane Poiseuille flow considered in 
Section 6.6. Consequently, a study of the curvature effect on flow 
development is of major interest here. The developments of the axial 
and transverse velocity profiles along the channel axis are shown in 
Figs. 71 to 76 for the curvature ratios } =0.01, 0.1 and 0.5. A 
comparison between the velocity profiles for \=0 (straight channel) 


and A = 0.017 reveals that the curvature effect on velocity profile 
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Fig. 71 Developing Axial Velocity Profiles for A 
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development is almost negligible for practical purpose at A = 0.01 
since the velocity profiles for both cases (\ = 0 and 0.01) are 
practically identical. With ’ = 0.1, the curvature effect is notice- 
able by observing the deviation of axial velocity profiles from axial 
symmetry in the immediate neighbourhood of the entrance and the non- 
venishing of the transverse velocity at the center line throughout 
the entrance region. -The curvature effect is pronounced at dA = 0.5. 
Fig. 73 clearly shows the thickening of the boundary layer at the 
outer wall and the maximum axial velocity is located nearer to the 
inner wall. The latter fact is well-known for the fully developed 
condition [122] and the maximum velocity is seen to be located at 
approximately x = -0.2 with its magnitude decreasing from a value 

of 1.5 for plane Poiseuille flow to a value of 1.495. At» = 0.5 
the distortion of the transverse velocity profile (see Fig. 76) 

from that of d = 0 or 0.01 is quite appreciable and the viscosity 
effect is seen to be important in the entrance region. A boundary 
along the channel where the transverse velocity becomes zero is of 
special interest and the region with inward transverse velocity is 
seen to be greater than that with outward transverse velocity. In 
the entrance region, the boundary layer and centrifugal force effects 
coexist and at any cross-section the pressure is highest at outer 
wall. In the fully developed region the transverse velocity vanishes 
completely and the centrifugal force on a fluid element is balanced 
by a pressure gradient inwards. 


The pressure drop between the channel inlet (w = 0, p = Po) 
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and any axial location (w = 0, p =p); Ap = Pg ~ P» as determined 
by the method discussed in Section 6.6 using Simpson's rule for 
integration is shown in Fig. 77 for the curvature ratio, w = 0, 0.1 
and 0.5. The pressure drop (AB) 6 co which would be sustained by a 
flow if it were fully developed right from the channel inlet (w = 0) 
is also included in Fig. 77 for comparison. It is seen that the 
pressure drop Ap at any axial position increases with the curvature 
ratio A but for the range }=0~0.1 the increase of the pressure drop 
due to curvature effect is not significant and may be negligible for 
practical purposes. It is noted that the difference [Ap - (AP). ood 
represents the incremental pressure drop due to flow development 
in the channel and the numerical results for the fully developed 
condition are listed in Table 6 together with the numerical results 
for the hydrodynamic entrance length based on the attainment of the 
center line velocity corresponding to 98 and 99 per cent, respectively, 
of the fully developed value. The hydrodynamic entrance length is 


seen to decrease with the increase of the curvature ratio 


Table 6 


[Ap.- p,J and Entrance Lengths W9g and Wag for Curved 


Parallel-plate Channel Flow with Uniform Entrance Velocity Profile 


r [Ap - Ap. J Ugg Wag 
0.0 0.352 0.138 0.173 
0.01 0.352 0.157 0173 
on 0.356 0.134 0.172 


0.5 0.442 0.123 0.158 
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Fig. 77. Pressure Drop Result for 4 = 0, 0.1 and 0.5 with Uniform 


Entrance Velocity 
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With the pressure drop Ap = Po - P known, the ratio of 
the friction coefficients, t/(t),. ~ can be readily computed using 


equation (173) and the results are shown in Fig. 78. 


6.8 LAMINAR FLOW DEVELOPMENT IN A CURVED PARALLEL-PLATE CHANNEL WITH 


A_ PARABOLIC INLET VELOCITY PROFILE 

The entry flow in a straight parallel-plate channel with a 
parabolic inlet velocity profile becomes a trivial problem. However, 
with the curvature effect the situation is different. The numerical 
results are shown in Figs. 79 to 82 in the forms of axial and trans- 
verse velocity profile developments for A = 0.17 and 0.5. In contrast 
to the case of a uniform entrance velocity, the boundary layer effect 
disappears in the present problem and the flow development is due 
solely to centrifugal force effects. Apparently the secondary flow — 
is caused by an unbalanced transverse pressure gradient across the 
channel induced by the centrifugal force effect. The transverse 
pressure gradients dp/dx at the inner and outer walls vanish and the 
pressure is highest at the outer wall, and least at the inner wall. 
foneequently: the secondary flow is toward the inner wall throughout 
the whole entrance region. 

At A = ae the curvature effect can be detected from the 
gradual shift of the maximum axial velocity away from the center line 
toward the inner wall. The effect is more obvious from the development 
of the transverse velocity profiles shown in Fig. 80. The curvature 
effect becomes more pronounced at A = 0.5 (see Figs. 81 and 82). 
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parabolic profile to the fully developed unsymmetric one. 

Pressure drop results in the entrance region with parabolic 
entrance velocity are shown in Fig. 83 for X = 0.5 together with the 
pressure drop for A = 0 and 0.5, which would result if the flow were 
fully developed right from the duct inlet is included for comparison. 
It is interesting to note that in spite of the relatively strong flow 
near the entrance at A = 0.5, the pressure drop Ap seems to follow 
closely the line for \ = 0 with fully developed flow in the immediate 
neighbourhood of the entrance and then gradually depart from it. In 
the fully developed region the pressure drop curve for i = 0.5 becomes 
parallel to that of 0.5 for the fully developed condition. It is seen 
that in the developing region, the curve for A = 0.5 lies between the 
two curves i = 0 and 0.5 with fully developed conditions right from 
the entrance. It is noted that the pressure drop Ap for A = 0.5 in 
the entrance region is always less than that of A = 0.5 with fully 
developed conditions right at the entrance. The difference between 
Ap and (Ap). for } = 0.5 is seen to be very small and a constant value, 


[Ap - (Ap),] = -0.007 is approached at the fully developed condition. 


The ratio of the friction factors, EINT a can be computed 
readily using equation (173), namely WAG vale = Ap/(3w), since Ap is 
known. It can be verified that the ratio f/(f). ., is close to unity. 
Lastly, one notes that the entrance lengths are found to be Wgg = 0.046 


and Wgg = 0.099, respectively, for A = 0.5. 
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6.9 LAMINAR FLOW DEVELOPMENT IN A CURVED PARALLEL-PLATE CHANNEL WITH 
A TRIANGULAR INLET VELOCITY PROFILE 

The present inlet velocity profile is characterized by an 
asymmetrical distribution with respect to the center line x = 0. The 
mean inlet velocity for this case is identical with that of uniform 
entrance velocity. The developing profiles for axial and transverse 
velocities are shown in Figs. 84 to 89 for the curvature ratios 
A = 0, 0 1 and 0.5. The case with » = 0 represents a parallel-plate 
channel and Fig. 84 shows that the location of the maximum secondary 
velocity occurs first near the outer wall, and then gradually shifts 
towards the center line along the downstream direction. Because 
of the inward transverse velocity throughout the entrance region, 
the symmetric parabolic velocity profile representing the fully 
developed condition is éventually approached. The secondary flow 
is strongest at the entrance and vanishes entirely when the flow 
becomes fully developed. The curvature effect can be seen by com- 
paring the developing profiles for A = 0.1 and 0.5 with those for 
A = 0 (straight channel). At A = 0.1 the curvature effect is already 
detectable but the effect is rather small. Near the entrance the 
intensity of the secondary flow increases with the curvature effect. 
At = 0.5, the increase of the secondary flow intensity over that 
of = 0 is seen to be quite appreciable near the entrance. The 
development of the axial velocity profile from the initial tri- 
angular one to the final asymmetric one with its maximum located 


near x = -0.2 is shown in Fig. 88. As pointed out in Section 6.7, 
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the fully developed velocity profile in curved channels is 
well-known [122]. 

The pressure drop results, in terms of Ap and F/(F) 5 oo? 
are shown in Figs. 90 and 91, respectively. It is noted that the 
pressure drop in the entrance region of a curved or plane parallel- 
plate channel with triangular entrance velocity is smaller than the 
corresponding one with a uniform entrance velocity. This fact is 
obvious by comparing the present pressure drop and friction factor 
results shown in Figs. 90 and 91 with those of Figs. 77 and 78, 
respectively, for uniform entry flow. Fig. 90 shows that at d = 0, 
the incremental pressure drop [Ap - (AP) 6 cod becomes negative. The 
fully developed values for the incremental pressure drop and the 
hydrodynamic entrance lengths are listed in Table 7 for A = 0, 0.01, 
0.1] and 0.5. It is noted that with A = 0, the fully developed 
incremental pressure drop is -0.017 and even with A = 0.5, the 
value is 0.104 which is smaller than the value of 0.442 for the 
uniform entrance velocity case. For the range of curvature ratio 
4 = 0 = 0.1, the hydrodynamic entrance length w with a triangular 
entry flow decreases by about 25 per cent from that with a uniform 
entry flow. On the other hand, with A = 0.5, the corresponding value 


is about 28 per cent. 
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Table 7 


[Ap - Ap,] and Entrance Lengths Wgg and wWog 
for Curved Parallel-plate Channel Flow 


with Triangular Entrance Velocity Profile 


r [Ap - Ap] Wgg W9q 
0.0 -0.017 0.103 0.122 
0.01 -0.017 0.103 O12 
0.1 -0.013 0.101 0.118 
0.5 0.104 0.089 0.109 


In the analysis of flow development in tubes or channels, 
it has been standard to evaluate the static pressure difference Ap 
as used in the present study. However, it may be useful to compute 
the total pressure drop from the viewpoint of total energy ites: 
The informationoon total pressure drop may be particularly useful 
with a non-uniform entrance velocity such as the present triangular 
one. For the triangular entry flow in a straight parallel-plate 
channel, the dynamic inlet pressure Pg.o is found to be 

Tees agile 
P40 =7W jo + x) ax/| iy = 2/3 (174) 


On the other hand, the dynamic pressure Pac at fully developed 


condition is 


d, . 


1 1 
Panis ke + | 21 A °)?ax/| dx = 3/5 (175) 
4 1 
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Thus, the dynamic pressure drop is 
AP, = Pa ee Py 7 ef 8 = 3/5. = 118 (176) 


The above dynamic pressure drop APY may now be added to the incremental 
static pressure drop [Ap - (Ap). J at fully developed conditions to 


obtain an incremental total pressure drop as 
Ap, + [Ap - (Ap). oJ = 1/15 - 0.017 = 0,50 (179) 


similarly, the incremental total pressure drop in a parallel-plate 


channel (A = 0) with a uniform entrance velocity becomes 
Apy + [Ap - (Ap). ye = (1/2 - 3/5) + 0:352 = 0.252 (178) 


By comparing the above two results, it is found that the incremental 
total pressure drop at fully developed condition in a parallel-plate 
channel (A = 0) with uniform entrance velocity is about five times 
greater than that with a triangular entrance velocity. In general 
one may conclude that the situation is similar with curvature 


effects included. 


6.10 CONCLUDING REMARKS 

1. Laminar flow development in the entrance region of a curved 
parallel-plate channel is studied theoretically for entrance velocities 
which are uniform, parabolic and triangular with a curvature ratio 
ranging from A = 0 to 0.5. For the limiting case of a plane parallel- 


plate channel (A = 0) with uniform entrance velocity, the flow results 
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are compared with available results reported in the literature. The 
remaining results for the curved parallel-plate channel are believed 
to be new. 

2. For fully developed laminar flow in curved parallel-plate 
channels, useful relationships for pressure drop and friction factor 
are derived using the known analytical solution for velocity profile. 
At the limiting curvature ratio 4 = 1, the pressure drop and friction 
factor increase by a factor of 4/3 over those of a. straight parallel- 
plate channel (\ = 0). 

3, For a given entrance velocity profile, the curvature effect 
on pressure drop is generally small up to A = 0.1 and may be negligible 
for practical purposes. However, the curvature effect gradually 
increases from \ = 0.1 onwards and the effect is found to be signi- 
ficant at A= 5. 

4. With a parabolic entrance velocity profile, the pressure 
drop is less than that which woutd result if the flow were fully 
developed right from the channel entrance for a given curvature 
ratio i. 

5. With a triangular entrance velocity profile, the pressure 
drop is less than that which would result if the flow were fully 
developed right from the channel inlet for a range of curvature 
ratios } = 0 = 0.1. For A = 0.5, the pressure drop is much less 
than that for a uniform entrance velocity. 

6. For a given entrance velocity profile, the hydrodynamic 


entrance length decreases with an increase of the curvature ratio i. 
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For a given curvature ratio \, the entrance length for the uniform 
entrance velocity case is longer than that for a parabolic entrance 
velocity is seen to be the least. 

7. In the formulation of the present problem, the axial viscous 
terms are neglected. The results presented in this study must be 
understood under this light. The effects of axial viscous terms 
should be investigated in future work. 

8. The present numerical method is applicable to entry flow 
problems in a curved parallel-plate channel with any arbitrary 
entrance velocity profile. 

9. The numerical results obtained are listed in Appendix 9 


for future reference. 
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CHAPTER VII 


HYDRODYNAMIC INSTABILITY OF LAMINAR FLOW 
IN CURVED PARALLEL-PLATE CHANNELS 


7.1 INTRODUCTION 

For a laminar flow between two curved parallel plates or 
two coaxial cylinders, the flow in the boundary layer is known to be 
unstable at the concave outer wall and stable at the convex inner 
wall. Due to the centrifugal forces acting on a fluid element the 
pressure is highest at the outer wall and least at the inner wall 
for any cross-section. In contrast to the monotonous increase of 
pressure from the inner wall to the outer wall along the transverse 
direction, the centrifugal force increases from zero at the inner 
wall and then becomes zero again at the outer wall after reaching a 
maximum value at the point of maximum axial velocity. The outer 
region with decreasing centrifugal force is clearly seen to be unstable. 
The situation is completely analogous to Taylor's problem [123] for 
the stability of Couette-type flow of a viscous liquid between con- 
centric, rotating cylinders and Gortler's problem [124] for the 
instability of boundary-layer flows over concave walls. The resulting 
secondary flow is commonly referred to as Taylor-Gortler vortices. 
The instability of curve flows due to centrifugal forces (centrifugal 
instability) is analogous to thermal instability such as that due to 
buoyancy forces acting on horizontal fluid layers heated from below. 


Several examples of instability due to centrifugal forces 
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are well reviewed by Stuart [125]. Consideration is now given to a 
curved parallel-plate channel along which fluid is flowing under the 
action of a pressure gradient. A theoretical investigation of the 
stability of flow under pressure in-a curved channel or between con- 
centric cylinders was first made by Dean [126] in 1928. His analysis 
is based on the assumptions that the distance between the two cylinders 
is small in comparison with the inner radius and the fully developed 
main flow is parabolic. He shows that the motion can become unstable 
for a small disturbance of exactly the type found by Taylor [123] 

for fluid motion between two rotating cylinders. Dean [126] gives 
the following ciritical value for the characteristic parameter K 


which is now known as the Dean number. 


kK = Re(@)'/4 = 25.4 
Gc 


where Re = W (2a)/v, a = a half channel width and Ra = the radius of 
curvature of the channel. Using the result of this analysis, Dean 
offered an explanation for the known absence of a marked critical 
velocity of flow in a curved pipe. 

Apparently unaware of Dean's earlier work [126], Yih and 
Sangster [127] studied Dean's problem again in 1957. Subsequently, 
Reid [128] also studied Dean's instability problem in 1958 using 
two methods of approximate analytical solution. Reid's numerical 
results for the critical Dean number using two different methods 
agree closely with Dean's earlier result [126]. Reid also presents 


the radial and tengential velocity perturbations and the cell pattern 
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at the onset of instability. In 1958, Hammerlin [129] also presented 
theoretical results for Dean's instability problem using Green's func- 
tion. Hammerlin shows the distributions for the eigenfunctions, cel- 
lular pattern and axial disturbance at the onset of instability. In 
1967, Mori and Uchida [130] presented theoretical and experimental 
results for forced convective heat transfer in a curved channel in the 
post-critical flow regime. 

It is noted that the reported theoretical results for 
hy rodynamic instability in curved parallel-plate channels are for 
the case of fully developed laminar flow with a plane Poiseuille 
velocity profile only where the curvature effect is completely neg- 
lected for the main flow, The experimental confirmation for Dean's 
instability problem does not seem to be available at present. 

The purpose of this investigation is to present the 
formulation of the general perturbation equations applicable to the 
hydrodynamic entrance flow in curved parallel-plate channels and 
present numerical results for hydrodynamic instability for the 
limiting case of fully developed laminar flow with curvature effect. 
Thus the present problem can be considered to be the extension of 
the Dean's instability problem [126]. The numerical method of 
solution is developed for a study of hydrodynamic instability in the 
entrance region of curved parallel-plate channels with curvature 
effect but the numerical results are obtained only for the asymptotic 
case of fully developed flow in order to limit the scope of the 


present investigation. 
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7.2 FORMULATION OF THE STABILITY PROBLEM 
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Outer Wall 


Fig. 92 Coordinate System and Numerical Grid 


Consideration is given toa steady incompressible flow 

in the entrance region of a curved parallel-plate channel with a 
given entrance velocity. The coordinate system is shown in Fig. 92. 
It is assumed that the velocity distributions for the primary flow 
are available. It is known that the present two-dimensional curved 
flow is unstable under the three-dimensional disturbances of Taylor- 
Gortler type near the concave outer wall. To investigate the 
stability of the steady primary flow, one may superimpose the per- 


turbations on the basic flow as, 
U = Un (RX) ey - VEE 
W = W.(R 2X) +W, P= Pi (R&X) +P 


in which U, and W, are basic velocity components corresponding to 
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transverse and axial directions, respectively, and Py is the static 
pressure. The perturbation quantities U', V', W are taken to be 
sufficiently small for their squares and products to be neglected. 
The continuity and the Navier-Stokes equations expressing the con- 
servation of mass and momentum may now be written (see equations 
(A-16) to (A-19)) and the foregoing perturbations introduced. Noting 
that the basic flow is such that the equation of continuity and 
Navier-Stokes equations are satisfied and that the terms of higher 
order than the first in the perturbation quantities may be neglected, 


one obtains the following set of perturbation equations. 


Continuity equation 
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X-momentum equation 
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Y-momentum equation 


ie iene eee maimed a eine Ghs aw!) (182) 
(RL + X) ax (R. + x)* 30% TR, + X) avan 
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Noting that all the velocity components vanish identically (no slip) 


on walls, the boundary conditions to be imposed become: 


v' =W = 9U'/oX = 0 


=W=0 and U 
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At the hydrodynamic entrance, one may impose the following initial 


conditions for this study, 
UL and Wh are given and 
Uo =V =W =0 at 2=0 (185) 


For the three-dimensisnal disturbances of the Taylor-Gortler type, 
one may assume the stationary normal modes of the following form 


following Smith's work [131] 


Yo = U*(X) cos aY exp [e(R, 2)d(R. 2) 
v' = V*(X) sin aY exp [e(R, (R_2)d(R o@) 
(186) 
W = W*(X) cos aY exp fot (R oe) R ®) 
p' = P*(X) cos a¥ exp [e(r, a)d(R,2) 


where the amplitudes of U*, V*, P* are small quantities whose squares 
and products can be disregarded. The quantities a and 8B are the wave 
number and the amplification factor, respectively. The above distur- 
bance modes were first introduced by Smith [131] in his study on the 
growth of Taylor-Gértler vortices along highly concave walls. The 
vortex is assumed to grow in strength by the factor exp Jed(R.o), 
that is, to grow with distance, not time [131]. Further details 


regarding this growth factor are given by Smith [131]. 


Introducing equation (186) into disturbance equations (180) 


to (183), one obtains the following set of ordinary differential 
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equations for the disturbances after linearization as noted above. 


Continuity equation 


i* 
- + Toy + Oe + Rear (AR) = 0 (187) 
Cc Cc 


X-momentum equation 
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Y-momentum equation 
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+ ae = 0 (189) 
Q-momentum equation 
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Introducing the following non-dimensional variables 


U* = [v/aJu*, V* = [v/a]v*, W* = [v/a]w*, 
p* = Pa*P*s A= a/R.» X = ax, 


R 2 = RQ ws | B = B/Re» a = A/(2a), 


and Reynolds number Re = W (2a)/v, the perturbation equations (187) to 
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(192) 
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Q-momentum equation 
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For neutral stability, one may set B = O and the perturbation 


equations reduce to 
Continuity equation 
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Y-momentum equation 
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Q-momentum equation 
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It is seen that the independent parameters are A, Re, and i. 

However, for convenience, the wave number A, Dean number K = Re(a/R_)|/? 
and the curvature ratio d = a/R. will be used. For the purpose of 
carrying out the numerical solution, the above set of four perturbation 
equations will next be reduced to a pair of simultaneous equations. 

This can be achieved by eliminating v* from the momentum equation (197) 
by using the continuity equation (195). Eliminating further the 


pressure terms betweem the X- and Y-momentum equations (196) and (197), 


one obtains a pair of simultaneous equations for the neutral stability as, 
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and u=w=0 at x=+1 (201) 
The initial conditions are 
ux = w* = 0 (202) 


The above differential system represents an eigenvalue 
problem and the solution of which will result in a fundamental relation- 
ship between the Dean number K and the wave number A for a given cur- 
vature ratio X. Equation (199) shows that the transverse disturbance 
u* is caused by the centrifugal effect as represented by the term 
involving ww* and the axial velocity grandient effect of the basic 
transverse velocity u through the product (du/dw)-w*. On the other 
hand, the axial disturbance w* is caused by the velocity gradient 
(dw/dx) in the transverse direction through the product (dw/9ox)-+u* 
and the Coriolis effect through the product wu*. The latter effect 
is seen to be of secondary importance. Of course, the two equations 
for perturbation velocities u* and w* are coupled. 

The neutral stability for the case of a fully developed 
basic flow is of particular interest here since the numerical result 
will be sought for this limiting case only in this investigation. It 
is noted that for the fully developed basic flow, the secondary velocity 
u vanishes and consequently, the terms du/dx, du/dw also vanish. The 
neutral stability equations for the fully developed basic flow then 
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TT + ax) ww* (203) 


eed toy '/e OW 
= E Kr Co Kr ax lu* (204) 


It is recalled that Dean's instability problem [126] 
assumes a small curvature ratio A << 1 and a plane Poiseuille profile 
for the basic flow neglecting altogether the curvature effect. For 
reference purposes, the simplified set of perturbation equations 


negelecting the curvature effect is given below as, 


(p* - ; manie = ; Ke 3 (1 - x2) (205) 
22 
(p° - 7) we = - 5 xu" (206) 


The boundary conditions are reduced to 


u’ = we = du’/dx = u=w=0 atx = bel (207) 
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where p? = d@/dx?, u’ = Kn7 72a 


and the fully developed parabolic velocity profile is w = (3/2)(1 - re 
In the above formulation following Dean's earlier work [126], the 

only parameters are seen to be Dean number K and the wave number A. 

It is noted that the above linearized disturbance equations correspond 
to the equations (7) and (8) given by Reid [128]. It is instructive 

to note that the term on the right-hand side of equation (205) rep- 
resents the centrifugal force effect and is balanced by the viscous 
terms. In equation (206), the right-hand side term represents the 
inertia force effect u’ (aw/ax) which is caused by the coupled effect 

of transverse disturbance velocity u* and the transverse gradient of 


basic velocity and is seen to be balanced by the viscous terms. 


7.3 NUMERICAL METHOD OF SOLUTION 

It is apparently not practical to seek an analytical 
solution for the pair of disturbance differential equations (199) 
and (200) since an analytical solution for the entry flow problem in 
a curved parallel-plate channel is not available. In the present 
investigation, a finite-difference technique will be employed. By 
applying the five-point central-difference approximations (see Fig. 92) 
and using the dummy variables f and g for the disturbances u* and w* 
or w* and u*, respectively, one obtains the following set of algebraic 


equations applicable to both equations (199) and (200). 
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It is noted that the elements along the first and the 
last rows of the coefficent matrix in equation (208) are obtained after 
applying the boundary conditions given by equation (201). The 
numerical values for uss Wes (du/ax), 5 (du/dw). and (aw/ax). are 
available, for example, from the pieeiend solution obtained in 
Chapter VI for the developing main flow. 

In order to illustrate the numerical method of solution 
for the present eigenvalue problem, the two systems of algebraic 
equations arising after applying finite-difference approximations for 
a pair of simultaneous differential equations (199) and (200) will be | 
cast into the following forms by introducing the coefficient matrices 


L and N. 
L u* = we 
N w* = u* 


where u* and w* denote the column vectors consisting of u.* and w.*, 
respectively, When one eliminates u* from the above equations, one 


obtains 


(LN - I)w* = Dw* =0 (211) 


where I is a (M-1) x (M- 1) unit matrix. It is seen that equation 


(211) represents (M - 1) linear, homogeneous algebraic equations for 
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(M - 1) unknowns w.* (i = 2, 3... M). Solution of such an algebraic 
system is possible only if the determinant |D| for the coefficient 


matrix D vanishes. 
|D| = 0 


The elements of the determinant |D| are denoted by di Gi =. 29083. M; 
j= 2, 3... M). The value of the determinant depends upon three 
parameters--the Dean number K, the wave number A, and the curvature 
ratio X. When the curvature ratio is held fixed, then for each and 
every value of A which one might select, a Dean number that causes the 
determinant of the coefficient matrix to be zero can be found. In 
particular one is interested in finding a minimum Dean number which 
permits a solution of the disturbance equations. Below this Dean 
number, a solution cannot be found and this implies that the primary 
(or basic) flow is stable. It is then clear that the aforementioned 
minimum Dean number corresponds to the onset of instability. This is 
generally called the critical Dean number, The numerical computations 
which are required to find the critical Dean number are effected by 
the following computational procedure: 

1. For a given value of curvature ratio A, assign a value for 
the wave number A. The main flow field quantities such as Us> Wes 
(du/dx)., (du/3w) and (aw/2x) . are assumed to be alreacy known. 

2. Two initial values for the Dean number K and K, are assigned 


and the value for the determinant |D(K, )| and |D(K.) | are evaluated 
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by using Gaussian elimination [132]. 
3. Compute a successive improved approxiamtion for the 
eigenvalue Kae] using the following iteration formula for the 


secant method [133]. 


(K - K 4) 
pry ene 2s Ne VE ha |D(K 


K )| (212) 
Mowe or BfD(KD | =[0¢Ks,,)1] 


n 
4, The above process will be repeated until the following 


convergence condition is satisfied. 


i 
een < Cinl0 9 | (213) 
ik | 


It is noted that the process of finding the critical 
eigenvalue Ko can be facilitated. by starting with a pair of initial 
values Ky> Ky which are higher than the sought critical value Ke 
and another pair of initial values Ky" and K," which are lower than 
the critical value. In order to obtain a result with high accuracy, 
the individual elements of the determinant |D| may be divided by a 


constant y in the initial scaling such that 


max [d, 5/y] = C¢ 


where the constant c can be taken to be unity. However, for the 
present problem, the value c is chosen arbitrarily but a fixed 
constant value is used throughout the computational steps 1 to 4. 


It is found that the values of the determinant consisting of the 
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elements (d;5/y) are bounded with HOY. In carrying out the 
Gussian elimination, pivotal condensation [134] is applied. According 
to we TKHgEn [135], and Forsythe and Moler [136], the computational 
procedure involving the initial scaling of the elements of the deter- 
minant and partial pivoting [137] during Gaussian elimination tends 

to suppress the growth of round-off errors. 

It is noted that the present computational procedure and 
the developed computer program are applicable to the hydrodynamic 
instability problem in a curved parallel-plate channel. However, 
the numerical results are obtained only for the fully developed flow 
regime. It is also noted that the disturbance components can be 
obtained by using an iteration procedure [137] but no attempt was 
made to obtain the disturbance profiles in this study. thepresent 
study is concerned with the onset of the primary mode of disturbances 
but the second and higher modes may be of theoretical interest. 

Since the accuracy of the numerical results depends on 
the mesh size, the effect of the mesh size on the accuracy of the 
eigenvalue K. will be examined in some detail. Disregarding the 
round-off error, the exact value of the eigenvalue corresponding to 
given values of the curvature ratio } and wavenumber A can be 
approached only when the mesh size h approaches zero. However, in 
practice the mesh size can be chosen small enough to achieve a 
reasonable accuracy for practical purposes. 

For a given finite-difference approximation, the truncation 


error is known. For example, for the present finite-difference 
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approximation, the truncation error is of order ha liedttris 
assumed that the numerical error is mainly due to the truncation 
error, then the effect of truncation error he on the computation 
of the eigenvalue Ke may be of interest. The results of numerical 
experiment are plotted in Fig. 93 where the effects of the mesh size 
M, the square of the grid size Pes and (hyy/hoy)? on the numerical 
values of the eigenvalue K. and the relative errors [(K. y - K.,20)/ 
K.20/ x 100 are clearly shown for X = 0.01. The relationship for 
Mie 20<1s seen to be linear. It is noted that when a mesh size 
M = 10 is used, the eigenvalue K. is found to be well below the value 
obtained by a linear extrapolation of the result shown in Fig. 93. 
On the other hand, when the mesh size h is extrapolated to zero, 
the critical Dean number K. is found to be 25.03 as compared to the 
value of 24.983 for h = 0.025 (or M = 40). Thus if one may allow 
for an error of 0.1 per cent, the mesh size M = 40 jis seen to be 
satisfactory. 

Although one may obtain the critical Dean number K. by 
the aforementioned extrapolation method, the corresponding wave- 
number A is clearly no longer the pre-assigned value. The above 
observation is confirmed by examining the numerical results for the 
critical Dean number Ke and the corresponding critical wavenumber 
A. for various mesh sizes with a given curvature ratio. For example, 
with A = 0.01, the critical values are K. = 24.909, A. = 3.96 for 
M = 20 and K. = 24,974, A. = 3.90 for M = 40. The difference between 


the two values for wavenumber A. is found to be 1.5 per cent based 
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on the value for M = 40. On the other hand, with M = 80 the 
difference is found to be 0.2 per cent based on the value for M = 40. 
From the viewpoint of computing time, the mesh size M = 40 is clearly 
a proper choice. For this reason, most of the numerical results are 
obtained using M = 40 but the mesh size M = 80 is also used in 
assessing the curvature effect. 

The computing time required in obtaining a critical 
value for the Dean number K. with given A and A is usually 15 to 20 
minutes for M = 40. The required time depends on the initial guess 


for Kee 


7.4 STABILITY RESULTS AND DISCUSSION 
The onset of the hydrodynamic instability in the form 
of Taylor-Gortler vortices is studied for the fully developed laminar 


flow in curved parallel-plate channels with the curvature ratios 


-10 ] 


A = 10 ; 1072, 10, and 0.5. The curvature effect is included 


in the formulation for both basic and perturbed flows. The numerical 
results for critical Dean number K. and wavenumber Ae marking the 


-10 


onset of instability are presented in Table 8 with A = 10 ‘for the 


perturbation equations and using a parabolic basic flow profile 
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TABLE 8 


NEUTRAL STABILITY RESULTS 


Critical Dean Number K. 


Wavenumber 
A Present Work! jdbc 
pePhegonsl Fourier Series 9] 
0 Z oo 

6.5 110.78 110.31 

0 57.198 57221 

es 40.953 40.57 

aru 32.090 32.82 

2.5 28.276 28.87 

3.0 26.010 26.81 26.541 
Jeo a5. S90 20.07 

3.9 25.319 25.684 25 .234(2) 

3.96 2oesis - 25.410 

4.0 25:35] 25.698 25.413 25.254 
4.1 25.386 25.734 25 .247(2) 

4.5 ~ 26.09 

50 26.307 26.88 26.226 
55 - 28 .04 

6.0 28.858 29.52 

7.0 - Soret 

8.0 33.714 37 .83 

9.0 - 43.3] 
10.0 39.951 
16.0 70.569 
32.0 239.240 

10 


Note: 1. A= 10 ~ for perturbation equations and \ = 0 for main flow. 


2. Ist approximation [128] 
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' Reid's numerical results [128] based on two approximate methods 
of solution using an expansion in orthogonal functions and a Fourier 
expansion are also listed for comparison. In addition, Hammerlin's 


results [129] are also included. With d = 107 !0 


for the perturbation 
equations (203) and (204)and using the parabolic basic velocity profile, 
the Dean number K and wavenumber A become the only parameters and 

the curvature effect disappears. This situation corresponds to the 
case governed by perturbation equations (205) and (206) and the 

problem reduces to the instability problem solved by Dean [126], 

Reid [128] and Hdémmerlin [129]. The values for critical Dean number 


“10 for the perturbation 


K, and vavenumber A. from this work (A = 10 
equations and using a parabolic basic velocity profile) agrees very 
well with Reid's results which in turn are known to agree excel- 
lently with Dean's results. The agreement may serve to confirm the 
accuracy of the present numerical results. 

The neutre! stability curves from this work and Reid's 
results are shown in Fig. 94 for comparison. The agreement is seen 
to be excellent except for the region with larger values of A where 
Reid's appro imate solution is believed to be the source of the 
discrepancy. The main interest here is the minimum critical Dean 
number and the corresponding wavenumber. The numerical results are 


compared against those of Dean [126], Reid [128] and Hammerlin [129] 


in Table 9. The agreement is again seen to be very good. 
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TABLE 9 


Minimum Critical Dean Number K. 


and Critical Wave Number abs 


Critical Dean Critical 
Number Ke Wavenumber Ac 

Present Work* 252313 3.960 

Dean [126] 25.42 3.954 

Reid [128] 

Orthogonal Functions 25.683 3.889 
Fourier Series e559 3.963 
Hammerlin [129] 25.254 4.00 


10 


*\ = 10 “for perturbation equations and A = 0 for main flow. 


The effects of curvature ratio A on neutral stability 
results are of considerable theoretical and practical interest. The 
numerical results for A = 0.01, and 0.5 are listed in Table 10 and 


are presented graphically in Fig. 95. It is noted here that the 


Me for the perturbation equation 


and } = O for the basic flow almost coincide with those of i = 107°. 


neutral stability results with \ = 10° 
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TABLE 10 


Curvature Ratio Effect 


On Neutral Stability Results 


Wavenumber Critical Dean Number K. 


=) Curvature Ratio A 

0.01 0.1 0.5 
2.0 31.907 - 18.400 
3.0 26.083 22.801 17.000 
Sie) - 22-316 16.646 
3,06 24,987 22.249 16.650 
3.9 24.974 220250 16.682 
3.96 24.977 22 enn ton734 
4.0 24.983 22.0252 l62743* 
4.1 26.0h3 225253 16.75] 
4.5 - 22871 16.824 
S20 26.051 221609 16.901 
6.0 28.448 24.001 17.602 
8.0 33.302 26.756 20.073 
10.0 39.214 29.767 23.204 


* The critical value based on a parabolic velocity 


profile for main flow is 18.50. 


It is useful to recall again that the curvature effects in 


the basic and disturbance equations and the effects show up in two 
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Fig. 95 Effect of Curvature Ratio on Critical Dean Number K. 
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different ways. As shown in Chapter VI, the curvature effect tends 
to distort the fully developed main flow profile from the plane 
Poiseuille one and shift the location of maximum velocity away from 
the centerline towards the inner wall. Considering the transverse 
distributions of centrifugal forces and pressure gradient OP /0Xs 
One can readily understand that the curvature effect contributes 
to the increase of the unstable region near the concave outer wall. 
Another effect of curvature ratio 4 on the present neutral stability 
problem appears in the perturbation equations as can be seen from 
equations (203) and (204). | 

With A = 0.01, the deviation of the numerical results for 


rdOans Folnd to*betwithin 


the neutral stability from those with » = 10 
1.5 per cent for Kee Considering a possible nine tea error due to 
the method used, one may conclude that the curvature effect may be 
practically neglected when \ < 0.01. 

At X} = 0.1, the curvature effect becomes significant as 
shown in Fig. 95. The neutral stability curve for i = 0.1 is seen 
to be generally about 10 per cent lower than that of } = 0.01. With 
the curvature ratio } = 0.5, the neutral stability curve is seen to 
be markedly lower than that of A = 0.01. In Table 10, the critical 
value of Dean number K for A = 0.5 and A = 4.0 based on a parabolic 
basic velocity profile is given as 18.50 which is about 10 per cent 
higher than the value of 16.743 obtained considering the curvature 
effects for both the basic and perturbed flow. From an inspection 


of Table 10, it is seen that as the curvature ratio \ increases, the 
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value of the wavenumber corresponding to the minimum critical Dean 
number decreases. 

Finally the question regarding the priority for the onset 
of Taylor - Gortler longitudinal vortices over that of Tollmien- 
Schlicting waves in a curved parallel-plate channel is of consider- 


V2 the numerical 


able practical importance. Noting that K. = Rena 
values for the critical Reynolds number Re. may be computed readily 
from the neutral stability results for a given curvature ratio i. 

The neutral stability results for the Reynolds number are plotted 

in Fig. 96 with curvature ratio A as parameter. The critical value 
of the Reynolds number based on Tollmien-Schlichting type instability 
for the fully developed laminar flow in a straight parallel-plate 
channel is also indicated by a dashed line in Fig. 96 for comparison. 


The critical values given by Kin [138] and Chen [139] are also noted 


there. It is noted that the Reynolds number is based on the channel 
width and mean velocity i.e. Re = W(2a)/v. 


From an inspection of the figure, it is seen that the 
Taylor-Gortler longitudinal vortices have a priority of occurence 
over that of Tollmien-Schlichting travelling waves even in a slightly 
curved parallel-plate channel such as A = 10z- with fully developed 
laminar flow. The implication here is that even with a very small 
curvature ratio 4, the possibility for the occurence of Taylor- 
G6rtler vortices should be examined. The above conclusion is based 
on the assumption that the Tollmien-Schlichting type instability is 


not influenced by the curvature effect. Apparently, the extension 
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Fig. 96 Critical Reynolds Number Results for Various 


Curvature Ratios A 
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of the stability theory of transverse wave disturbances to the 
fully developed laminar flow in a curved parallel-plate channel is 
highly desirable. The difficulty for a theoretical investigation 
of the stability of laminar flow in a curved pipe was pointed out 
by Dean [126] in 1928. In this respect, the possibility for the 
curved parallel-plate should be explored as a starting point. 

Since the centrifugal instability is somewhat analogous 
to thermal instability, some inference from the results of thermal 
instability may be useful in speculating the possibilities for 
the Tollmien-Schlichting waves in a curved parallel-plate channel. 
Experimental investigations on thermal instability of laminar 
natural convection flow in inclined isothermal plates were carried 
out by Lloyd and Sparrow [140]. They established clearly that when 
the inclination angle exceeds 17° from the vertical, the instability 
is characterized by longitudinal vortices: whereas, the mode of 
instability is Tollmien-Schlichting waves for inclination angles 
of less than 14° relative to the vertical. The range between 14° 
and 17° was identified as a zone of continuous transition with 
the two modes of instability co-existing. It is noted here that 
the effect of inclination angle on the thermal instability jis 
qualitatively similar to the effect of curvature ratio on centrifugal 
instability in a curved channel. For a straight parallel-plate 
channel X = 0, Tollmien-Schlichting waves have priority and one may 
speculate that for some range of curvature ratios, the two modes 


of instability may co-exist. This possibility is also suggested 
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by the results shown in Fig. 96. Future investigations along this 
line should prove to be very interesting. 
The effect of curvature ratio on minimum critical Dean 


number and Reynolds number is shown in Fig. 97. 


7.65 CONCLUDING REMARKS 

1. A formulation is presented for the hydrodynamic instability 
in the entrance region of a parallel-plate channel by taking curvature 
ratio effect into consideration. The numerical stability results 
are presented for the fully developed laminar flow with curvature 


-10 2 -] 


ratios 4 = 10. ", 10°, 10°. and 0.5: 


10 


2. The neutral stability results for } = 10 ~ agree very well 


with Reid's results [128] and it is found that the curvature ratio 

effect can be neglected practically up to d = 107°: 
3. The curvature effect is clearly seen to be a de-stabilizing 

effect and the curvature ratio effect is already appreciable at | 


i= Tot 


As shown in Fig. 95, the minimum critical Dean number 
decreases with the increase of the curvature ratio i and the cor- 
responding wavenumber decreases rather slowly with i. 

4. It appears that a Taylor-Gortler type instability has 
priority of occurrence over a Tollmien-Schlichting type instability 
at A = 107°. However, the Tollmien-Schlichting instability in 
a slightly curved parallel-plate channel should be investigated 
in future. 


5. The present analysis and the computer program can be 


applied to obtain neutral stability results for entry flow in a 
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curved parallel-plate channel. However, the possibility of using 
higher order finite-difference approximation [139,141] should also 
be considered to increase the numerical accuracy and reduce 


computing time. 
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CHAPTER VIII 
SCOPE OF RESULTS, CONCLUSIONS, AND SIGNIFICANCE 


With the appearance of secondary flow caused by such 
body forces as buoyancy, centrifugal and Coriolis forces in ducts 
or channels, the analytical solution of such basic flow and convective 
heat transfer problems as hydrodynamic entrance flow, thermal entrance 
heat transfer and simultaneous hydrodynamic and thermal entry flow 
becomes extremely difficult. Considering only flow and heat transfer 
in curved ducts or channels, it becomes clear that certain thermal 
entrance region problems (Graetz problem) can be approached by a 
numerical method when one notes that unsteady two-dimensional heat 
conduction problem can be solved by a numerical technique. 

For the solution of complex physical problems, the deductive 
analysis [95] is a useful tool in identifying the mathematical models 
which are tractable and clarifying the physical parameters involved. 
For this reason, the basic general equations governing the steady 
incompressible laminar flow and heat transfer in curved circular pipes 
and rectangular channels are studied using deductive analysis con- 
sidering both the buoyancy and centrifugal forces effects. As a 
result of the order of magnitude analysis, the tractable sets of 
equations and the related physical parameters are obtained in a some- 
what mathematically formal manner. The new characteristic parameters 
appearing in the general entrance region problem in curved pipes or 


channels are centrifugal Froude number Wo/R 9. centrifugal Rayleigh 
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number Ra. = Kr and the parameter denoting the importance of 
buoyancy effect in the centrifugal force field erk@2. 

As a first step toward the numerical soltuion of Graetz 
problem (thermal entrance region problem), the fully developed 
laminar flow in curved pipes is solved numerically using boundary 
vorticity method. The numerical solution is found to be applicable 
up to Dean number of approximately 300. Some numerical aepeuinelits 
regarding the relative merits of boundary vorticity method as com- 
pared with the conventional stream function vorticity method are 
also made. It is noted here that at very low Dean numbers analytical 
solution using perturbation method can be used. On the other hand, 
an approximate analytical method based on boundary-layer and potential- 
core model is known to be applicable at high Dean numbers. It is 
seen that the numerical technique can bridge the gap between the two 
approximate analytical methods for the fully developed laminar flow 
in curved ey In this respect, it is noteworthy that recently 
(1973) Austin and Seader [140] presented numerical solution up to 
Dean number of 1000. 

Heat transfer results for fully developed laminar forced 
convection in curved pipes under the thermal boundary condition of 
axially uniform wall heat flux with peripherally uniform wall tem- 
perature are also abtained for Prandtl number ranging from 0 to 500. 

A correlation equation for Nusselt number is proposed using the 
parameter KPy and the result is compared against the available 


results. The correlation equation is believed to be valid for 
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Pr > | but additional future confirmation is desirable. It is 
noted that numerical difficulty arises when the parameter becomes 
large. Recently Kalb and Seader [87] also presented numerical 
results for Dean numbers from 1 to 1,200 and Prandtl] numbers from 
0.005 to 1,600. 

The numerical solution of Graetz problem in curved pipes 
is one of the primary goals of this investigation. By using ADI 
method for the energy equation, the numerical solution is obtained 
for the two basic thermal boundary conditions of uniform wall tem- 
perature and uniform wall heat flux. The Prandtl number effect is 
studied in detail. At higher values of the parameter K°Pr, say id. 
the local Nusselt number exhibits fluctuating phenomenon before 
reaching an asymptotic value. The same phenomenon was also observed 
by Dravid, Smith, Merrill and Brian [82] in their numerical solution 
of the energy equation using velocity field obtained from approximate 
analytical solution for the case of Dean number 225 only. In this 
investigation, the fluctuating phenomenon for local Nusselt number 
is inter peace! as a manifestation of numerical instability whereas 
Dravid et al [82] regard the phenomenon as a true physical solution. 
Some numerical experiments concerning a possible numerical instability . 
are reported using different finite-difference approximations for the 
convective terms due to secondary flow in energy equations. Some 
physical reasonings are also presented to support the present numerical 
instability assertion. 

The numerical solution for hydrodynamic entrance region 


problem in curved parallel-plate channels is obtained using a newly 
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developed direct vorticity method for the uniform, parabolic and 
triangular entrance velocities. It is found that the curvature 
effect on pressure drop in the entrance region can be practically 
neglected up to the curvature ratio id = 0.1. 

The Dean's hydrodynamic instability for the onset of 
Taylor-Gortler longitudinal vortices is extended to the hydrodynamic 
entrance flow in curved parallel-plate channels and the neutral 
stability results are obtained for the fully developed condition. ie 
is found that the neutral stability results for curvature ratios 


ad 107° 


A = 10 are practically identical with those of Dean's 
instability problem based on parabolic basic velocity profile (A = 0) 
and the simplified perturbation eon The curvature effect on 
neutral stability result is found to be appreciable at } = 0.1. In 
other words, the curvature effect on pressure drop in hydrodynamic 
entrance region can be neglected up to A = 0.1 but the curvature 
effect on neutral stability result is important for curvature ratios 
Nee OO Lges 10251 
After summarizing the main result and indicating the scope 

of the investigation, the following specific further remarks may be 
in order. 

1. The result of the deductive analysis for flow and heat transfer 
in horizontal curved pipes or channels reveals that ae importance of 
the free convection effect in the centrifugal force field is represented 


by the parameter Kcr. Specifically, when the magnitude of the para- 


meter K~*Gr/2 is much less than one, the free convection effects may 
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be negligible. The inclusion of the free convection effect in 
the analysis for the laminar forced convection in curved pipes 
or channels will no doubt increase the complexity of the problem. 
In this respect, the coupled effects of buoyancy and centrifugal 
forces may be studied by a numerical method for thermally fully 
developed condition in curved pipes or channels as a starting point. 
For Graetz problem the large Prandtl] number case may offer some 
possibility for numerical solution. 

2. When Prandtl number is large, some simplifications result 
and will be noted here. Under the conditions that Pr >> O[1] and 


Re“ 


>> O[1], one may neglect the lateral inertia terms involving u, v 
in the momentum equation and the continuity equation can be decomposed 
into the one involving main flow w alone and the other one involving 
secondary flow for u and v only. The above simplifications may be 
useful for hydrodynamic and thermal entrance region problems. Further- 


more, under the conditions that Pr >> O[1] and Pr-Re“ — Pee 


>> O[1], 

the lateral and axial inertia terms in the momentum equations can 

be neglected. However, the continuity equation remains three-dimensional. 
With Pr >> O[1] and additionally Re“ >> O[1] or Pr*Re® >> O[1], 

the lateral inertia terms may be neglected for Graetz problem (thermal 

entrance region problem) with fully developed laminar flow. However, 

the centrifugal force term must be retained. The above observations 

may be useful in dealing with the problem where the centrifugal and 


buoyancy forces effects co-exist. For example, for large Prandtl 


number fluids, the main flow will be distorted only by the centrifugal 
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force effect and the secondary flow caused by buoyancy forces will 
not affect the main flow. It is also noteworthy that when Prandtl 
number is large and curvature ratio A is small, the parameter K2Pr 
becomes the sole parameter in the governing equations and the heat 
transfer results may be correlated using this parameter. 

gle It is well understood that when Dean number is large, 
the flow resistance and heat transfer rate increase. However, when 
the magnitude of the centrifugal Froude number is rey then the 
term involving Froude number acts to intensify the centrifugal force 
effect on heat transfer for heating case but tends to suppress the 
centrifugal force effect on heat transfer for cooling case. 

4. Apparently the thermal entrance region problem in curved 
pipes or channels needs further investigations both theoretically 
and experimentally. In this respect, the simulation of experimental 
thermal boundary conditions should be studied carefully before theo- 
retical and experimental results may be compared meaningfully. 
Noting the peripheral heat conduction effect for uniformly heated 
wall in experimental investigations, one may have the 
problem of heat conduction in pipe wall and convection inside the 
pipe. With the appearance of the fluctuating local Nusselt number 
before reaching an asymptotic value for numerical solution at high 
parameter region for K2Pr, some uncertainty regarding the asymptotic 
behavior of Nusselt number also exists. This is another reason 
more works are required for Graetz problem in curved pipes or channels. 


5. In solving the hydrodynamic entry flow problem in curved 
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parallel-plate channels, the axial viscous terms are neglected. 

It is also noted that the range of curvature ratios 1 > » > 0.5 may 
be quite limited in practical configurations for curved channels. 
However, it is possible that the curved parallel-plate channels may 
be preceded and also followed by a straight parallel-plate channel. 
This leads to a variety of flat channel bend problems involving 
various degrees of bends such as 45°, 90° and 180°. Of course, for 
these channel bend problems, the axial viscous terms must be included 
in the analysis. In view of the difficulty with the theoretical 
analysis of the various pipe bends problem, the flat channel bends 
problems may offer some possibility for future theoretical work. 

6. The limitation of the Dean's hydrodynamic instability for- 
mulation for the onset of Taylor-Gortler vortices in curved parallel- 
plate channels with respect to curvature effect is clarified by the 
present investigation. For the hydrodynamic instability problem, the 
curvature effect cannot be neglected in the perturbation equations 
for curvature ratio greater than \} = 0.01. The experimental facilities 
for the present centrifugal instability problem are already available 
and it is expected that some experimental results may be obtained 
shortly. It is useful to note that the present centrifugal instability 
problem may arise in a curved rectangular channel with large aspect 
ratio (height/width) say greater than 10. 

7. A question may arise as to whether the Taylor-Gortler type 
instability or the Tollmien-Schlichting type instability will have 
priority for fully developed laminar flow in a slightly curved parallel- 


plate channel. To answer this question, one may consider an example 
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with curvature ratio A = a/R. = Terr Assuming that the channel 
width 2a is 2 inches, the radius of curvature becomes Ro = 833.3 feet. 
In such an almost straight channel, the critical Reynolds number for 
the Taylor-Gortler vortices is Re. ~ 2500. On the other hand, the 
critical Reynolds number for the Tollmien-Schlichting waves is 
known to be Re. ~ 7500 if one neglects the curvature effect. The 
above example illustrates clearly the importance of Taylor-Gortler 
type instability in even a slightly curved and almost straight 
parallel- plate channel. 

8. In view of the practical importance of Dean's instability 
problem in a slightly curved parallel-plate channel up to A = 0.01 
and the fact that the curvature effect for main flow may be neglected 
up to X = 0.01, one may use the basic flow results in the entrance 
region of straight parallel-plate channel for the neutral stalality 
analysis in the entrance flow of a curved parallel-plate channel. 
Futhermore, in the perturbation equations, some terms may be neglected 
using the assumption of small curvature ratio A. In this formulation, 
the entrance velocity profile can be arbitrary and the numerical 
method of solution developed in this investigation can be adapted 
readily. 

9. All the computer programs for this study are listed in 


Appendix 10. 
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APPENDIX 1 


GOVERNING EQUATIONS IN 
GENERAL ORTHOGONAL COORDINATES 


Denoting x,, X, and x, as the general orthogonal coordinates 
and letting hy» hy and h, be the corresponding three metric coef- 
ficients, the governing equations in general orthogonal coordinates 


can be written as: 


Continuity equation 
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The metric coefficients hy> hy and h, are 
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3 
and Xi» X, and X, are the orthogonal cartesian coordinates. (F.> Fos F.) 
represents the components of the extraneous force F per unit volume. 

The derivation of individual terms of the invariant vector 


forms can be found, for example , in [94]. 
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APPENDIX 2 


DERIVATION OF THE GOVERNING EQUATIONS 
IN TOROIDAL COORDINATES FOR FLOW 
IN CURVED PIPES 


The toroidal geometry shown in Fig. A-1 is characterized 
by the radius of curvature of the toroid axis Ro and the radius of 
the toroid a. Terai ionshipe among the Cartesian coordinates 
(X}5 Xos X3) and the toroidal coordinates (R, , 2) shown in Fig. 


A-1 are: 
x, = (R. + R cos 6) cos 2 - Ro 
Xo = Rosin ® 


X. = (R. + R cos ©) sing (A-7) 


If R, ® 2 are taken as Xj, X2, X3, respectively, in equation 


(A-6), then 
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Fig. A-1 Toroidal Coordinate System 


One notes that the toroidal coordinate system reduces to 
the two limiting cases of cylindrical and spherical coordinate systems 
as R. + o and Ro + 0, respectively. Using equations (A-8), the governing 


equations (A-1) - (A-5) become: 
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1 W 
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It is seen that the governing equations shown above do not 
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accommodate all the effects of the buoyancy forces. In this respect, 
it should be pointed out that any acceleration field associated with 
density variation will give rise to buoyancy forces. For example, 

in equation (A-10) the buoyancy force term in the centrifugal force 
field using the Boussinesq approximation is included. On the other 
hand, the following terms, representing the buoyancy forces in the 


Coriolis acceleration field, are not included in the &-momentum equation. 


cos sin 
aly Re +*R cos 6 UW * (R. +R cos 4) eG Ty) 
Apparently, the buoyancy forces due to density variation in the 
convective acceleration field are usually neglected. The importance 
of the particular buoyancy force depends on the magnitude of its 


acceleration relative to the gravitational acceleration g. 
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APPENDIX 3 


DERIVATION OF THE GOVERNING EQUATIONS 
IN RECTANGULAR TOROIDAL COORDINATES 
FOR FLOW IN CURVED RECTANGULAR CHANNELS 


Referring to the Cartesian Coordinates (X) 5 Xo x) 


and the rectangular toroidal coordinates (X, Y, 2) shown in Fig. A-Z, 


one obtains 


X, = (R. +X) sing (A-14) 


Then the three metric coefficients hy> hos hs in the general orthogonal 
coordinates become 
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Fig. A-2 Rectangular Toroidal Coordinate System 


It is seen that the rectangular toroidal coordinate system reduces 
to the common rectangular and cylindrical coordinate systems as 


Ro +o and R. + 0, respectively. With equation (A-15), the governing 


equations can be written as: 


Continuity equation 
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X-momentum equation 
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APPENDIX 4 


A DEDUCTIVE ANALYSIS OF THE GOVERNING EQUATIONS 
FOR CURVED RECTANGULAR CHANNELS 


Referring to the coordinate system shown in Fig. A-2, 
one may introduce suitable reference quantities and define the following 


normalized variables: 
u = U/U as v= V/V os Ww = W/W» 
x = X/a, y= Y/b, w#* 2/20» 


See ye erane: or (T - divegy hel 


where subscript c indicates a reference quantity. In terms of the 
dimensionless variables defined above, the continuity equation 


(A-16) becomes 
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where A = a/R. 
By considering secondary flow, one may regard du/dx and dv/dy be of 


equal order of magnitude. 


This observation leads to 
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The continuity equation now becomes 
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G-- J 12. = a/(R 2.) (A-25) 


A Deductive Analysis Based on the Assumption that the Centrifugal Force 
Term is of Order Unity 


The following relation results from the X-momentum equation 
by considering the centrifugal force term and the viscous terms to be 


of equal importance. 
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where A = a/R. > y= b/a 

Using the above relationship, the governing equations become: 
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X-momentum equation 
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Q-momentum equation 
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One notes that the characteristic parameters appearing in the 
governing equations are similar to those given in equations (6) to (10) 
for curved circular pipes. Because of the geometrical configuration, 


the aspect ratio y = b/a appears additionally as a geometrical parameter 


for the present problem. Another set of governing equations can be 
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obtained by considering the lateral convective terms to be of the 
same order of magnitude as the lateral conduction terms in the energy 


equation. 


A Deductive Analysis Based on the Assumption that the Lateral Convective 
Terms in the Energy Equation are of Order Unity 


The results of the analysis are as follows: 
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The foregoing two sets of governing equations are equally 


applicable to hydro ynamically and thermally developing flow fields. 
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However, it is clear that the first set of equations (A-27) to (A-31) 
is preferable when the hydrodynamic entrance region is of primary 
interest whereas the latter set of equations (A-32) to (A-36) may 

be more suitable if the emphasis is on developing thermal fields such 
as the classical Graetz problem. As shown in Sections 2.3 to 2.5, 

a simplification of the governing equations is possible by such 
assumptions as large Reynolds numbers, large Peclet numbers, large 
Prandtl number fluids and small curvature ratios X . However, these 
possibilities will not be discussed further since they are analogous 


to those of curved circular pipes. 
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APPENDIX 5 


A NOTE ON VORTICITY METHODS IN NUMERICAL SOLUTIONS 


5.1 INTRODUCTION 
In dealing with the steady two dimensional flow problem, the 
introduction of a stream pinee ton leads to a fourth order quasi-linear 
elliptic partial differential equation representing the vorticity trans- 
“port equation. When one introduces the vorticity, the fourth order 
differential equation can be decomposed into two second order dif- 
ferential equations. This use of vorticity is gaining its popularity 
in treating many two dimensional flow problems numerically. | 
For the purpose of discussing the numerical solution, one 


may consider the following set of equations without loss of generality. 


J 2 

oy +e bee (A-37) 
ax* ay 

Binnie 

a+ oes Ff (A-38) 
xe oa? 


where f is a known function. It is noted that the function f may in- 
clude the nonlinear terms in the vorticity transport equation. 

For convenience, one may consider the solutions of equations 
(A-37) and (A-38) for a square region with the following boundary 


conditions: 


vw =c=0 on AB and OC 
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The coordinate system, boundary conditions and nodal points 
are shown in Fig. A-3. Note that, physically the lines OA and BC re- 
present walls of the channel and the conditions on AB and OC signify 
the line of symmetry. This rather special arrangement of the boundary 
conditions is somewhat similar to that applied to the problem written 


in cylindrical coordinates seen in Chapter III. 
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Fig. A-3 Coordinate System and Numerical Grid 
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Using a five-point finite-difference approximation and con- 
sidering the boundary conditions indicated in Fig. A-3 the systems of 
linear algebraic equations representing equations (A-37) and (A-38) 


become 
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In the above set of equations, the boundary conditions, v1 = V4 = Ue 
be = 0, have not been applied yet. A total of 12 algebraic equations 
for 16 unknowns are obtained at this stage, and the unknown boundary 
vorticities Gy» Sas Se and og have to be determined. The methods of 
solving the problem expressed by equations (A-39) and (A-40) with vorticity 


may be categorized into two types depending on the usage of the re- 
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lationship between vorticity and stream function. 

The first type may be called the "stream function-vorticity" 
method [142] which consists, usually, of an iterative use of the follow- 
ing procedure: 

(1) evaluation of the stream function with equation (A-39) using 
assigned vorticity values, 

(2) calculation of the values of vorticity at the boundary with 
the equation for the relationship between stream function 
and vorticity at the boundary using the new values for 
stream function obtained in step (1), 

(3) calculation of interior vorticities with equation (A-40) using 
the stream functions and the boundary vorticity obtained in 
step (1) and (2), respectively. 

The second type may be called the vorticity method where a linear re- 
lationship between vorticity and stream function will directly be applied 
thereby avoiding an iteration process in determining the values for 
vorticity as well as for the stream function. Particularly, a method 

of this type called the "boundary vorticity" method is used in the 
combined forced and free convection problem in a horizontal tube by 
Hwang and Cheng [96]. A natural extension of the above method which 

will be referred to as the "direct vorticity method" is also presented 
here. 

Generally, all three methods mentioned above can be applied 
together with the line successive relaxation method in solving the 
system of equations (A-39) and (A-40). For example, consider points 1, 
2, 3, and 4 along a fixed column in Fig. A-3. The algebraic equations 


for this column can be expressed as follows after rearranging equations 
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(A-37) and (A-38) 


[4 2 0 0] yy “heey - 5 
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As noted earlier, in deriving equation (A-37) and (A-38), the boundary 
conditions, by = be = v4 = be = 0, have not been used yet in the above 
equations. The values for Ce Sas ve and by are known and taken from 
the latest iteration step. Thus, along the line, one has a total of 
six equations (A-41) and (A-42) for eight unknowns, Vv; and c.(4 a bye; 
3, and 4). Now the problem is to determine the unknown vortices Cy 

and Cas Since each method has its different features, some explanation 


and illustration of the individual methods will be given next. 


5.2 STREAM FUNCTION-VORTICITY METHOD 

In the stream function-vorticity method, two more algebraic 
equations will be directly established by using the boundary conditions 
of vy it de Wg = eg = 0. When one substitutes these boundary conditions 


into the first and last equations of equation number (A-41), one has 


2 
cy = o/h? and cy = 2po/h (A-43) 
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Thus, all’ the unknowns in equation (A-41) and (A-42) can be determined 
by applying the above relationships. One notes that the truncation 
error in equation (A-43) is of order h. 

Instead of equation (A-41) for the relationships between the 
vorticities and the stream functions at the boundary points 1 and 4, 
higher order approximation equations may be desirable. For example, 


' Jenson [143] gives the following expressions. 


Cy = (Bby ~ ¥g)/(2h*) 
(A-44) 
“and cq = (By ~ ¥o)/(2h*) 


The above equations will now be used in place of the first and second 
equations in equation number (A-41). The truncation error in the 
above equation is now of order he, but these require two interior 
point values for the stream functions bo and 3. 

Using the vorticities adjacent to the boundary point Go and 


Cz» one can have another type of approximation [103] as follows: 


by oe Co/2 se 3)9/h? 
(A-45) 

by =~ 0y/2 + Bg/h! 
The order of truncation error of the above equation is also he. 
The usual computational procedure is as follows: First 


calculate bo and 3 using equation (A-41) by assigning suitable values 
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for Cy» Sos b3 and Ca and using the boundary conditions Vy = V4 = Vs = 
Wg = 0. Use equation (A-43), (A-44) or (A-45) to get c, and ty. Then 
by using equation (A-42), new values for Co and Z, can be found. The 
process will now move to the next line containing points 5, 6, 7 and ae 
The whole procedure will be repeated until the following condition is 


satisfied: 
bela 3 aoe (A-46) 


where € iS a smal prescribed quantity. 

Some remarks on the choice of stream function-vorticity re- 
lationship at the boundary are in order. The first approximation using 
equation (A-43) has a large truncation error of O[h], but is a stable 
approximation in many cases and most often used. Equation (A-44) is 
an approximation having a truncation error of o[h*], but some numerical 
experiments [103] showed greater instability with this equation. The 
slightly less accurate approximation of equation (A-45) is recommended 
in order to avoid a rather unrealistic discontinuity [103] in vorticity 


at the boundary points encountered using equation (A-43). 


5.3 THE VORTICITY METHODS 


The Boundary Vorticity Method 


After eliminating the unknowns at nodal points 2 and 3, one 
obtains the following linear relationship between Vy> vq and Gy» Sq from 


equation (A-41) and (A-42) [96]; 


nh = gh ju aortas nai 
noth .g3 tne pp 290.08 (20-8) to i | 
eft .bruet ed A523 bas <> “OF aren A 
8 bie 12 . 2 etniog pntntennen. oat xen io 9s eva won 


2} nals tbhrop paiva! for ont homme: Yh 
eae 0 ens 


(anua) 


-ctdnden bt tiene s as 
=e ITS RNOve no btonut meget +o soto st 00. anne" moe 
nian notyemixeqqs s2qhe SAT casbryo att 938 crabved 91 ts vs ot 
 gfdsde s 2h tad 1090 ¥¢ yore nobssonunt opie! 6. ses (EbeA) : ‘ 

st (bb4A) nobtaupl -paew gate 20m bats mar 
Trottemun moze ted, ayes to sor" nobssomvy’ 6 ‘entvad 
att .noftsupo eng tw util tangent voters 0 (0 
bebrismmase: zt = notteupe Yom | 2 


of fot ott antaddo i 
ig der ia sikh SEL MND Ye: ome 
<A), ais ante: ony 

gh RN | 


392 


af . (A-47) 


The procedure of finding the coefficient elements 11> A849 A575 kK and 


(1) 


ko follows next. At the beginning one assumes that o) =o and 


Se (1) in equations (A-42). Then equation (A-42) can be solved 


simultaneously for Co and 63 by using the Thomas method [137]. Using 
(1) 


the obtained vorticities bo and 63 and assumed Vorticities c, = 
and cq sey the right hand column vector of the matrix equation 
(A-41) can be evaluated. Applying the Thomas method to equation 


(A-41), the values for the stream function V1» Vo» V3 and py can be 


found and the boundary values v, = yl) and by = yl? and Vy = wl? 
(3) 


will be stored. By assuming again Ss 2), C4 = a and ae 


= (3) and following exactly the same procedure, the second and 


C 
3 
third boundary values p, = yi), er yy?) and i yi), Ve = Ven" 


can be obtained, respectively. Upon substituting the values et 
(i) and yw), yl? (i = 1,2,3) into equation (A-47), one has the 
following six linear algebraic equations for the six unknowns aij 
and k. Cie PPS SE fey. 
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Picheamce ey) ee) 
3 CA 0 0 ] 0 12711 4 | 
| | f | 
| eae RES 
0 0 cf!) AN) O° ur yl) 
ratey,. 2) | (2) 
ay Bie WO. ear an aoe m 

| (2) _(2) | hee Ua 
| | 2 
| 0 0 ‘a a Oo 822 M4 
1G). .() ae | (3) 
FOr 7750 a ee | Kp De 


Provided the matrix is not singular, the values for a. and k; can be 
3 


J 
determined. Thus using the newly obtained values for ay 5 and K. 

and with equation (A-47) and the boundary conditions Vy) = V4 = Ve 

bg = 0, the boundary vorticities Cy and Cas which represent the final 
solutions on the boundary points can be found. Substituting these 
boundary vorticities into equation (A-41) and (A-42) and solving for 

+ and v.44 = 1,2,3, and 4), one obtains the numerical solutions along 
this particular line. The same computational procedure will be repeated 
for succeeding lines. This line iteration procedure will be terminated 
when the criteria given by equation (A-46) is satisfied. 

In Chapter III, an application of the above boundary vorticity 
method is shown together with a numerical experiment of the stream 
function-vorticity method. Some observations regarding the efficiency 
and convergence of both methods are also presented there. 

In the above boundary vorticity method, the boundary conditions 


(ap/ay), = (ap/ay) 4 = 0 are used in formulating equation (A-41), and 


later the boundary conditions, v1 = V4 = 0 are applied in equation 
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(A-47). Alternatively, one can formulate a equation analogous to 
equation (A-45) with Vy = Vy = 0 [96]. In other words the following 


equation can be used instead of equation (A-41) [96]. 


! i aah 
a 2.0 0} | Ay, h°c, 

niall | mae nt "6| (A-49) 
0 8 4 aaa ye | Phnz, - V7 : 

| iba 

} 0 O 2Af Ay ins | 


where Av, =h (ap/ay).s (i i Te, 4 
The boundary conditions Ap, = Avy = 0 now must be used to 
determine the boundary vorticities Oy and Ca. After eliminating the 


values for the interior points in equations (A-42) and (A-49), one has 


(A-50) 
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This equation corresponds to equation (A-47) for the first type of the 
boundary vorticity method. The procedure of determining is and Ca 
using equation (A-50) is similar to the previous case. 
Direct Vorticity Method 

In the boundary vorticity method, the linear relationship 
between the vorticity and the stream function is obtained for the 
boundary points as one has seen in equation (A-47) or (A-50). It is 
pointed out-here that a similar linear relationship exists for the 


interior points of the domain. 
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Combining equations (A-41) and (A-49), one has; 


ey H 
[10 2 0.0 0 Ay | nc, 
OAeeCNO 0 yy noc, - Vs 
I Oeeneed ale0s 10 Vo | [hocy - We | 
| ae tig: | (A-51) 
ee gee ° V3 nae 3 aie 
| ioe 
} | 
10 0 0 2 0-1) | Avg} heey | 


Now it is possible to eliminate the unknowns from equations (A-42) and 
(A-51) and the following relationship between vorticity and stream 


function may .be obtained: 
| (A-52) 


where Ab, = h(ap/ay),. 

By using the above relationship, one does not require a 
simultaneous elimination procedure such as that required in the Thomas 
method to solve equations (A-41) and (A-42). Finding &, foc 
and ¢, with the aid of equation (A-52) one can directly calculate 
values for G3, Zy and Vo» V3> V4 successively using equations (A-42) 
and (A-51). By this direct calculation, one can save the computer 


time required for the arrangement of the coefficient matrix with 


Thomas' method. The present method may be called the "direct vorticity 


method". 
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The general procedure for determining the unknown coefficients 
aij and k; (i = 1,2) in equation (A-52) is similar to the one for the 
“boundary vorticity" method and need not be repeated here. The resulting 


equation is simply, 


et yy Mas a! ani ap vg)? | 

| 
0 ee of) eae aq ay!) 

| 
SPST eG bh OH, Bal yl?) 
he - (A-53) 

Cea nee mae ano) | av?) 
AS xe Yy chat -semiy vrocpanity jee joer as) 
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For illustration and simplicity, here one may assume some special values 
for (i) and fi) ine 1,2,3) and the procedure of obtaining a final 
numerical solution will be explained next. 

(1) At first, in equation (A-52), one sets 
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Where the superscript (1) indicates the first step. Then using the 
first equation of equation (A-42), one can determine $1) and successively 
using the second equation, 41) can be obtained. By the use of all the 


obtained vorticities (1) to el) and the boundary condition Ay, = 0, 


age 


atastortteoo nwominu oft enttansbah a ’ pis 


paftfues; ont .axer bedseqet od gon aes brs tyre on sn E 


at 
ct) hall 
A 2 
a \gyf FO 
: iS t, T 
’ i* pe | 
($A) | Wid eras hat ae 
{: ), Ae ‘ iN “ ; 
We we® i 0 3 i a2 ing n " 
or | eked Ae ae a 
Edu C a Le 0 eh - a ‘ 9 
L* ee 6) es 


‘ t - i 7 D 
aL 
+ , I y ‘\\) ana 
ae ‘a 7 ’ 
nett 


esufev Intseae emoe samees on ono sat, _utoriemte bees notderdeut tt ‘or 
- fant?  paintstdo Fo swbesow tt brs: teas, =) 5 ne (5 ot i 

oe sxe tantetans sd Thiw sotswtoe: ‘cha 

oe S2-A) iotyouns mt sett ah, 40. aire 


SR FR a ae i beers 
aid ‘9, “1%, 
ifovizescowe bas oe antaneti: 69 3H are fot sip ¥0 noksteup go dent | 


ae ee niunal inn. ine 
: “8 i v4 nots Fbnes wrebnynd oft bas | Ms e 


397, 


the left hand column vector of the algebraic equation (A-51) can be 
calculated. The boundary values yal) and ay!) will be stored since 
the values correspond to the values of kK and Kos respectively, in 


equation (A-52). That is 
a) Sah) 
(2) Similarly, one may further assume 
(2) = 0 and of) = ] 


and following exactly the same procedure, one can determine the co- 


efficients as 


bien (3) 
aio = vg - ky 
and ano = ay?) - ky 


(3) Thirdly, by assuming the vorticities as, 


13) = 1 and 43) = 0 


One obtains 
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. (3) 
and ao) = (Av) - k, ; 
By carrying out the same three steps, one obtains all the values for 


the coefficients a. and Ki (i and j = 1,2) in equation (A-52). 


j 
(4) Finally, by assigning the given appropriate boundary condi- 

tions for Vy and Ab, and using the values obtained for a. j and K;, 

One can now evaluate the values for oy and Coe After solving equation 


(A-53) for oy and T, one has 


_ Agalgnky) = ay2(Abq-kp) 
ei bicesties cl 
(A-54) 
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These newly obtained values of oy and Gos represent the final 
solution for the boundary point 1 and the point 2 adjacent to the 
boundary. Substituting these vorticity values into equations (A-42) and 
(A-51) successively, one can determine all values for c, and vs = 1,2. 
3 and 4) which represent the numerical solution along this particular 
line. 

Since some of the boundary conditions for b> Avy, At], and 
Vag» Avy» At, may not be given prior to the determination of Cy and CA 
explicitly, the choice of the relationships represented by equation 
(A-47), (A-50) and (A-52) and other possible relationships are largely 
dictated by the given specific boundary conditions. However, one 
must note that a significant difference exists between the "boundary 


vorticity" method and the present "direct vorticity" method. It is_ 
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noted that either equation (A-47) or (A-50), for the boundary vorticity 
method, expresses the relationship between the vorticity and stream: 
function or its gradient using the values at the two boundary points 
1 and 4. On the other hand, in equation (A-52), one uses the value 
for the interior vorticity bo to establish the vorticity-stream function 
relationship thereby eliminating any use of simultaneous elimination 
procedure to solve equations (A-42) and (A-47) or (A-50). 

In Chapter 6, the above "direct vorticity" method is applied 
for solving the hydrodynamic entrance region problem in curved parallel- 


plate channels where the boundary conditions are by = 1 and Ab, = 0. 
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APPENDIX 6 
NUMERICAL RESULTS FOR CHAPTER III 


Friction Coefficient Ratio, fRe/(fRe) 9 


Kj fRe/(fRe) , K fRe/(fRe), 
3.1438 1.0032 37.394 1.1888 
5.4435 1.0040 49.613 1.2672 
6.2580 1.0077 585910 1.3164 
8.8406 1.0090 62.582 1.3327 
9.8563 1.0104 66.133 1.3494 

13.867 10178 69.346 1.3651 
16.857 1.0369 72.334 1.3794 
19.714 1.0639 94.702 1.4863 
232917 1.0953 iach 1.5541 
Ayal boyd 121030 123.24 1.6130 
atl 1.1221 196.33 1.8620 


Note: fRe/(fRe), = [(fRe), + (fRe)p 1/2(fRe) 9 


(fRe), = 16.000 
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Nusselt Number Ratio, Nu/ (Nu) 5 


Pr = 0 

K Nu/(Nu) 9 K Nu/ (Nu), 
16.030 1.0050 ~ 26.999 1.0255 
18.936 bOLno 28.301 1.0289 
21.071 1.0144 ARGS 1.0524 
22.850 120152 44.138 1.0785 
24.510 1.0186 123.24 1.2000 
25.566 1.0220 
Pr = 0 

K Nu/(Nu) 9 K Nu/ (Nu) 9 
9.7826 1.0094 72.092 1.1608 
13.790 1.0108 94.704 1.2039 
19.378 1.0165 19?.73t 1.2635 
22.604 1.0221 123.24 1.2558 


68.900 1.1510 
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Nu/ (Nu) 5 
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Pr = 100 

K Nu/ (Nu) p K Nu/ (Nu) p 
1.4039 1.0181 4.4463 1.4707 
1.9866 1.0677 5.4435 1.5874 
2eASoS 1.1391 6.2859 1.6639 
2.8110 1.19873 7.6647 1.8073 
3.1438 1.2529 
Pr = 500 

K Nu/ (Nu) 9 K Nu/ (Nu), 
0.62692 1.0035 1.4046 1.2522 
0.76820 1.0291 2.8109 1.6624 


0.99255 0903 4.4440 2.0074 


Note: Nu = [(Nu), + (Nu) J/2(Nu)), 
(Nu) 5 = 48/11 
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CHAPTER IV 
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1/Gz Nu 1/Gz Nu 
0.10070 x 107° 27.35 0.20682 x 107! 7.381 
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1/Gz Nu 1/Gz Nu 
0.10031 x 1073 22.53 0.60047 9.136 
0.30528 Toes 02651517 9.292 
0.50106 12.90 0.71521 9.490 
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where Nu = [(Nu), + (Nu) J/2 


Note: The first local maximum value of the local Nusselt 
number is taken to be the asymptotic value whenever the 


fluctuating phenomenon appears in the numerical solution. 
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APPENDIX 8 


NUMERICAL RESULTS FOR CHAPTER V 
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r (Algerie d CIT) hes 
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.99500 1.3212240 .05000 10003337 
.99000 1.3105091 .01000 1.0000133 
.95000 1.2474215 .00000 1 
.90000 1.1954808 
.80000 1.1293560 
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APPENDIX 10 
COMPUTER PROGRAMS 


MM OR a Ba Re ae a ok ae oe a ate ate cae ote a ae ofc ok Xe a ok 


* IN THE SIXTH COLUMN INOICATES 
CONTINUATICN FRCM PREVIOUS LINE 


HR RR ROR tok BO a RO dO 


C eAOKKK LAMINAR FORCED CONVENTION HEAT TRANSFER *#&&x 
c eek tH IN CURVED CIRCULER CHANNELS ; OK ge 

C kee (RC IS LARGE) eK 
sf . 

——_—i1 7... 2 ODIMCNSIUN W(LGNlO) «flO% 16) Ul LOel5)sV( 16s l6)sOWViIsS(tis” 
* 2916) : 
1AW(16516)eCw(1Gs1€) .PW( 16916) 55(16 4016) 5S5(16 616) sVW(16 
* 916)— 
2V0(16516)5TT(16516) sAT( 16s 16) eCT(16916) »PT(16516) sAS{(1 
* 6916) 

= nmr, | J) Gn ow Any a Ge low br 9 ZE Py ? 9 ry ° 


COMMON HReHR2,HPeHP2eCK» CONePReSTDe TOLEsZAeZBs ZC oR» PHI 
* oBWVTS wWols ; 
1V+CMEGMs.CMEGS» CMEGT oU 
COMMON MoNoMIo M1 sNITeoK1ls MSTDsNO 
REAL NUL1»eNU2 
9 oNo ® 
PI=3.141593 
33 MI=M-1 
: M1=M+41 
NI=N-1 
N1=N#1 
Minami soo NOC Loo) tet tr oe ee 
DO te J=— 16 NI 
DO 10 I=1.Ml1 
w(IsJj)=040 
VwWw(I»J)=0-0 
TC I,J)=0-0 
J _ e 
SS(I2J)=000 
S(1I+sJ)=02.0 
VOC T»,J)=060 
U(1T+J)=020 
VCI,J)=020 
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12 CONTINUE } ; 
READ (5572)(¢€ Wl 1I»J).1T=159M1) eJ=1 N11) 
READ (5372) ((VWCI.J) » I=1 M1) sJ=1 9N1 ) 
READ (5972) SCI4J5)5 I=1 oM1) sJ=19N1) 
4 9 9 ee ee aJ=-l1lo 
READ (5272) ( (VOC I,4)0 IT=1 M1) eJ=15N1) 
READ (5472) UCTsJ)51=1 M1) sJ=15N1) 
READ (5972)0€ VCTsJ) oI=1 M1) sJ=1eN1) 
READ (5572)0( TC IJ) 2 l=1 M1) »eJ=15N1) 
READ (Se72)(0TTCL ed) o L=1 M1) sJ=15N1) ; 
Dat +. ie ROR MAC UMMND & eMart tae CCC ee 
99 READ(54100) MeNeSTOsTCLE 
NO=0 
100 FORMAT (21452E1005) 
WRITE(692000) MsNsSTDsTOLE 
2000 FORMAT(1Xs21492E15¢5) 
a. ee LMS GeOs Ge TOni1oO: fF 
READ(5%s201) CCNePR 
201 FORMAT( 2E10e5) 
WRITE(€622001) CCN»PR 
2001 FORMAT(1Xe2E1505) 
READ(5,250) CMEGMeOMEGSsOMEGTs+MSTD»MTIM 
—... Sh TOUT EOURMALCoOTroscecloy iu 
HR=120/M 
HR2=HR**2 
HP=PI/N 
HP2=HP*x2 
PHI(1)=020 
ae. oreo ec ONL 
9 PHI( J) =PHI(CJ—-1)4HP 
DO 8 I[=2.M1 
RC I)=RCI-1)4FR 
ZALI)J=HR/I(2¥*RCIT)) 
<a RS a ee COIR AONE ERC) Teco Cree eS CR a Tee 
ZCUI =HR*X2/S (2 *R (1) *FP) 
8 CONTINUE 
WRITE(622002) CMEGMsONEGSsOMEGT »sMSTOsMYTIM 
2002 FORMAT (1X,3E150e53215) 
OO 11 -J=1.N1 
———— Tee eT 
BwVTS(1IsJ)=(14ZB01)) *(-2) 
AS(I,J)=1-ZACT) 
CS(15J)=14+ZACI) 
7 CEDNTUINUE 
11 CONT INUE 


DO 26 J=15N1 
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AS(M1sJ)=2-0 
AW( 25 J)V=1—-ZA2 04005 *HR¥U(20 J) 
CW( 20 JI=14ZA(2)—- 06 S¥HR*U( 295) 
Pw(2,J)=CW(20J)/BWVTS(25 4) 
9 oo - s s 
CT(295)=14ZA(2)—00 S¥PREHREUL 25 J) 
PT(2eJI=CT(2sJ)/BWVTS (294) 
PS(2,J)=CS(22.I)/BWVTS(20 J) 
DO? 25: 4235 M 
AW(T 5 JV=1I-ZACT 4005 ¥HR¥U (I 9 J) 
° — pe" 2 9 
PwW(LlsJI=CW( Ie JIS (BWVTSC(I oJ) —-AWC IT 9 J) *PW( I-15J)) 
ATC Ls JI=1-ZACL 4005 ¥PREHR*¥UCT 9 J) 
CTC Le JI=1L4ZACT )-C oS *PR¥HREUCT 9 J) 
PT (Le JI=RCTC Lo JISC AWVTS(T oS I-ATC 19 J) *PT(I-199)) 
PS( Is JI=CS( Is JISC BWVTS(I oJ )—-AS(I 9 J) ¥PSC I-15 J) ) 
ae Sr oun NUT TT 8 See An PL 
26 CONTINUE 
WRITE( 602101) 
2101 FORMAT(® *,*ENTER TO SUVW*) 
CALL SUBW( VW sAWs CW ePWeERRWeMTIM) 
WRITE(6s2102) 
ST 1S FURAN re? ENTE Rest SUB US TT ee 
CALL SUBVS(SeVOeSSsASeCS sPSsAWeoCwWesPWeMTIMsERRS) 
WRITE (652103) 
2103 FORMAT(* *s*ENTER TO SUBUV") 
CALL SUBUV(SsERRLV) 
IF (ERRUVeLT eTOLE -OReNCe GTeMSTD) GG TO 60 
So NOENOFIT eae 
IF(NO/10*10eNEe¢NC) GO TO 1 
WRITE(60151) NOsERRUV 
Gouroen 
60 CONTINUE 
WRITE(60151) NOsERRUV 
ok ? r 9 ? Teta 6) eee Ss 


NOT=0 
NOOT=10 

61 CONTINUE 
CALL SUBT(TTsATsCToPT sERRT) 
LECERRT eLTe TOLEeCReNOTeGTeMSTD) GO TO 62 

— $$$ —_-norenoret———_ 

IF (NOT/10*10eNE*NOT) GO TO 61 
WRITE(69€21)° NOTsERRT 

621 FORMATC® %910Xo*NCT's1495Xs *ERRT *5£1466) 
GO TO 61 

62 WRITE(6s620) NOTsERRT 
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CALL FHR(SWPs SWTsSGT»SGWeBLKT sFRE1 sFRE2 »NU1»NU2eRFEI oR 
% FE2e¢RNU1 > 
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IRNU2SsARNUsSTPsAVENsAVEF s RFEI2) 
WRITE(60105) . 
105 FORMATC*1" ,* AXIAL VELCCITY’»3X."I FROM 1 TO Ms J FROM 
% £.-20 2N*4) 
° 9 »9Il=T> vJ=T > 
113 FORMAT(*® *,7£€1846€) 
WRITE 63107) 
107 FORMAT (*1*.*VORTICITY® ) 
WRITE( 60113) (CVCCIsJ),1=25M1) »sJ=1>»N1 ) 
WRITE(65108) 
meme meariaes OphO o eamet LO Oh 0 Ua Caer OR co) I aD te 0 a aaa 
WRITE( 65113) (CSCI » J) sT=2oM1) sJ=19N1) 
WRITE(62109) 
109 FORMAT (*1*%.*SECCNDARY VELOCITY IN R-DIRECTION U®*) 
WRITE(60113) (CUCT ss J) oT=15M) sJ=1,N1) 
WRITE( 6,110) 
CSE OT FORMAT UT 9 * SECONDARY VELOCITY IN PHI=DIRECTION Vy 
WRITE(6Ge113) (CVC T oJ) »f=19M) sJ=1 N11) 
WRITE( 69106) 
106 FORMAT(*1°% »* TEMPERATURE® ) 
WRITE( 69113) CC TCL, I) of=19M) so J=1 oN) 
WRITE(6s202)MeN 
et ° 2 iS =¥ 9 r ? ? 
WRITE(6s203) STD,TOLE 
203 FORMAT(*0%s30Xs*ERROR ELMb ta Shes 6) 
WRITE(62204) CON»sDKsPR 
204 FORMAT (#0* 9 30X9®CON® gEL0eS5a10Xe*DK*,E106e 53 10X»*PR*,E10 
as 05) 
—L——— WRT Et Oey CRRS 
400 FORMAT( 40% s50Xs*ERRW %515XsE1406) 
WRITE(6,401) ERRS 
401 FORMAT(* 0% 450X,*ERRS %,15XsE1406) 
WRITE(6s116) NO 
WRITE(60101) ERRUV 
Sa Pare RMA CeO ew OUk DS TERRUV "sl OASEC TS sOT”DUCUC 
WRITE(€s116) NOT 
116 FORMAT (€*0%.s45X%e"*NUMBER OF ITERATIONS*,10X5110) 
WRITE(65102) ERRT 
102 FORMAT (*C%s50Xe*ERRT* 1 SX,E14e6) 
WRITE(6e205) CMEGMsOMEGS »-OMEGT 
30S -FURMAT* OF 9 3OXGTRETAXATION PARAMETER FOR Ws SX oF Mela SK 
* »*FOR S'o95Xs 
1F50e2e5Xe*FOR To EXeFSe2) 
WRITE(65210) 
210 FORMAT (41% 5% *#**#* HEAT TRANSFER RESULTS*¥*#*k',///) 
WRITE(65111) BLKT 
a SO RMAT EE Ott eal : = = 9 
* 26) 
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WRITE(6s212) STP 
212 FORMAT (*0*,10Xs"MEAN TEMPERATURE *,F1506) 
WRITE(66112) SwP 
112 FORMAT (*0* ,10X," AVERAGE VELOCITY IN AXIAL DIRECTION *» 
Meee. Or Loe Oy eT eae ee FS 
WRITE( 65114) FRE1sFREZsAVEF 
114 FORMAT (*0* 510Xs *FRE1* 5E1505¢9 *FRE2* E1505 s *AVEF® 5E15¢5) 
WRITE(60121) RFEILSRFEZsRFEL2~ 
121 FORMAT( *0's10Xs"FREL/FREO® 5E156¢59 *FRE2/FREO! 5E1 S050 
1* AVERAGE ',E1525) 
9 9 9 Se : 
115 FORMAT (90 ,10Xo*NU1L"sE15 655 *NU2® 5E1 Se Ss *AVEN® E1505) 
WRITE( 69122) RNU1»sRNU2sARNU 
122 FORMAT( *0*% 610Xs* NUL/SNUO® 4615059" NUZ/NUO® 9FE150650" ARNU®» 
ROPES 6S) 
WRITE( 65120) SW1T»sSGT.»SGW 
9 b % e Ly 5 oe e 5) 2 9. TSe 
WRITE(6,211) 
211 FORMATO *O® pS S/S* KEKE END #HKKK'AS/S/) 
SGT 2=2 60 *SGT 
STO=STP/0.1875 
SGW2=SGW/2-0 


= ° e 
WRITE( 6,301) 
301 FORMAT(* 1% 6X5 *CON® 1 CXs *DK® 59Xs *SWP# 9X e* 2XSGT® 9 BX0 PF 
* RE1%s9X%s 
1*FRE2*sOXs*AVEF® o9Xs*RFEL* »9Xs"RFES* s9Xe*RFEI2?* ) 
WRITE(6s 302) CON»DKe SwP.,SGT2sFRE1.FRE2Z.,AVEF ,»RFEI »sRFE2» 
2S SSS a Sn 20 Ga ea Fe a we ee Ge ca ee Po es ee 
302 FORMAT(1X.10E13-46) 
WRITE(6s303) 
303 FORMAT (* 04 64Xe*PRK® 31CXe®*STP* 9 7X9 *STPSSTPO! 5 7X9 *SGWL2? 
te 2IXe NUL, 
110X%s ®NUZ*s9Xe®* AVEN®? s B8Xe* NULSNUO ® 6 6X0 *NU2/SNUO® 5 7X oF ARNU 
$$? 7 
WRITE (65 302) PRK STP S709 SCGW2 »NU] »NU2 sAVENsRNUI] sRNUZ SAR 
*x NU 
WRITE(Ge721)M5N 
721 FORMAT(*1*% 610Xs215) 
WRITE( 7071 904€ WOLe J) s 1=1 oM1) sJ=15N1) 
ss 4 9 9 i-T-s sJ—Te § as ie Me 
WRITEC 7071 94¢€ SOI e J) 0 T=1 oM1) sJ=1eNI) 
WRITE(7e71)¢( (SSC IJ) 5 T=1 oM1) sJ=19N1) 
WRITEC Te 7TLIC( VOC Ts J)» L=1 oM1) sJ=1 sN1) 
WRITEC7s 71900 UC Ted) oe f=1 M1) eJ=1sN1) 
WRITE( 7071900 VOLed) eo L=1 sM1) eJ=15N1) 
$$$ $$$ ttre tt tra Trt Tt SIH TT oS tnt 
WRITEC7e 71 IC CTT CL oJ)» T=1 M1) eJ=19N1) 
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71 FORMAT(20A4) 


GO TO 99 
150 (‘STOP 
END 
* 9 9 ® Py 
DIMENS TON WO16 01 6) 0U0164516) 5 V(16916) »sBWVTS(16516)sAW(1 
x 6916) 


1CW( 16,16) ePW(16.16)sQWw(16.16) sPHI(16) .R( 16) eZA(16),0W( 
* 16s16€)> 


22Z28(16)4ZC(16)oVW(16516).T( 16016) 


* »sBWwVTS oWoTs 
1V»sOMEGM»eCMEGS+CMEGT»U 
COMMON MoNeoMI so M1 sNIoN1le2MSTOsNO 


NOW= 1 
§ CONTINUE 
9 =O. ~ 9 9 9 
2K (2sN1) 
1 +2 4W(2.N/241)4+4*HR2) 


DO 9 J=2eN 
VW(1,J)=VW(151) 
9 CONT INUE 
9 aa 5) 

DW(20 1)=—-4*HR2—-2*28(2)¥*VW(25 2)-AW( 251) *VW0 191) 

DO 10 J=25N 

DW( 26J)=—-4 20 FHR2—-( ZB(2)42C(2) *V(255)) *VW( 25 J—1 )—-(2Z8(2) 
* =<-ZC(2)% 

1 VO 205) ) ®VWO29dt1)—AW(2 5d) *VW( 19d) 

ee TO TCONnINOh Tate. Oe ee ee 

DW(2 oN1 )=—-4#HR2—2*28 (2) *VW( 2, NI—-AW(2eN1 )*VWO(15N1) - 
QW(201)=0W( 201) /8WVTS(291) 

DO 11 J=2sN 

QW(2,J)=CW(25J)/BWVTS(265) - 

‘11° CONTINUE 
” a 9 ° 
DO 12 1=3yM 
DW(1Io1)=-4#*HR2-24ZB(1)*VW( Is 1) 
12 CONTINUE 
DO 14 J=2sN 
DO 13 I=39M 


re 
* CCL) *VOIed)) 
1 4VW(TsJ+1) 
13 CONTINUE 
14 CONTINUE 
00 15 I=35M 
eNty=- a ok 4-9 hk 48 1. 


15 CONT INUE 


ae “ 
Syiiau 
ra) BA: 


SIWAs(AtyeL? OTYWE (02 gO We ab 
9G. SEAS 0h ea 


fa hadi woh 


oF o> oe 84 ow A 


SS Ss SSVANs SINT fo 


OM. OTe 


; ‘ “K ‘iu 7 
VEC SNCs LUA IS Tie wets 


bons: _ 7 - —- te a 


+ LEMVF ll eS IMA tS eS ee 


ves 


& 


(SIgS4-Ct-LeSpeyvey ck civerk Neu 


yt Deve ie emt 


~ - ee i a a 


(iAe 1 FeVel iv. S bWAeEH yay Cae 


a’ 


& 


423 


DO 16 I=35M 
Qw(Tsi)={(DWC Ts 1)—-AwWl 151) #QW(I-151))7 
1(BwWVTS(1I,1)-AWCI.1)*PW(I-1,1)) 
16 CONTINUE 
eee een NIT SLC ee BAW ee 
DG. 1 7-1=3 6M 
QW( 1 sJV=CDWC Ts JI-AWC I 9 JS) KQW(IT—-1esd))/S( BWVTSC I,J )-AW( IJ 
* )*PWCI—1+J)) 
17 CONT INUVE 
18 CONTINUE 
ere OU ae nines be ei eee ee i i ae oko 6 Rae eee a Bb co a neem area eee 
OQwCl wN1)I=CCW(TSN1)—-AWC(I eo NL) €QWCI-19N1))7 
1(BWVTS( ToN1)-AW(CIsN1)*PWCI—19N1)) 
19 CONTINUE 
DO 20 J=1.N1 
VW(M,JI=QW( Me J) 
LIN Noe. Ee 
DO 21 J=1.,Ni1 
DO 4 I1=2,MI 
I=M1-II 
VwW( I,J) =Qwll,JI-PW(I 5d) *VWC( 141 oJ) 
' 4 CONTINUE 
ent_usees 3 623); ie 10° eS ee ee ee be 1. Mee atl eo: oe eee 
wWwD=0e0 
WSUM=0 20 
DO 31 J=1.Ni1 
DO 8 I[=1.™M 
DI=CMEGM*(VWC(I J )-WOI55)) 
9 = J 
WO=wDO+ABSC(DI) 
WSUM=WSUM4ABS(W( 155) ) 
8 CONTINUE 
31 CONTINUE 
ERRW=WD/WSUM 


e e -~* e e e 
NO W=NOW+1 
GO); TO*S 
41 CONTINUE 
RETURN 
END 
F ° ? : 9 ° : » ’ 9 
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* 6916) 
10S (16016)5PS(16516)2QE(16516) »AW(16516) »>CW(16516),Pw(1 


x 6916) 
2QVO0(1691€) sVOC1LE 916) s0S( 16516) oSM1(3) oVM103) sPHI(16) oR 


SE EEEEEEAEEEEEEEEEERIEIEE, AOA WeSC. SS ee as — 
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COMMCN HReFR29HP sHP2sDK»,CONsPReSTDOsTOLEs ZAsZBxZCoRs PHI 
* »BWVTS oWoTs 
1VsCMEGM»,CMEGSs, CMEGT>, U 
COMMON MeNoMIoM1 »sNIsNleMSTDoNO 
ire” Peo NO Otte a Eee a er eS aL Sa, ee eee eee Rh 
5 CONT INUE 
DO 17 J=2sN 
DO 10 I=2,M 
TCON( 1 se JV H=CONKW( 19d) *(COS(PHICS) )*¥CWOL, J+t1)—-W0 1. J-1))* 
* ZCC1)*220 
9 = oo 
10 CONT INUE 
K=0 
VM1(01)=0.20 
20 K=K+li1 
VOC(M1sJ)=VM1 (K) 
tesa =, tT Oo epee oe 
DVOCTI.JI=HATCON( Ie JI—-(CZECI + ZCCL) *¥VC TI) ) *¥VOCTs I-1)-(Z8( 
% 1)-ZC(1)* 


1 VCI.J)) ¥VOC(I »ut1) 
IFC TeEQeM) DVOCITsJI=HATCON( Is JI-—-CZB(1T)+ZCC IV *V(15,5))*VOC 
* IeJ-1) 
= = : ; 
ee —~CW(1lsJ)*VOC M1» J) 


9 CONT INUE 
QAVO(2], J)=DVOl2xsJISBWVTS (255) 
DO 8 1=3%M 
8 AVO(IsJ)I=(OVOl Is JI—AW( 1.45) FQVO(I-1,jJ)I IS (BWVTSCI.,JI-Awl 
eee ERE TRC TS gt a es ca FP Ee, Oe eee Le aa ae a es at TR Ton aoe ee tate a 
1 *PWCT—-1.sJ/)) 
VO(Ms,J)I=QVO(NM., J) 
DO 4 TI=25MI 
I=M1-II 
4 VO(1,JI=OQVOCI,/JI—-PWC I oJ) *VOCT#1,/) 
en oar 5 ae Mes Me gl eT pe ee 
DS(TeJ)=—-(ZBC1)* (SSCL »J—-1) #SSCIT»JS+1)) DFHHRA*VO( Ts J) 
IF CT SEQe2) *GO TH 2 
QSC1,jJI=ALCDSCI,JI-AS( 1 J) XOS(I—-1545J) ) SC BWVTSC Is JJ-AS( TI oJ 
* )*PS(T—1sJ)) 
2 QS(265)=COS( 205) /BWVTIS(25 J) 
eee ae CEILS = eo ee be ae We pe ee oe Go ee Nes eee 
DS(M1+«J)=—-€Z8(M1 )*(SS(M15I—-1)4SSCM1.5+1) DItHR2A*VO(M1 oJ 
* ) 
QS(M15 JI=(DSIM1, JAS (M155) ¥*¥QS(M5 5) 7 
i (BWVTS(M1 6 JI—-AS (M1 55) *PS(MOJ)) 
SM1(K)=QS(M15J) 
= ? ? 


50 VM1(2)=-100.0 
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GE qio' 2:0 
Sl VM1(3)=10020#S5M1 (1)/(SM1i (2)—-SM1(1)) 
GG TO 20 
52 SS(M15J)=SM1(K) 
Mme ter OM emo ne ae Mitt a ke Wm, we oN ea pe 
I=M1-T 1 
18 SS(1IvJ)=QS(1sJ5J)-PS(I5J)*SS(It+1.J) 
17 CONT INUE 
SD=0.0 
; SSUM=0.0 ; 
. nai as Te eR te ae ae ee ee ee ee es oes eee eer a ea RES 
DO 78 I=2eM1 
DI=OMEGS*(SS(IsJ)I-SC15J)) 
SCI» JJ=S(1I5J)4DI 
SD=SD+ABS(DI) 
SSUM=SSUM4ABS(S(12J)) 
DPCM aay oC IRL NGCats s)he eS ee 
79 CONTINUE 
IFCSSUMeRE e020) GO TCL 80 
ERRS=0 20 
GO TO 81. 
8O ERRS=SD/SSUM 
MM MR To INI NOMS ca wk, ye SEEM C MY a Gea oO My be a he en 
IFCERRSeLT eT CLE eCReNOSeGTeMTIM) GO TO 83 : 
NOS=NOS+41 
GO TO 5 
83 CONTINUE 
RETURN 
ae ere ey ht he a eS 
SUBROUTINE SUBUV(S.ERFUV) 
DIMENSION W(16016)5U116016)2V(16.16) ,BWVTS(16,16) ,PHI( 
x 16)+R(16)>5 
1ZA(16)5Z8(16)2ZC(16) 9» VU0C16916) sVV(16516),5(16,16).6TT(1 
* 6316) 
LV se PL Owl Cues iki? 
COMMON HRs HR2,HP sHP2sCKe CONesPReSTDe TOLEs ZAsZBsxZCoRs PHI 
* »BWVTS oWol » 
1V»sOMEGWN » CMEGS » CMEGT »U 
COMMON MsNoMIs Mi soNIsNisMSTDsNO 
WRITE( 6921 )MoNoMIoM1 o NI ON} 
a ot TORN AI A wolLo!: 
DO 12 1=2sM 
RH6=R( I ) FHP *6 
RH12=RC 1) *HP #12 
VUC 151 )=(8*S(192)-S( 1.3) )/RHE 
VUCLTe2)=(-S(102)4+88S(1s3)-SC1e24))/RH12 
Se a A SE ernie ee a = - ; (SSS SSS 


VUCLT eNDJ=CSCIsN-2 )-8¥S (I oNIV+SCI4N) I/RH12 


ee ee oe - 
hs om me —_——- sererimnary ; —e " 
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usRoamase 
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DO 10 J=3sNI 

VWUCT sp JV =0SCLsJ-2 0-8 ¥S (1s J—-1 +8 *S(U1 ss Jt1)—-SC1 9 5+2))/RH12 
10 CONT INUE 
12 CONTINUE 
WRithE CO socom. ST attr 
22 FORMATC® *,*kOD1") 

HR12=HR*¥*1l2 

DO 9 J=2aN 


VV 02 oeJDH01L0O¥ S( 29 5)-1 8450355) +6¥S(455)-SI5,d))/HR1I2 
DO 14 1=3,MI 


14 CONTINUE } 
VV (Me JIV=K(SOM—-3 05 9-6 *S (M—2 0 JD F18*¥SOM~—15,5)-10*S(M,J)—-34S 
* (Mtl sJ))7 
IHR12 
9 CONTINUE 
— > 2 Wiinchoseo): 
23 FORMATC® *9*KOD2*) ; 
VUC1 61 D=(8*S(2eN/241 )-S(3eN/241) 7 ( G*¥HR ) 
DO 8 J=15N1 , 
VU(12JI=VUC1 91) 
8 VV(1eJ)=020 
eg sr Tore CTE TE cl mae eee a 
VV(121)=0.0 
7 VV{ INI I=060 
SD=0 e0 
SUM=0.0 
NO 13 I=1,.M 
nana rae CTR RIOTS INGLE oe Ce ee ee ee ee ee eo ee Te ee ee ee = 
DU=VU( I sJ)-UCI,J3) 
DV=VVCI sJI-VIT oJ) 
SD=SD+ABS( DU )+ABS(DV) 
SUM=SUM#ABSC(VV( 193) )FABSC(VUTTI oJ) ) 
UC ITs J)=VUC Ts J) 
» = ° 
6 CONTINUE 
13 CONTINUE 
IF (SUMseNE°0 20) GO TO 11 
ERRUV=0.0 
RETURN 
TT TERRUNESOZSDUM ee 
RETURN 
END 
SUBROUTINE SUBT(TT+AT oCTsPTsERRT ) 
DIMENSION W(16916)2T(16516) 500165916) 5V(16516)sB8WVTS(16 
* 216). 
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2PHI(16)2F(16).2A(16).2C(16),Z28(16) 
COMMON HReHR2o9HP sHP2» DK» CONsPReSTDs TOLE»s ZAsZByZCaRePHI 
* »sBWVTS Wolo 
1VsCMEGM»CMEGSs CMEGT,U 
Ww a] 9 bids . 9 9 9 . 
TT(1elI=O.25¥*(TT( 251) 4(1-HR¥PR*¥UC1591)/2)42*TT( 29N/24+1) 
* 4+TT(2S]s,N1) 
1 ¥C1.0tHR#PR¥U(151)/72260) 4+HR2*W(1 .1)) 
DG 1 J=2s.N1 
TTC1sJI=TT(1 51) 
j 
CT(26 1)=—-24*2B(2)*TT(252)-HROE*¥W( 2, 1)-AT( 20 1)*TTC( 101) 
DO 2 J=25N 
CT(26I)=-(0ZE02V4+Z2C02]) FPREV (265) ) *TT02,5—-1)-(Z28(2)-Z2ZC (2 
* Y*PREV(25))) 
; 1 *TTC 25 Jt1)-HR2*W(2 oe SI-AT( 295) ¥*TT (194) 
CT (2 oN1 )H=-2*2B(2)*TT(2sN)-HR2¥W(25N1)-AT(29N1)*¥TT0101) 
DO 3 J=1eN1 
CT(25 JI=OT(2, JI/SBWVTS(2s J) 
3 CONTINUE 
DO 4 [=3M 
° — , = 9 
4 CONTINUE 
DO 6 J=2eN 
00 5 [=349M 
OTC »JI=CZCC LT) ¥*¥PREVOI TI) -ZB01)*TTC 1,541) 
1 —(ZEC1)4+2C(I )FPREVOIT SJ) *TTC Ls J—-1)-HR2eW(I. J) 
ener fae SmI GINO. a eee Oe re ng fewer ney cen Epa sata Me a ee oer aap 
6 CONT INUE 
CO 7 I1=39M 
CTC I sN1 }=-2#ZB(1)#TT( 1, N)-HR2*WOCTSN1) 
7 CONTINUE 
DO 8 T=35M 
r) —_ ° ia ° —~is 
1 (BWVTSCIs1)—-ATCI41) *¥PTCI—1.1)) 
8 CONTINUE 
DO 10 J=2e9N 
DO 9 [=35M 
QTC sJ) HC DTCs J) -AT(C IT sd) *OTCI-1sJ))/S(CBWVTS(I,JS)-ATUIe9 7 
ST es at ee Re 1 soe ee) Sa ee ee ep ale oe a as. oe 
9 CONTINUE 
10 CONTINUE 


DO 11 T=30M 
QTCI N11 )=COTCI eo N1II—-ATCIsN1)¥QTCI-1,N1))~/ 


Li: (BWVTSCIeN1)—-ATC(IeN1)¥*PT(I-1eN1)) 


ge Cllrs 
00 12 J=1eN1 
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TT (Ms JI=QT(Ms J) 
12 CONTINUE 

DO 14 J=1,N1 

CO 13 II=2eMI 

a. lll lee 

TTC Ls SI=QTCL oe JI-FETCL oJ) *TTCI4F1 oJ) 
13 CONT INUE 
14 CONTINUE 

TD=0»0 

TSUM=0.20 

- 7 yr cama cmmmemea 3 aa i) 3h OR eG a a eee ete neat cic al aice aia ioe ceed 
DO 77 I=1eM 
DTT=CMEGT*X(TT(IsJ)I—-T(1eJ)) 

TUL s JI=TC Le J) 40TT 
TO=TO+ABS( DTT) 
TSUM=TSUM#ABS(T( I,J) ) 
Pear ff COM e SINC ais Laeut: . tooo 
78 CONTINUE 
ERRT=TD/TSUM 
RETURN 
END 
SUBROUTINE FHRR(CSWP,SWTsSGT»SGWeBLKT »FREL»FRE2,NUILsNU2, 
MMtet is 4 9. eR CAS hice ft eek es | SS ee ee ee Se ee 
IRNU1L eRNU2 sARNUsSTPsAVENs AVEF sRFEI2) : 
DIMENSION W(16 516) 5T( 16916) 6U(16516)5V(16316) sBWVTS(16 
X 916) 0TS(16)> 
1WT(16) »WP(16).G6T(16)5CW( 16) »PHI (16) e2R(16)eZA016) »Z8(16 
* »sZC(16) 

a CREA OVSON Ital) ee) 

COMMON HReHR2eHP eHP2e DK eCONePReSTDsTOLEs ZAyZBy ZC eRe PHI 
* »sBWVTS sWol » 

1V»>OMEGM»OMEGSs OMEGT » U 

COMMON MeNoMIio M1 eNIsN1sMSTOoNO 

REAL NUI»NU2 

eta 1 Owe Oo 
DO 10 J=1,Ni1 
GT (J) =—- CT OM—3 9 J) 44-4 *T(M—2 5 JS) S 34+ 3*T( MIL 5S)-4*TO My SD) SHR 
GW( J) =—-CWOM—3 5 J) / 4-4 WO M—2 0 SDS 3BFSEWCMI 19-4 *¥WOM5I)) SHR 

10 CONT INUVE 
SGT=GT(1)4+GT(N1) 

a ror et rary © a 12) 0h 4. 5 9 aaa 
DO 9 J=29Ne02 
SGT=SGT4#+GT( JI) *4 
SGW=SGwWtEw( J )*4 

9 CONTINUE 
DO 8 J=3sNIs2 
GS eGo tS). ”UC”C”*~<S;<S; SCT 
8 SGW=SGWtGW{ J)*2 
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SGT=HP*SGT/( 3*PI ) 
SGW=HP*SGW/ (3¥*PI ) 
DO 7 I=2,—M 
WTCD=wWCOLo Ld *TC 1s Ld twC le Nl) *TCION1) 
Re = 9 9 
WPCT)=WC1ls1)4W(IsN1) 
DO 6 J=2eNe2 
WTCT)=WT CL) tWw(O Ts J) *TC I.) *4 
TSCII=HATSCIY4+TC 1, 5) #4 
5 6 WPC(IT=WPCUIT)4tw( I,J) 4*4 
Mie ome <a AT koOeeN oye oe |) pe ae ys wo kl ie ia ee ee 
WECTY=WTC LT) tw ls J) *TCI,) #2 
TS(I)=TSC(1)4+T( 155) %2 
5 weCrp=wPCl)+wll,Js) ¥*2 
WT(T J=HP¥#¥wT(1)73 
TSCT)=HP*TS(1I) 73 
Pemierai ae Wek De me eA OL pees ho Pe 
7 CONT INUE 
SwT=0.0 
STP=0.0 
SwP=0.0 
00 4 IT=2e9Me2 
Pein Fes TW SOW TA CL elo ee. a. Be eee Ea ies Sa Le 
STP=STP#TS(I)*RCI) *4 
SwWP=SwWP+wPC(I )*RC I) *4 
4 CONTINUE 
DO 3 T=3sMI 92 
SCwt=Swtt+wT( 1) *RC 1) *2 : 
Sa OP or er Pohl eR ee . 
SwP=SwP4wP(1)*RCI) #2 
3 CONT INUE 
SWT=HR*SWT*X2/(3*PI ) 
SWP=HR*¥*SWP*2/(3*FI) 
STP=HR¥STP*2/(3*HP) 
aa ae! ew GeT eK OW LT OMe tis en 
DK=CON**0 e5*SWP*220 
FRE1=4*SGw/SWP 
FRE2=8/7SWP 
NU1=2*SWP*SGTI/SSWT 
NU2=SWP**2/SWT 
SR ag ere een A el alt rm in anh OF ga Gl © ARN mean Rann | Sean 
RFE2=FRE2/16 
RNUL=NU1#*¥11/48 
RNU 2=NU 2*11/748 
ARNU=(RNUI4RNU2) #2 
AVEN=(NUL4NU2) 72 
= HERES IT? = 
RFE12=(RFE1+tRFE2)/2 
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WRITE( 621 ) 
21 FORMATC*1® 5X o*® 5% 56 4Xs TGW(I D8 oe 1 5X5 GTC I) 8s 1 SXe*FREI(U)* 
x 913X . 
1e,"*NUI( J) *) 
MEM MMs. ta) Ole Sarl e ene ante oe es se Pe el ee 
“FREI( J9=4*GW( I )7SWP 
UNI (J) =2*SWP*GT(JdI/SWT 
WRITE(6522) Jeo GwlJs) oGT(J)sFREI( J) sUNI( J) 
-22 FORMAT (4X9 1294Xe4( E13 05s 7X) ) 
23 CONTINUE é 
eae 
ENO 
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BE a CHE Se a He He ae a ik a ie a eae Rea A ae ok 


* IN THE SIXTH COLUMN INDICATES 
CONTINUATION FROM PREVIOUS LINE 


OR ROI RRO kOe ak aki ak ate ake ake ie ate aie ac keke ak ake ate 


Cc 
i 7 
Cc FO OIG GE RO RE OR IGG I UI IG GR a ICR aR i aka ag ak aka ake ak 
Cc xe = ©6CLLLAMINAR FORCED CONVECTION HEAT TRANSFER *x&K*& 
so) Gy eee DN: CURVED CIRCUGER CHANNELS _ — EEEKK 
Cc kK 6 AY/RC IS SMALL» GRAETZE FLOW PROBLEM Ts ss 
E Ae ok He WITH NEUMANN CONDITION ) 3 I ak 
@ #KeEK ( LOG SCALE STEP ) OC IE 
Cc BOO ac ROR OK RO kak ok  gaok kak ok ak ek aka ak ak ak ok ok kaa cok ak ak ak a a ake ak ak a 
(S 
C 
DIMENSIGN 17029929) oW(29 629) 3U( 29929) sV(29 929) »R( 29) » 
1Z21(29) 0 Z2( 29) 323129) 524(29) 0 A( 29229) .B8( 29929) »C( 29429) 
20D 29 629) 6E (29 229) 0F (29 529) 6 TPC(29 529) sTPF( 29,29), 
3TG(29.29)5TH(29029) » TAG( 29 229) sTQH( 29329) sNUI(29)>, 
TS, BEST LCI WIN SOV oT SULIT) oe WP 29) s GOT WU 29) pT T( 29429) 


ni Se 1 EL 8 is 2 a a 


$$ __—_—_riy=0.0-—— 


REAL NUL sNU1 »NU2+NU1 MyNU2M 
READ(5Ss1) MeN 

FORMAT (215) 

P1=32141593 

MI=M—1 


NI=N-1 
Ni=N+1 
ETA=0-0 
OME=0-0 
CMEG=0 20 


ONU1=0 20 
ONU2=0 eO 
NU1M=0 20 
NU2M=0 20 
OMEO=0 0 


To a 
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DO 3 I=1.M1 
WE IsJ)=020 
U( ITsJ)=0.0 
VCIsJ)=020 
? =Oe 
TT (I vdI=020 
3 CONTINUE 
READ(5s5)((W(T»J) »sI=1sM1)2dJ=1.5N1) 
READ(595)( (UC TsJ)5T=1 »M1 ),sJ=1L oN) 
READ(Se5)0CCVCL oJ) pp T=1 oM1).J=19N1) 
MM aoe ey TN Rhee OAT ars 1. tie 
WRITE(6+s6) MoN 
6 FORMAT (91% 9 ® kxKKe MAIN FLOW DISTRIBUTIONsW WITH MESH® 
1%) SEZEVlSw2xe*BY*. 1S, * HM Ae ye @) 
WRITE(699) W141) 
WRITE(6449)°0€ WCLs J) eT=29M1) sJ=1 N11) 
=WREGGCOSGLIMeN . | PS Wie 
T FORMAT CY 14 98 eK KX R-DIRECTION FLOW DISTRIBUTEONSU!® , 
1* WITH MESH SIZE*",15+2X%,*BY*,IS,° MAK AK AK TY 
WRITE( 649) U1ol) 
WRITE(6949)0€ UCT eJ) 2 1=25M1) sJ=15N1) 
WRITE(658) MosN 
OB FURMATCUT I»  exeee  PHI=DIRECTION FLOW DISTRIBUTION V"s 
1* WITH MESH STZE*sTS592Xo*BY" oISs ® I KOKI Y ) 
WRITE(6Gs9) Vlol) 
WRITE(6549)0( V€Te J) » L=2 oM1) 5J=1 N11 ) 
9 FORMAT(*0*.,E1806) 
READ(5:10) PR»RARC 
READ Cop low SOUNDS ©) = \atwr ss 
READ(S5s10) DETAsETALIM 
10 FORMAT(2E10¢5) 
WRITE(6411) 
11 FORMAT (#18 ) 


Cc 
eis PERE CES ret oh eee Leilani loeeterie 
c SETTING CF CONSTANTS 
c 
HR=16¢0/M 
KR2=HR**200 
ER3=HR/2 00 
2 eae PAPEL ISTE Te area ee ea 
| HP2=HP**2 60 
c 


H1=PR*HR3 
H2=PR¥#CONX* e SERARCK# o £%2 20 KHRZ 
H3=PR*HR2/2 6 O/HP 
HV=HR2VHP2= 

H5=2 60*H4 
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DO 14 [=2eM1 
R(T) =R(I-1)+HR 
ZACTI=HRB/RCI) 
Me to, Sehr neV en tere T LRA, Me Te ae re ee 
Z3CTS=HS/RCUII**2 
Z4(1T)=H3/R(1) 
14 CONTINUE 


€ 
c 

Cc CONSTANT COEFFICENTS 

Cc 


DO 16 T=25M1 
ACI sl) =—-H1*UCI.1)-1-0+Z1(1) 
CC Is1)= H1I*UCI51)—-12-0-Z1(1) 
P = 
DO 15 J=2sN 
ACT, JV=—-FL*UCI ed )—1204+Z1(1) 
CClsJ)= HI*UCTsJI—-1-0—-Z1(1) 
OCT, JIHZ4C1LI*¥VOT2s) +Z2¢1) 
Fis J)=-Z401)¥*V( 195) +2201) 
rt mem Eee ae, C3 a SD aa a aca a a a aa lb ri eae ce an 

ACT oN1 )=—H1 UT T2N1)—-1 204211) 
CCIoN1)= H1*UCI,N1)—-1-0-Z1(1) 
DC IsNLI=Z3BCT) 

16 CONT INUE 
DO 17 J=15.N1 

? — % rs 

17 GONTANVE 
KOUNT=0 
KGUNN= 0 
KTT=0 
KOUTT=0_ 


INCREMENT OF DISTANCE IN MAIN FLOW DIRECTION 


OGD 


ETA=ETA+#DETA 


ETA2=1 e/ETAI 
OMEG=ALOG(ETA2) 
ie MODIFIED PECLET NUMBER ,PECMOD=RED*PR*2A/ (RC *OMEG ) 
PEMOD=2 2 0*DK ®PRERARC * ¥ 6 5/OMEG 
RPEMD=1 ¢/PEMCD 
OER ARE In 
DOMG=O0MEG-CMEO 


am a en gee 
a a es 
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Se i a I a ee ee 


RED=DK/RARC¥* 25 


CALCULATION OF PHI_DIRECTION USING 

GAUSSTAN ELIMINATION 

PE sie eh a ee ee eo Pie Ie eS a aes RT Tol Ts oS. Se eee 
; Cc 


Cc ELIMINATION OF TC(EsJ-1) IN COLUMN 


DO 34 I=2—M1 
B(1.l)=—-H2*W( 1,1 )/DOMG+2.0 
> 1Y==He , EOC ST OO Se ee 
TPFCIT,1I=FCIs1)/EC 141) 
DO 33 J=2sN1 
BCI, J)=—-H2*W( IT sJ)/D0CMG4+2.0 
E( Is JJ=—-H2*W( 1 sd) /DCOMG-Z3{(T ) 
TPFCL,JIHFCTSJIS(C ECT + J) -DC I oJ) *TPFC Ie J-1)) 
Mstacnc' >. . (S37 TINUE 8 pie at eo oO oe ee ee a ee ee ee ee 
34 CONTINUE 
DO 36 I=2eM 
00 So" JSia NI 
THUI eJIHAC Ts JD ¥TTCI-1 J DFB( Lo JD*FTT( Is 3) 4C( 1d) *TT(I 415 
ok J) 
aa SHON INOUE 
DO 40 I=25M 
TQHC Tel) =THCIe1) /ECI 51) 
DO 38 J=2.N1 
TQHC Is JHC THC Is J )—-O( 15d) *TQH(I,J-1) ) 
1 7Z(CECT se JI-DC 19d) *TPF(I »J—-1)) 
ee re Ee CI ee 
40 CONTINUE 


Cc 
Cc BACK SUBSTITUTION 
Cc 
DO 45 I=2eM 
9, — 9 
DO 43 K=1»N 
J=N1—-K 
TCLs JI=TQHC Le JI—-TPF (CIs J) *TCL es J4+1) 
43 CONTINUE 
45 CONTINUE 


1 #2 60¥*¥C(M1 91) *HR-F(M1219*T (M1 42)) 


ae 


A at 
| ee ian 
To AT TS 
a - bah 
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@ /CECM1 »1)9-B(M1i+1)) 
DO 451 J=25N 
T(UM1 sJ)=4 A(M19J)*T (Med) 
1 4#220¥*C (M1545) *HR-D(M1,5J)*T (M1.J—-1)—-F(M15U)¥T (M1 
R »JtFITJ) igor 
2 ZC EC(M1 9 J )—-6(M155)) 
451 CONTINUE 
TCUM1 oN1 J=( ACM1sN1)*%T (Mo.N1) 
1 #2 00¥C(M15N1)*HR-D(M15N1)*T (M15N)) 
2 CECM1I2N1I—-BOCM1I.N1)) 
rh el Sa, Ses Maal AE: CE SAMA SL RA AGL AE lS ec a seca acceso 
C CENTRE PCINT BY PRESENT POINTS AND 
Cc 1 THE PREVIOUS CENTRE POINT »T1s1) 
TC151)=CTT(1.1)*(-H2*W(151)/DOMGt2.0) 
1 + TO201) CHI *U(1,1)—-120) 
aa %. , ° 
S) —-T(2eN/241 )*2 00) /{(-H2*W( 1.1) /00MG-2 0) 
00 46 J=2sN1 
TC1,J)=T(191) 
46 CONTINUE 
c p 
see ee 
CALCULATION CF R_DIRECTION USING 
GAUSSIAN ELIMINATION 


ELIMINATION OF T(I-i.J) IN COLUMN 


AaBaAADND 


La NT Le ee Lt. Teh 
DO 22 J=15N1 
B(IsJ)=H2*W(I+J)/DCMG42.0 
EC 1, J)=H2*wW(1.sJd)/DCMG-Z3(1) 
22 CONT INVE 
DO 24 J=1,N1 
- 9 = 9 % 
DO 223 I=35M1 
TPCUI, JI=CCISJIIS(BCI s JJ—-AC ITs J) *TPC( I-19J)) 
23 CONTINUE 
24 CONT INUE 


Cc CENTRE POINT BY PREVICUS POINTS 
, = , Fak oa ITV7DOMG=2607 
1 #7 (2eN/241)*22-0-T (201) *(H1*U(1.1)-1.-0) 
fd #T (2oN1) FC HIKUCL»LI+1LeOIIS(CHO*W(1,.1)9)/D0MG4+2.20) 


DO 25 J=2,N1 
TL1sJI)=TECe 1) 
25 CONTINUE 
See ? = ) ’ , ° — % ry 


TG(M1Le1)=F(M1e1)*T (M1,2)4E (M1 e1)#T (M151) 


Cush) TeERe Te 
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ee 


COsS-ORDCNCL EI 


te , 


Te a <i ed ee ee or tes tra < ite: 
: si 
(tt Lisette, LjA=tbel 
’ * eet . svat, 


On I—Uty F1UG1 HIS tie Se Tobesmt 
AoSAORDONET Lawes 01 9.440 E. Oya 


436 


1 —-2e0*C(M1>.1)%*HR 
DO 26 J=2.N- 
TGO(2 5 II=D( S89 IIT (20dJ-1LIHE(20I)*T (205) 4F( 205) *T (29J5t 


* 1) 
bs <e % 
TG(M1isJI=DCM1,5)*T (M1,I—-1Ld4E(M1,J)¥*T (M14J) 
1 +F (M105) *T (M1 .Jd+1)—20¢0*C( M1 4 J) *HR 


26 CONTINUE 
TGC2eN1LI=D(2eN1)4T (C2eNI4EC2eN1)4*T (2,N1) 


1 —-AC2e9N1) *T (1,N1) 
> me ° 9 . 9 
1 —2 e0¥*¥C( M1» NI) *HR 


OO 28 =39M 
TGCT sl IH=FCT 61) ¥*T CIs2)+E (lo 1)*T (CI51) 
DQ 27 J=29N 
TGOCT,JI=ADCT s JI#T CIsJ-LIF4E(CL oe II*T CI sJI4FC Lod) ¥*T (Ls ut 
eee re rt” ie Mae a ae. | es eee ee ee SS 
27 CONTINUE 
TGUIsNI)V=OCToNII*T CTesNIFECIN1)*T (CIN1) 
28 CONTINUE 
DO 30 J=1s5N1 
TQG(2,I5I)=TEC(2s JI/B( 255) 
=—S9 
TQAG( I, II=( TGC 19d I-ACI 55) ¥TOGCI-19J)) 
1 /CBCLs J I-ACI 9d) *¥TPC(I-15J5)) 
29 CONT INUE 
30 CONTINUE 


i ; EAN K SUBST I TUT TON . ee Sant ta 
e 
DO 32 J=1.N1 
T (M15 J)=TQG(M15 J) 
DO 31 K=15MI 
T=M1-K 
a TA POS he I Ie soy Pk een D 
31 CONTINUE 
32 CONTINUE 
[TF (KOUNT/20*20 eNEeKOUNT) GO TO 4901 
WRITE(6947) MeN 
G7 FORMAT (C2 1% 98 &e*¥*X* TEMPERATURE DISTRIBUTION WITH®» 
<< ThaMisoh STE se los Cha ON Sl Ser eee eT eT he ee ll 
WRITE(6+48) Tl1s1) 
48 FORMAT('0*,1E18.6) 
DO 492 J=1sN1 
wRITE{(65491) 
491 FORMAT(® ©) 
? ° yI=2eMtTy : = — 


49 FORMAT(* *,7618e6) 


$405) FEC L»AS Pee OCs 
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492 CONTINUE 
4901 CONT INUE 
KOUNT=KOUNT #1 


CALCULATION OF HEAT TRANSFER RELATIONSHIPS 


CGY Gao 


DO 50 T=15M1 
Pie ee Se aM ie pas = Se ee ee a ee ee ee ae 
TSC T)Y=0-20 
50 CONTINUE 
DO 51 J=1,Ni 
GT(J)I=1¢40 
51 CONTINUE 


TSS=0.0 
TSS=TSS+T (M1 of )+T(M1.,N1) 
SGT=GT(1)4GT(NI) 
DO 52 J=2eNe2 
TSS=TSS+T (M1 oJ) *4e 
ne ONT it wee LS SSS SS 
DO 53 J=3»NIs2 
TSS=TSS+T (M1 »J) *2.6 
53 CONTINUE 
TSS=HP*TSS/(3e*PI ) 
DO 56 [=25M 
= = = = = 
1 +(TCT2N1 )-TTC1TeK1))/DOMG¥w(I,N1) 
WTC LT) SWC T01d*C T0101) -TSS)twCIsNn1d*(TCI»N1)—-TSS) 
TSCTIATCIs1)V4TCUTsN1) 
WP(T)=WC1Ts1)4WCIsN1) 
0G 54 J=2eN02 
= ° ® ° ° 
wT =wTCl)4+wl,J)#(T(1sd)-TSS) 46 
TSCIIVHTSCIV+TCULs J) *4 0 
WPCIT)=wPCI)4WwlIsJ) #46 
54 CONTINUE 
DO 55 J=3eNIe2 
is ® a » re | 3 
WTC IT )=WTCL)+Ww(loJ)*0 TCLs J) —-TSS)*2.6 
TSCTI=HATSCI) FTC 1,5) *26 
we(T)=wP(1)+w(IsJ)*2.6 
55 CONT INUE 
GOTWC(I)=HP*GOTWCI)/7(3-.*PI1) 
eet sy Oe ke Ls) UU mh ol UU CS 
TS( I )=HP¥TSCI)/03e*PI) 
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WPCC TI J=HP*#WP(I)/(32*PI) 
56 CONT INVE 
SGTW=0 2.0 
SwWwT=0-0 
Mert li) Owe Oe Uinw quater w ? \ tr Rae eM Vas f La aM el + aa. 
SWP=0.0 ; 
GOTW(1)=(TC191)—-TT(1.21))/DOMGeW( 151) 
Cc GOTW{(M1)=04e0esSINCE W(M1,J5)=0-0 
GOTW(M1)=0.0 
SGTW=SGTW+GOTW(Mi)+GOTW (1) 
ae 6 Dera e tee CNG 
SGT W=SGTW+GOTWC(LI*¥RCI)*4. 
SwT=SwWTtwT(L)*R( 1) ¥*4. 
STP=STP+TS(I)¥*¥RI1D*4 6 
SWP=SWP4WP CLE )*RI1)*4. 
57 CONTINUE 
Mii siesi is. sO oe MMS CMa see eee Pe) a ee 
SGTW=SGTW+GOTW(I )*RC I )*2 
SWT=SWT+WT (1 *ERC LT) 2. 
STP=STP+TS(IY*RC 1) *2.6 
SWP=SWP+WP(IJ*¥RC I) *26 
58 CONTINUE 
= e 
SWT=HR*SWT*2/3 « 
SWP=HR¥SWP#2/3 6 
STP=HR¥STP#2 2/36 
(€ BULK TEMPARETURE »BLKT 
BLK T=SwT/SwP ‘ ' : 
ee Ge Se Lee NON ee ee CIN STIG a eRe Ee Ge ek Oe gern cote ee ge a 
NU2Z= PR*¥CON# * 2. 5S*¥RARC#H#25*SGTWESWPS/S WT 


.C AVERAGE NUSSELT NUMBER*eAVEN 

AVEN=( NUL+4tNU2)/726 
Gc NUSSELT NUMBER RATICS TQ THEFULLY DEVELOPED FLOW 
G IN STRAIGHT PIPE + 


—————$_—___§§—rnurenv174+.360-——— OO |—R]RQ—WDeé@@O@CLK¥V<’<—CT~r—CzC 
RNU2=NU2/4 2360 
ARNU=(RNU1+RNU2) /26 
DO S9 J=15N1 
NUT (J) =20*SWPXGT(J)/SuT 
59 CONTINUE 
SE EROUNNT 204205 NES KOUNN C0 T0 3902 
WRITE( 625901) Ni 
5901 FORMAT (*0',* #kke# NUSSELT NUMBER DISTRIBUTION FROM', 
1° J= 1 TO%s13,"% *eRRKN) 
WRITE(6348) NUI(G1) 
WRITE(6049) (NUI( J) eJ=25N1) 
————s3902-KOUNN=KOUNKE IT 
Cc 


A \ § oe cf : z 


a I ee 


TS ee See Fe Se 


ae 5 7 A cetitht step aeltaieser py 


“A 5 2 if : ; iar ; ae ine a nacreuiataearae ft 
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vee ' 
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SGT 2=2 «*SGT 

STO=STP/.1875 

PRK=DK #* eS ¥PRE*225 

NU1M=( NUIM*CME 0+ (ONU14+NU1)/2 6*DOMG) /OMEG 


° aoe J 
AVENM=(NULM#NU2M )/26 
RNUIM=NU1M/4.360 
RNU2M=NU2M/4.2360 
ARNUM=(RNU1M4RNU2M)/2 © 
IF(KTT/20*20eNEsKTT) GO TO 5909 
Me eee TAT Gears > es c.f ie oe ey Te ee eC Po re oe aie Saree eT Oa 
60 FORMATC? 0° 6X9 *CCN® 6 1L0X% eM DK® 9 IXe TSWP® 4IXs * 2XSGT® 9 BX 
1 TETA* «-8Xe*POSITION® 56X09 *OMEGA ©48Xe"*ASRC* 9 7Xs 
2 *PEMODIF® ,6Xs*COMG® ) 
WRITE( 6561 ) CONSOKs SUES SGTL VET Ape Ds OME Gs RARCS REMUE 
1sD00MG 
MEMVIER air ork OL ORM NL ASUS O80. los Ta se 1 aaah Lee) oor ho Meare Eas 
WRITE( 6362) 
62 FORMAT #® *%®,4Xe9* PRK 10Xe *STP*% 9 7Xo! TSS *,8X,*RED* » 
1 LOXs *NUL*®* 51 OXs*NU2*s9XKXs* AVEN' »,8Xs*NUISNUO!® .6Xo 
2 *NU2/SNU0O* 5 7Xe *ARNU® ) 
WRITE(6561) PRKsSTPsTSSeREDseNULsNU2]s,AVENsRNU! sRNU2Z2 ARN 
Se TS a aR LS aS ak, ee LS a il a a TD Nac, os ke 
WRITE{ 66,6201 ) 
6201 FORMAT(* 1 45X—"PR* 410%» *NUIM" 9 11X59 "NU2M* 4 9X5 "AVENM®, 
17Xe*NULM/NUO® 5X «® NU2ZN/NLUO® 95 5X o* ARNUM® 56Xe"*RPEMD® , 
C6X%e*BLKT *s6Xo*RMPRK* ) 
WRITE( 6461) PRsNU1Ms NU2MsAVENM sRNUIMsRNU2Ms ARNUM 
? 3 ’ 
5909 KTT=KTT+1 
OME O=GMEG 
ONUL=NU1 
ONU2=NU2 
DO 63 I=1,Ml1 
ee a DOO aa aN 
TTCI sJV=HTUI se JD 
63 CONTINUE 
IF(PEMODeLTe200-.) GO TO 65 
64 CONTINUE 
IF CETAcLTeETALIM) GO TO 20 
eee eae ey ee ee ee 
65 CONTINUE 
IF(KOUTTeNE20) GO TO 64 
WRITE(T>s SOPOT Ts JVI a ee 
66 FORMAT(20A4) 
WRITE( 7267) OGMEO 
——— WRG sot) sulim UCC 
WRITE( 7267) AU2M 
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67 FORMAT (E1306) 
KOUTT=KOUTT+1 
GO TO 64 


END 
eee an fe ad ee ee OS ROR EFF Oe Oe eee a 


teat —1 i eae fein 
r a a Henne ener gresimela a 
; 1 1 ot »—_ = = 
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LLLLLELELELI LLL LTT tT 


* IN THE SIXTH COLUMN INDICATES 
CONTINUATICN FROM PREVIOUS LINE 


9 He Me ae i a a A he he ae he ac he i ie ae a ae oe oe oe a eo oe ok ok ok 


eee 


TEST TTT EL eT Tt tte TT TTT TST TT TTT TT TST TTT TT TTS ETT TT Te TT Ts 


C 

c 

c Me te Rt i ae te ia I IORI OR OR ORR a kk 
C **e** LAMINAR FORCED CONVECTION HEAT TRANSFER ***** 
C ****X* IN CURVED CIRCULER CHANNELS * KKH 
C *¥*e&#e ( A/RC IS SHALL, GRAETZE FLOW ERCBLE® * KEK 
c *HKEK WITH DIRICHLET CONDITION ) * HK HK 
C **#**% 8( LOG SCALE STEP ) ¥REKE 
Cc 

C 

G 

C 


DIMENSION 1(29,29) ,W(29,29) ,U (29,29) ,V (29,29) ,R(29), 
1Z1(29),22(29) ,23 (29) ,Z4 (29) ,A (29,29) ,B (29,29) ,C (29,29) 
2,D(29,29) ,E(29,29) ,F (29,29) , TPC (29,29) , TPF (29,29), 
3TG (29,29) ,TH(29,29) ,TQG (29,29) ,TQH (29,29) ,NUI (29), 
4GT (29), 8T (29) ,TS(29).,WP (29) ,GOTW(29) ,TT (29,29) 

REAL NUI,NU1,NO2,N01M,NU2M 

READ(5,1) M,N 

1 FORMAT (215) 

PI=3. 141593 

MI=M-1 

M1=M+1 

NI=N-1 

N1=N+1 

ETA=0.0 

OME=0.0 
OMEG=0.0 

R(1)=0.0 

ONU1=C.0 

ONwuU2=0.0 

NUTM=0.0 

NU2M=0.0 

OMEO=(0.0 

DO 3 J=1,N1 
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DO 3 I=1,M1 
W(I,J3)=0.0 
U(I,J) =0.0 
V{I,J)=0.0 


T (I,d)=1.0 
TT (I,J) =1.0 
3 CONTINUE 
DO 4 J=1,N1 
T(M1,J) =0.0 
TT (M1,J) =0.0 


4 CONTINUE 
READ (5,5) ((W(I,J) ,-I=1,1) ,J=1,N1) 
READ (5,5) ({U (1,3) ,I=1,81) ,d=1,N1) 
READ (5,5) ((V (I,J) ,I=1,M1) ,J=1,N1) 

5 FORMAT(20A4) 

WRITE (6,6) M,N 


6 FORMAT('1!,!***** MAIN PLOW DISTRIBUTICN,W WITH MESH! 


1," SIZE*,15,2X,"BY',15,' **#kk!") 
WRITE (6,9) W(1,1) 
WRITE (6,49) (( W(I,J) ,1=2,M1) ,J=1,N1) 
WRITE (6,7) M,N 
7 FORMAT('1*,****** R-DIRECTION FLOW DISTRIBUTION,O', 


1! WITH MESH SIZE*,1I5,2X,'BY',15,' **xkx') 
WRITE (6,9) U(1,1) 
WRITE (6,49) (( U(1I,J) ,I=2,M1) ,J=1,N1) 
WRITE (6,8) M,N 
8 FORMAT(*1','##kek  PHI-DIRECTION FLOW DISTRIBUTION,V', 
19 WITH MESH SIZE*,15,2X,*BY',I5," *##**') 


WRITE (6,9) V(1,1) 

WRITE (6,49) (( V (I,J) ,I=2,M1) ,J=1,N1) 
9 FORMAT(*0',E18.6) 

READ (5,10) PR,RARC 

READ(5,10) CON,DK 

READ(5,10) DETA,ETALIM —_— 


10 FORMAT(2E10.5) 


WRITE (6,11) 
11 FORMAT(*1*) 


SETTING OF CONSTANTS 


OOGIS 


HR=1.0/6 
HR2=HR**2.0 
HR3=HR/2.C 
HP=PI/N 

HP 2=HP**2.0° 


H1=PR*HR3 
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H2=PR*CON**, 5*RARC** .5*2. 0*HR2 
H3=PR*HR2/2.0/HP 

H4=HR2/HPE2 

H5=2.C*H4 


AANAA 


DO 14 I=2,M1 
R (I) =R (I-1) +HR 
Z1(1) =HR3/R (1) 
Z2(1) =H4/R (1) #*2 
Z3 (I) =HS/R (1) **2 
Z4 (I) =H3/R (1) 

14 CONTINUE 


SETTING OF COEFFICIENTS 
CONSTANT COEPFICENTS 


DO 16 I=2,M1 

A(I,1)=-H14U (1,1) -1.0+21 (I) 

C(I,1)= H1*U (I, 1) -1.0-21 (1) 

F (1,1) =23 (1) 

DO 15 J=2,N 

A (I,J) =-H1¥*U (1,J)-1.0+#21 (1) 

C(I,J)= H1*U (I,J) -1.0-21 (1) 

D (I,J) =Z4 (I) *V (1,3) +22 (I) 

F (1,3) =-24 (1) *V (I, J} +22 (1) 
15 CONTINUE 


A(I,N1) =-H1*0 (I,N1)-1.0+21 (I) Z 


ANDO 


C(I,N1)= H1*0 (I,N1)~-1.0-21(1) 
D(I,N1) =2Z3 (I) 
16 CONTINUE 
KOUNT=0 
KOUTT=0 
KTT=0 
20 CONTINUE 


INCREMENT OF DISTANCE IN MAIN FLOW DIRECTION 


ETA=ETA+*DETA 


ETA1=1.0-FTA 
ETA2=1./ETA1 


OMEG=ALCG (ETA2) 
MODIFIED PECLET NUMBER, PECMOD=RED*PR*2A/ (RC*OMEG) 


PEMOD=2.0*DK*PR*RARC**.5/CMEG 

RPEMD=1-./PEMOD _ 
~~ p0=2. O¥RARC/OMEG 

DOMG=OMEG-CMEO 
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Ada 


RED=DK/RARC**. 5 


ALTERNATIVE DIRECTIONAL METHOD 


CALCULATION OF R_DIRECTION USING 
GAUSSIAN ELIMINATION 


ELIMINATION OF T(I-1,J) IN COLUMN 


ADAATANQANDADAINAA 


DO 22 I=2,m 
DO 22 J=1,N1 
B(1I,J)=H2*W (1,3) /DOMG+2.0 
_E(1,d)=H2*W(I,d) /DCMG-23 (I) 
22 CONTINUE 
DO 24 J=1,N1 
TPC (2,0) =C (2,J) /B (2,0) 
DO 23 I=3,M 
PPC (1,3) =C (1,5) / (B (I,J) -A (I,J) * TPC (I-1,J)) 
23 CONTINUE 
24 CONTINUE 
c CENTRE POINT BY PREVIOUS POINTS 
T (1, 1)= (TT (1,1) * (H2*W (1,1) /DOMG-2. 0) 
1 #TT (2,N/241) *2.0-TT (2,1) *(H1*U (1,1) -1-0) 
+TT (2,N1) *(H1*U (1,1) #1.0)) / (H2*8 (1,1) /DOMG+2.0) 
DO 25 J=2,N1 _ re Sin ae ae wae 
T (1,3) =1(1, 1) 
25 CONTINUE 
TG (2,1) =F (2, 1) *1T (2,2) +E (2,1) *TT (2,1) -A (2,1) *TT (1,1) 
DO 26 J=2,N 
TG (2,3) =D (2,5) TT (2,0-1) +E (2,9) *TT (2,5) +F (2,5) *TT (2, 5+ 
aks 


a ae -A (2,3) *TT(1,J) 
26 CONTINUE 
TG(2,N1) =D (2,N1) *TT(2,N) +E (2,N1) *TT (2,N1) 
1 -A(2,N1) *TT(1,N1) 
DO 28 I=3, 
TG (I, 1) =F (1,1) *TT (1,2) +E (1, 1) *TT (I, 1) 


DO 27 J=2,¥ 
TG (I,J) =D (I,J) #TT (I, J-1) +E (I,J) *#TT (I,J) +F (I,J) *TT (I, J+ 
* 1) . 
27 CONTINUE 
TG(I,N1) =D (1,N1) *TT(I,N) +E(I,N1) *TT (I,N1) 
28 CONTINUE ve 


DO 30 J=1,N1 
TOQG (2,5) =TG(2,J) /B (2,4) 
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DO 29 I=3,m 


eee ery) 8 (hyd) FROG (E19) ) 


/(B(I,J)-A (I,J) *TPC (I-1,J)) 
CONTINUE 
CONTINUE 


BACK SUBSTITUTION 


DO 32 J=1,N1 

T (M1,J) =0.0 

T (M,J) =TOQG(M,J) 

DO 31 K=2,MI 

I=M1-K 

T (I,J) =TQG (I, J)-TPC (I,J) *T (1#1,J) 
CONTINUE | 
CONTINUE 


CALCULATION OF PHI_DIRECTION USING 
GAUSSIAN ELIMINATION 


ELIMINATION OF T(I,J-1) IN COLUMN 


DO 34 I=2,8 
B (I, 1)=-H2*W (I, 1) /DOMG+2.0 


CE (I, 1) =-H2*W (I, 1) /DOMG-23 (I) a | i" 


33 
34 


36 


38 


1 
CONTINUE 


TPF (1,1) =F (1,1) /E (1,1) 

DO 33 J=2,N1 

B (I,J) =-H2*W (I,J) /DOMG+2.0 
E(1,J)=-H2*W (I,J) /DCMG-Z3 (I) 

TPF (I,J) =F (1,9) /(E (I,J) -D (1, J) * TPF (I,J-1) ) 

CONTINUE 

CONTINUE 

DO 36 I=2,M 

DO 36 J=1,N1 

TH (I,J) =A (I,J) *T (I-1,J) #2 (I,J) *2 (I,J) +C (1,3) *T (I+ 1,J) 
CONTINUE 

DO 40 I=2,4K 
TQH(1,1)=TH(1, 1) /E (1, 1) 
DO 38 J=2,N1 

TOQH (I,J) =(TH (I,J) -D (I,J) *TQH(I,J-1)) 
/(E (1,5) -D (I,J) *TPF (I, J-1)) 


C 
G 


40 CONTINUE ) . ; ' 


BACK SUBSTITUTION 
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DO 45 I=2,4- 
T(I,N1) =TQH(I,N1) 
DO 43 K=1,N_ 


lotallele’ 


J=N1-K 

T (I,J)=TQH (I,J) -TPF (I,J) *T (I,J+1) 
43 CONTINUE 
45 CONTINUE 


CENTRE POINT BY PRESENT POINTS AND 


| THE PREVIOUS CENTRE PCINT ,1T(1, 1). 


T(1,1)=(T(1, 1) *(-H2*W (1, 1) /DOMG+2. 0) 

1 # 1(2,1)*(H1*U (1, 1)-1.0) 

2 -T (2,N1) *(H1*U (1,1) 41.0) 4 

3 -T (2,N/2+1) *2.0) / (-H2*W (1, 1) /DOMG-2. 0) 


“DO 46 J=2,N1 
T (1,9)=1T(1,1) 
46 CONTINUE 
IF (KOUNT/20*20.NE.KOUNT) GO TO 4901 
WRITE (6,47) M,N 
47 PORMAT('1",**#*** TEMPERATURE DISTRIBUTION WITH", 
1* MESH SIZE*,1I5,2X,'BY',I5,' *#*##¢) 
WRITE (6,48) 1T(1,1) 
48 FORMAT(*0!,1E18. 6) 
DO 492 J=1,N1 
WRITE (6,491) 
491 FORMAT(* Ried, 
WRITE(6,49) (T(1,d),1=2,M1) 
49 FORMAT(* *,7E18.6) : 
492 CONTINUE 
4901 CONTINUE 
| KOUNT=KOUNT+1 


C 
o 
; | 
C CALCULATION OF HEAT TRANSFER RELATIONSHIES 
C 
C 
pO 50 I=1,M1 : Wk : 
“WT (T) =0.0 
TS (I) =0.0 


50 CONTINUE 
DO 51 J=1,N1 
GT (J) =- (T (M-3,.9) /4-4*T (M-2,5) /3.+3.*T (MI,J) 


CONT 205-4. *T (6,3) ) /BR ; ; 
~€§41 CONTINUE 
SGT=GT (1) #+GT (N1) 
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DO 52 J#2,N,2 
SGT=SGT+¢GT (J) *4. 


52 CONTINUE 
DO 53 J=3,NI,2 i 5 f 


53 


55 


SGT=SGT+GT (J) *2. 

CONTINUE 

SGT=HP*SGT/(3.*PI) 

DO 56 I=2,M 

GOTW (I) =(T(I,1)-TT (1,1) ) /DOMG*W (I, 1) 

1 + (T(1,N1)-TT(I,N1)) /DOMG*W(I,N1) 

WT (I) =W (I, 1) *T(I,1) +W(L,N1) *T(I,N1) =H 
TS (I) =T (1,1) +2 (1,N1) 

WP (I) =W(I,1) +W(I,N1) 

DO 54 J=2,N,2 

GOTW (I) =GOTW (I) +(T (I,J) -TT(1I,J) ) /DOMG*W (1,9) *4. 
WT (I) =W@T (1) +W (I,J) *T (I, 0) #4. 


TS (1) =TS (1) #T (1,9) *4. 


WP (I) =WE (I) +W (I,J) *4. 
CONTINUE 

DO 55 J=3,NI,2 

GOTW (I) =GOTW (I) + (T(1,J) -TT (I,J) )/DOMG*W (I,J) *2. 
WT (1) =WT (I) +W (I,J) *T (I,J) *2. 
TS (I) =TS (1) +T (1,0) ¥2- 

WP (1) =WE (I) +W (I,J) *2. 
CONTINUE 

“GOTW (I) =HP*GOTW (I) /3. 

wT (1) =HP*WT (I) /3. 

TS (I) =HP*TS (I) /3. 


WP (I) =HE*WP(I) /3. 


CONTINUE 
SGTW=0.0 
SWT=0.0 
STP=0.0 
SwP=0.0 


58 


DO 57 I=2,M,2 
SGTW=SGTW+GOTW (I) *R (I) *4. 
SWT=SWT#WT (I) *R (1) #4. 
STP=STP+TS (I) *R (I) #4. 
SWP=SWP +WP (I) *R (I) *4. 
CONTINUE 

DO 58 I=3,M1,2 
SGTW=SGTW+GOTW (I) *R (I) *2. 
SWT=SWT4WT (I) *R (I) *2. 
STP=STP+TS (1) *R (I) #2. 
SWP=SWP4WP (I) *R (I) *2. 
CONTINUE 


~SGTW=HR*SGTW*2/ (3*PI) 
SWI=HR*SWT*2/ (3*PI) 
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SWP=HR*SWE*2/ (3*PI) © 
STP=HR*STP¥*2./(3.*HP) 
C BULK TEMPARETURE ,BLKT 
JELRPASET/SWE Rs FO Te SUSE AP RRR, BBO RR OZ BRUM 


“NU1=2.*SWP¥*SGT/SWT 
NU2==PR*CON**, 5*RARC**. 5*SGIW*SWP/SWT 


¢ AVERAGE NUSSELT NUMBER, AVEN 

AVEN=( NU14NU2) /2. 
€ NUSSELT NUMBER RATIOS TC THEFULLY DEVELCPED FLOW 
C IN STRAIGHT PIPE 


RNU1=NU 1/3.657 
RNU2=NU2/3.657 
ARNO=(RNU1+RNU2) /2. 
DO 59 J=1,N1 
NUI (J) =2.*SWP*GT (J) /SWT 
D9 ICORSIALE SETALES) GO U9 20 
IF (KOUNT/10*10.NE.KOUNT) GO TO 5902 
WRITE (6,5901) N1 
5901 FORMAT (01, 144444 NUSSELT NUMBER DISTRIBUTION FROM', 
1* J= 1 70',13," #eeeT) 
WRITE (6,48) eit) 
WRITE (6,49) (NUI(J) ,J=2,N1) re 
5902 CONTINUE 7 
C 


SGT2=2.*SGT 
STO=STP/.1875 
PRK=DK**, 5*¥PR¥*, 25 
NUIM=(NUIM*OMEO+ (ONUI#NU1)/2.*DOMG) /OMEG __ 
NU 2M= (NU2M¥*OMEO+ (ONU2*NU2) /2.*DOMG) /OMEG 
AVENM=(NUIM#NU2M) /2. 
RNU1M=NU1M/3.657 
RNU2M=NU2M/3. 657 
ARNUM=(RNUIM#RNU2M) /2. 
IF (KTT/20*20.NE.KTT) GO TC 5909 
WRITE (6,60) 

60 FORMAT('0'/6X,'CON',10X,"DK',9X,"SWP',9X,'2*SGT', BX, 


1 *ETA®, 8X, *POSITICN',6X,*CMEGA Se Ok gy A/S RC! Tk 
2 *"PEMODIF*,6X,*DCMG") 

WRITE (6,61) CON, DK,SWP,SGT2,ETA,PO,OMEG, RARC, PEMOD 
1,DOMG Se 


61 FORMAT (1X, 10E13- oo) nee 


WRITE (6,62) 
62 FORMAT(* *,4X,"PRK*,10X,*STP",7X,'STP/STPO',8X,"RED', 


1 10X, *NU1",10X,"NU2",9X, "AVEN',8X, 'NU1/NUO', 6X, 

2 ‘'NU2/NUO', 7X, ARNU') 

WRITE (6,61) PRK,STP,STO,RED,NU1,NU2,AVEN,RNU1,RNU2,ARN 
$F 


WRITE (6 ,6201) 
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6201 FORMAT(* *,5X,'PR*,10X,*NUIM*,11X,"NU2M",9X,"AVENM', 
17X,*NUIM/NUO',5X,"NU2M/NUO',SX,*ARNUM',6X,'"RPEMD', 
C6X,'BLKT',6X, *RMPRK*) 

WRITE (6,61) PR,NUIN,NU2M,AVENM, RNUIM,RNO2M,ARNUM ‘a 
1,RPEMD,BLKT, RMPRK 

5909 KTT=KTT+1 

OMEO=CMEG 
ONU1=NU1 
ONU2=NU2 
DO 63 I=1,M1 
DO 63 J=1,N1 
STD opeat {1h , 3) 
63 CONTINUE 
IF (RPEMD.GT.0.8E-2) GO TO 65 
64 CONTINUE . 
IF(ETALT.ETALIM) GO TO 20 y oe 
STOP 
65 CONTINUE 
IF (KOUTT.NE.0) GO TO 64 
WRITE (7,66) ((TT(1,J) ,I=1,41) ,J=1, N1) 
66 FORMAT (2034) 
WRITE (7,67) OMEO 
WRITE (7,67) NUM 
WRITE(7,67) NU2M 
67 FORMAT(E13.6) 
KOUTT=KOUTT+1 
GO TO 64 
END 
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We AOR RO OK RE KR KK KH 


* IN THE SIXTH CCLUMN INDICATES 
CONTINUATION FROM PREVIOUS LINE 


WE He a A ce ae a i ac 2 2 a 2 ea oa a eo ok 


*ekee* LAMINAR FLOW IN CURVED PARALLEL ***** 
xe KKK CHANNELS 4k OK 
*eeex ( DEAN NUMBER IS LARGE, MAIN iia a 


***e* FLOW , ENTRANCE )- 


‘5 FORMAT (2110, D10. De 110, 2010. 5) 


***e% TRIANGLE VELOCITY AT ENTRANCE ***#* 

DOUBLE PRECISION W(41,61) ,U (41,61) ,S(41,61) ,SS(41,61), 
1V0 (41,61) ,X(41) ,XR(41) ,XRL (41) ,SG (41,61), 

2HH, HX ,HX4,HX2,HX22,LAM,OMEG, 
3B1,B2,A11,A12,A21,A22,UA,WA, 
4DI,SD,SSUH,ERRS,TOLE 


5,POSI (61) ,P0,T 
6,Q 

COMMON HH,HX,HX4,HX2,HX22,XR,XRL,LAM,X,CMEG 

COMMON M,M1,M2,M3,MI,MJ,MK,N,NI,NJ,NK,N1,NOST,NO,J 
READ (5,5) M,N, T,NOST,TOLE,OMEG 


6 


READ (5,6) LAM 

FORMAT (D10.5) 

READ (5,6) Q 

SETTING OCF CONSTANTS 
M1=M+1 

M2=M+2 


M3=M+3 
MI=M-1 
MJ=M-2 
MK=M-3 
NI=N+1 
NI=N-1 


NJ=N-2 

NK=N-3 
HH=1.D00/ (N*T) 
HH=1.0/HH 
HX=2.0/M 


SG h 2 2 Se EO SSRI Pee ey CRE Me: hale a ae Se Baa 


“HXG=HX/4.0 


te VP ERE VS ORES 


+t ae = al ae a - 


CR DRIECKL: WRDISQ ORE 
Aer evorvaea “Ong, 


LEERY SAN ORE Soe 


sere LETIAG SS OMNES WE vous w1 
ao Rw i - q 
Rw , WIA® 2oRRM cae § ] 


2S gry 
alte oe eae RaTtS TA. ¥5 Fon 
(fo, feyen, (fd, ALey re, Pep UY Atay Syn woxerotae 2av0d ec. 
| has tage g de aah ; Sab igraee ovr 
4 : als ras tracee 
Siett ae 


+ ‘ ‘ oe) 


vee 7: HAT, BARS aX 
LO, T2068 of Awe te Thy Wii 
DEAD, 


XR (1) =1.07(1.0+LAM*X(T) ) 


FORMAT (/5X,'LAM=',D10.3,2X,'M,N,L=', 


8 
G 
g 
1 
oe 
2 
10 
15 
45 
a 
Cc 


_bdO 451 J=2,N1 


45] 


HX22=HX**2.0 
DO 8 I=1,M1 
X (I) =BI* (1-1) -1.0D00 


XRL (1)=LAM*XR (1) 
CONTINUE 


DO 1 J=1,N1 
DO 1 I1=1,M1 


VO (I,J) =XR (I) * (LAM+Q+#2. OD+0*LAM¥*Q*X (I) ) 
W (I,J) =1.0D+0+Q*X (I) 

S (I, 3)=X (1) +0.5D+0*X (I) *X (I) ¥0-0.5D+0*Q 
U (I,J) =0.0 

CONTINUE 

WRITE(6,461) LAM,M,N,T,TCLE,OMEG 


1214,D10.3,2X,"TOLE=", 
1 D10.3,2X,'OMEG=",D10. 3) 
DO 2 J=1,N1 
S(1,J3)=-1.0 
SS (1,J) =-1.0 


S(M1,J) =+1.0 
CONTINUE 

DO 45 J=2,N1 

NO=0 

CONTINUE 

CALL SUBVOS(W,U,S,SS,VO,ERRS) 


IF(ERRS.LT.TOLE.OR.NO.GT.~NOST) GO TO 15 
NO=NO+1 

GO TO 10 

CONTINUE 

CONTINUE 


CALCULATION OF VELOCITIES,W AND U 
W(1,3)=C.0 
W(2,9)=(S(2,J) -8.0*S (1,3) +8.0*S (3,3) -S (4,3) )/ (12. 0*HX) 
DO 30 I=3,MI 

W (I,J) =(S(1I-2,J) -8.0*S (I-1,J) +8.0*S (I+1,J) 


30 


1 —-§(1I1+2,J))/(12.0*HX) 
CONTINUE 
W(M,J)=(S(MJ,Jd)-8.0*S (MI, J) +8.0*S (M1,J) 
1 -S(M,J))/(12.0*HX) 
W(M1,J) =0.0 
U (1,3) =0.0 


IF (J-EQ.2) GO TO 35 
IF(J.EQ.N ) GO TO 37 
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IF(J.FQ.N1) GO TO 39 

DO 31 I=2,s 

U (I,J) =- (S(I,J-2) -8.0*S (I, J-1)+8.0*S (I, J+1) 
1 -S(I,J+2)) /12.0*HH*XR (I) 


31 CONTINUE 

GO TO 41 
35 CONTINUE. 

DO 36 I=2,s 

U (I, 2) == (-7.0*S (I, 1) +8. 0*S (I,3) -S (I, 4)) £12. O*HH*XR (I) 
36 CONTINUE 


GO TO 41 
37 CONTINUE 
DO 38 I=2,M 
U (I, N)=-(S(I,NJ) -8.0*S (I, NI) +7. O¥S (1,N1)) /12. O*HH*¥XR (I 
04) 
38 CONTINUE 


GO TO 41 
39 CONTINUE 
DO 40 I=2,M 
U(I,N1) =- (3.0*S(I,N1) -3.0*S (I, N) -2.0*S(I,NTI) 
1 +3.0*S(I,NJ) -S(I,NK)) /2.0*HH 
40 CONTINUE 
41 CONTINUE 
U(M1,J) =0.0 
451 CONTINUE 
WRITE (6,47) 
47 FORMAT(/5X,"VORTICITY VO‘) 
DO 471 J=1,N1 
WRITE (6,48) (VO(1I,J) ,1=1,™1) 
471 CONTINUE — 
48 FORMAT(* *,10D13.5) 
WRITE (6,49) 
49 FORMAT (/5X,'STREAM FUNCTION,S') 
DO 491 J=1,N1 CPOE AE 
WRITE (6,48) (S(1,J) ,1=1,M1) 
491 CONTINUE 
WRITE (6,50) 
SO FORMAT(/5X,* VELOCITY, W') 
DO 501 J=1,N1 
WRITE (6,48) (W(I,J) ,I=1,M1) a = 


501 CONTINUE 
WRITE (6,51) 
51 FORMAT(/5X, *VELOCITY,U") 
DO 511 J=1,N1 
WRITE (6,48) (U(I,J) ,I=1,M1) 
511 CONTINUE 


CALL FLOW (W,U) 
DO 512 J=1,N1 
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DO 513 J=2,N1 


8 CONTINUE _ 
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POSI (J) =0.D00 


512 CONTINUE 


PO=0.500 


PO=P0+1.D00/HH 
POSI (J) =PC 


513 CONTINUE 


WRITE (6,514) 


£14 FORMAT(/5X,"POSITION IN CMEGER~DIRECTION, POSI (J) ') 


WRITE (6,48) (POSI(J) ,J=1,N1) 
STOP 


END 

SUBROUTINE SUBVOS(#,U,S,SS,V0O,ERRS) 

DOUBLE PRECISION W(41, 61) ,U(41, 61) ,S (41,61), SS(41 sD 1)i¢ 
1V0 (41,61) ,X(41) ,XR (41) ,XRL(41) ,SG (41,61), 
2HH, HX ,HX4,HX2,HX22, LAM, OMEG, 
3B1,B2,A11,A12,A21,A22,UA,WA, 
4UDI,SD,SSUM,ERRS, TOLE 

COMMON HH,HX,HX4,HX2,HX22,XR,XRL,LAM,X,OMEG: 

COMMON 4M, M4, M2, 43, MI, tJ, MK,N,NI,NJ, NK, N1, NOST,NO,J 

K=0 

B1=0.0 

B2=0.0 

A11=0.0 

A12=0.0 

A21=0.0 

A22=0.0 

UA=0.0 

WA=0.0 

SETTING OF VORTICITY,VO,BY DIRECT_VORTICITY METHOD 
CONTINUE 
K=K+1 

VO (1,3) =0.0 
vO (2,9) =0.0 
GO fO 9 
CONTINUE 
K=K+1 

VO (1,3) =1.0 
VO (2,d) =0.0 
GO TO 9 
CONTINUE 
K=K+1 

vO (1,J) =0.0 
VO (2,J) =1.0 
GO TO 9 


‘K=K+1 
VO (1,3) = (A12*B2-A22* (1.0+B1) )/ (A12*A21-A22*A11) 
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VO (2,d) =(A11*B2-A21* (1.0+4B1))/(A11*A22-A21¥*A12) 
9 CONTINUE 
DO 10 I=3,M1 
UA=(S{I-1, J) -S (I-1,J-1) ) *HH 
WA=. 25/HX* (S (I,J-1) -S (I-2,J-1) +S (1,d) -S (1-2, 4)) 
VO (I,J) =((-0.5+XRL (I- 1) #HX4— UA*HX4) *VO(I-2, J= 1) 
+(1.0-XR (1-1) *WA*HX22*HH) *VO (I-1,J- 1) 
+ (-0.5-XRL (I-1) *HX4+UA*HX4) #V0 (I, 3-1) 
+ (-0.5+XRL (I-1) *HX4-UA*HX4) *VO (I-2,3) 
+ (1.0#XR (1-1) *WA*HX22*HH) *VO (I- 1,9)) 7 | 
(0.5+XRL (1-1) *AX4-UA*HX4) | 
10 CONTINUE 
(a CALCULATION OF STREAM FUNCTION 
SS (2,3) =-1.040.5*HX22*V0 (1,J) 
DO 11 I=3,M2 
UMASS Te HX22*VO (I-1,J) +2.0*SS (I-1,J) 
+(-1.0+HX2*XRL (I- nies ike Zed) 7 é es 
: (1.0+HX2*KRL (I-1)) 
11 CONTINUE 
IF (K-FQ.4) GO TO 20 
SG (M1,J3)=(SS (M2,J)-SS(M,J))/ (2.0*HX) 
ee i ee REM R MPU ASN Ad 715) 7/182, COR Ree Ze 
15 CONTINUE 
B1=-SS(M1,J) 
B2=-SG(M1,J) 
GO TO 6 
16 CONTINUE 
A11=S5(M1,J) +B1 


We Wn — 


A21=SG(M1,J) +B2 
GO TO 7 

17 CONTINUE 
A12=SS(m1,J) +B1 
A22=SG(N1,d) #B2 
GO TO 8 

iene, ‘20 CONTINDE eer 

K=0 
SD=0.€ 
SSUM=0.0 
DO 25 I1=1,81 
DI=OMEG* (SS (I,J) -S(I,J)) 
S (I,J) =S(1I,J) +DI 
SD=SD+DABS (D1) 
SSUM=SSUM+DABS (S (I,J) ) 

25 CONTINUE 
ERRS=SD/SSUM 
WRITE (6, 28) NO,ERRS 


46 FORMAT (® 1,5X,'NO=', I5,5X,*ERRS=',E15.6) 
S (2,9) =SS (2, J) 
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47 


1 


DO 47 I=3,M1 

S(I,J)=SS(1I,d) 

CONTINUE 

RETURN 

END 

SUBROUTINE FLOW (W, JU) 

DOUBLE PRECISION W(41,61) ,U (41,61) ,5(41,61) ,SS(41,61) , 
VO (41,61) ,X(41) ,XR(41) ,XRL(41) ,SG (41,61) , 


CPHI (61) ,DPHI(61) ,DPX (41,61) ,DPPH(41,61), 
ee ie CANOES (SNPS ETAL, ON) ANS (On) Sear CC (O41) SRFRIC(O1) pe 


2 
3 
4 


HH,HX,HX4,HX2,HX22,LAM,OMEG, FHIO,ETA,ETA2, 
B1,B2,A11,A12,A21,A22,UA,WA, 
DI,SD,SSUM,ERRS,TCLE 

COMMON HH,HX,HX4,HX2,HX22,XR,XRL,LAM,X,OMEG 
COMMON M,M1,M2,M3,MI,MJ,MK,N,NI,NJ,NK,N1,NOST,NO 
HH=HH*2.0 


AAA 


soattinedtcetitetien -10.0*W (2,1) )/(12.0*HX 


AaAAAAA 


DO 43=15N1 
DO 4. T=17981 
DPX (I,J) =XRL (I) *W(1I,J) *W (I,J) 
CONTINUE 
DPPH (1, 1) =(11.0*W (5,1) -56.0*W (4,1) +114. 0*W (3,1) 
-104.0*W(2,1))/ (12. 0O*HX**2. 0) 
+XRL (1) * (-6.0*W (5,1) +32.0*W (4, 1) 
-72.0*W (3,1) #96.0*W(2,1))/(24.0*HX) 
DPPH (2, 1)=(-W (5,1) +4.0*W (4, 1) +6.0*W (3,1) 
-20.0*W(2,1))/(12.0*HX**2.0) 
+XRL (2) *(W (5,1) -6.0%W (4,1) +18. O*W (3,1) 


=XRL (2) **2.0*W (2, 1) -XR (2) *W (2, 1) * (W (2,2) -W (2, 1)) 
* HA 
DO 5 I=3,MI 
DPPH (I, 1) = (-W (I+2, 1) +16. O¥W (I+1, 1) -30.0*W(I,1) 
+#16.0*W(I-1,1)-W (I-2,1)) /(12.0*HX**2. 0) 
+XRL (I) * (-W(I+2,1) +8. 0O*W (I+1,1)-8.0¥*W (I-1, 1) 


AAAANQ 


5 


#W (1-2, 1))/ (12. 0*8X) 
-XRL (I) **2.0*W (1,1) -XR(I) #W (I, 1) *(W(I,2) -W(I,1)) 
*HH 

CONTINUE 

DPPH (M, 1) =(-20.0*W(M, 1) +6.0*W (MI, 1) +4.0*W(MJ,1) 
-W(MK,1))/ (12. 0*HX**2.0) 


GO Gi QiiG 


+XRL (M) * (-10.0¥*W (M, 1) #18. O¥W (MI, 1) 
-6.0*W (MJ, 1) +W (MK, 1)) /(-12. 0*HX) 
-XRL (M) **2.0*W (M, 1) -XR(M) *W (M,1) * (W(M,2) -W(M, 1)) 
*HH 

DPPH (M1, 1) =(-104.0*W (M,1)+114.0*W (MI, 1) -56. O*W (MJ, 1) 
#11. 0*W (MK, 1))/ (12. O*HX** 2.0) 


a 
C 
G 


+XRL (M1) ¥(96.0*W (M, 1) -72. 0*W (MI, 1) 
+32.0*W(MJ,1)-6.0*W(MK,1))/ (-24.0*HX) 
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DO 10 J=2,N 
DPPH (1,9) =(11.0*W(5,J)-56.0*W(4,J) #114. O*W (3,5 
-104.0*W(2,J))/ (12. OF HX** 2. 0) 


_+XRL (1) * (6. OF W (5 ,J) +32.0*W (4,5) -72.0*8 (3,5) 
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) 


+96 .0*W(2,d))/(24.0*HX) 

DPPH (2,J)=(-W(5,d) +4.0*W (4,3) +6.0*W (3,J) -20. 0* 
4 (12.0*HX**2.0) 

ref U (2,3) +XRL(2)) * (W(5,d) -6.0*W (4,0) 

+18.0*W(3, H eae O+W (2, J)) / (12. pice 


W(2, ay7 


“¥RL (2) ®*2.0*W (2, 3) -KRL(2) #0 (2, J) ®W(2, a 
~XR (2) *W(2,d) *0.5*HH* (W¥(2,J+1) -W(2,J-1) ) 
DO 8 I=3,MI 
DPPH (1, J) = (-W (I+2,J) +16. 0*W (I+1,J) -30.0*W (I,J) 
+16. 0*W (I-1,3)-W(I1-2,d))/ (12. 0*HX**2. 0) 
+ (-U (I,J) +XRL(I) ) * (-W# (I+2,d) +8. O*W (It ,J 


AAANANN 


) 


-8.0¥*W (I-1,J) +W(I-2,d))/ (12. O*8X) 
~XRL (I) **2.0*W (I,J) 

-XRL (I) *U (I,J) *W(1,d) | 

~XR (I) *W(I,J) *0. 5*HH* (W#(I,d+1) -W(I,J-1)) 
8 CONTINUE 

DPPH (M, J) = (-20.0*W (M,J) +6.0*W (MI,J) 


 Ge@ tai: @ 


Cc +4.0*W (MJ, J) -W(MK,J)) / (12.0 *HX**2. 0) 

re + (-U (M,d) #XRL(M) ) *(-10.0*W(M,J) +18. 0¥*W(M 

"a -6.0*W(MJ,J) +W(MK,J)) / (-12. 0*HX) 

Cc -XRL (M) **2.0*W (M,J) -XRL(M) *U (M,d) *W(M,J) 

c -XR (M) *W(M,J) *0.5*HH* (W(M,J0+1) -W(M,J-1)) 
DPPH (M1,d)=(-104.0*W (M,J)+114.0*W (MI,J) 

Cc -56. O*W (MJ,d) +11. 0*W(MK,d)) / (12. O*HX**2, 

Cc +XRL (M1) *(96.0*W (M, 0) 

Cc -72.0*W (MI,J) +32.0*W (MJ,J)-6.0*W (MK,J))/ 

c (-24.0*HX) 


10 CONTINUE 


DPPH (Ts N1)=(11.0*W (5,N1) -56. 0*W(4,N1) 


I 3) 


0} 


#114.0*W(3,N1))/(12.0*HX**2.0) 

; +XRL (1) *(-6. 0*W (5,N1) #32.0*W(4,N1) 
C -72. 0*W (3,N1)+96.0*W(2,N1))/(24.0*HX) 

DPPH (2,N1)=(-W(5,N1) +4.0*W(4,N1) +6.0*W (3,N1) 
—~20.0*W(2,N1))/ (12. 0*HX** 2. 0) 
HZRL (2) * (8 (5,N1) -6.08R8(4,NI) 
“+18.0*W (3,N1)-10.0*W(2,N1))/(12.0*HX) 
-XRL (2). **2.0*W (2,N1) 
DO 12 1=3,MI 
DPPH (1,N1)=(-W (242 N1) #16084 (I¢1,N1) 
-30.0*W(I,N1) +16.0*W(I-1,N1) 
_-W(1-2,N1)) 7 (12. 0*HX**2, ay 


AQAA 
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+#XRL (I) * (-W(I+2,N1)+8.0*W(I+1,N1) 
-8.0*W(I-1,N1) +W (I-2,N1))/(12.0*HX) 
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Cc ~XRL (I) **2.0*W (I, N1) 
12 CONTINUE 
DPPH (M,N1) =(-20. 0*W(M,N1) +6. O*W (MI,N1) 


aS e +4.0*W(MJ,N1)-W(MK,N1 12.0*HX**2.0 
Cc +#XRL (M) * (-10.0*W (M,N1)+18.0¥*W (MI, N1) 
fe =6.0%*W (MJ,N1) + (MK,N1))/(-12. 0*HX) 
€ -XRL (M) **2.0*W (M,N1) 


DPPH (M1,N1)=(-104. O*W (M,N1) +114. 0*W(MI,N1) 
¢ -56.0*W(MJ,N1) +11.0¥*W (MK,N1))/(12.0*HX**2.0) 
+XRL (M1) *(96.0*W (M,N1)-72.0*W (MI,N1) 
+32.0*W (MJ,N1) -6.0*W(MK,N1))/(-24. 0¥*HX) ian 
rin 20 J=1,N1 
RFRIC (J) =0.0D0 
FRICC (J) =C.0D0 
DO 20 I=1,M1 
P(I,3)=0.0 
20 CONTINUE 
DO 30 J=1,N1 
AVDPH(J)= =DPPH(1, 3) #DPPH (M1, J) 
DO 26 I=2,M,2 
AVDPH (J) =AVDPH(J) #DPPH (I,J) *4.0 
26 CONTINUE 
DO 27 T=3,/81,2 
AVDPH (J) =AVDPH (J) +DPPH (I,J) *2.0 
27 CONTINUE 
AVDPH (J) = (HX/2.0) *AVDPH (J) /3.0 
FRICC (J) =2.0*AVDPH (J) *4.0 
RFRIC (J) =FRICC (J) /24.0 
30 CONTINUE 
DO 37 J=2,N 
DO31 I=1,M1 
P (I,J)=P(1I,J-1) +.5* (DPPH(I,J) +DPPH(I,J-1)) /HH 
AVP (J) =AVP (J-1) +.5* (AVDPH (J) #*AVDEH (J-1) ) /HH 
31 CONTINUE 
“ "3 @RTPR 16:32) 
32 FORMAT(/5X,"PRESSUR GRADIENT IN X_DIRECTICS,DPX (I,J) ‘) 
DO 36 J=1,N1 
WRITE (6,35) (DPX(I,J) ,I=1,M1) 
35 FORMAT(' *,10D13.5) 
36 CONTINUE 
WRITE (6,37) | 
37 FORMAT(/5X,*PRESSURE GRADIANT IN 
1 PHI-DIRECTICN,DPPH (I,J) *) 
DO 38 J=1,N1 
WRITE (6,35) (DPPH(I,J) ,1=1,M1) 
38 CONTINUE 
WRITE (6,38) 
39 FORMAT(/5X,*AVERAGE PRESSURE GRADIENT IN 
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1 PHI-DIRECTION,AVDEH (J) *) 
WRITE(6,35) (AVDPH(J) ,J=1,N1) 
WRITE (6,40) 


DO 41 J=1,N1 | 
WRITE (6,35) (P (1,3) ,I=1,§1) 
41 CONTINUE 
WRITE (6,42) | 
“42 FORMAT(/5X,*AVERAGE PRESSRE DEVELOPMENT, AVP (J) ") 
WRITE (6,35) (AVP(J) ,J=1,N1) | ca we. eke ake 


WRITE (6,43) 
43 FORMAT (/5X,*FRICTION, F*¥ RE=FRICC (J) =2. *AVDPH (J) ") 
WRITE (6,35) (FRICC (J) ,J=1,N1) 
WRITE (6,44) 
44 FORMAT(/5X,"RATIO OF FRICTIONCOEFF., RFRIC (J) =FRICC{(J)/ 
, Pe A tdi cine 
WRITE (6,35) (RFRIC (J) ,J=1,N1) 
RETURN ; 
END 
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He He We He Ae 2 ae AC fe ie ae he ee a a ea ke ei a ok ak ok 


AANDNDAANDANDNDA 


* IN THE SIXTH COLUMN INDICATES 
CONTINUATION FROM PREVIOUS LINE 


OI I I OR IOI IR i FOR I 


FOO AIO IO ORIG IGG ICIS IOIGIOIOOIOIOICI ICI IO III 


**#x** STABILITY PROBLEM IN CURVED PARALLEL ads aploatas 
eee CHANNELS to 
hasta dada atest Saaladaddadushash dacadadasdatedadede tude ta ddd detest debated dockdadadecedacecacec tk 2 
*eeEX REDUCED SINGLE MATRIX METHOD alla ce 
**¥x** FOR ARBITRARY LAMDER KKK 


BR Se ee ee ee ae ee he af 2h ak a eae cae a eae ae a ae a age ak fee he he a he 2K a i fe ef OK ig 2 ok ae ak ok 


DOUBLE PRECISION X (81) ,RCX (81) ,RAX (81), DRAX (81), 
1TRAX (81) , TETRAX (81) ,W(81) ,0 (81) ,DU(81) ,DUP(81) ,DW(81), 
2€1(81),C2(81) ,C3 (81) ,C4 (81) ,CC1(81) ,CC2 (81), 
3CA (81) ,CB(81) ,CC (81) ,CD (81) ,CE(81), 
4CCA(81) ,CCB(81) ,CCC (81) ,CCD (81) ,CCE(81) ,CCF (81) , 
5AA (81,81) ,BB(81,81) ,C (81,81), 


6DK (3)-,F (3) - COEF (81) ,CCOEF (81) ,A,A2,DLAM, 
7H,H2,H3,H4,HH,HH2,HH3,HH4,AMAX,TMPA 
8, RE (3) 

9,0 . 


COMMON DK,A2,DLAM,W,DW,DUP, RAX, COEF,CCOEF, 
1CA,CB,CC,CD,CE,CCA,CCB,CCC,CCD,CCE,CCF 
COMMON N,N1,NI,NJ, NK,M i 

READ (5,1) N 

FORMAT(I15) 

N1=N+1 

NI=N-1 

NJ=N-2 


Oe-e 


NK=N-3 
SETTING OF CONSTANTS 


H=2D00/N 
H2=H**2D00 


~H3=H*#H2 


ee ee 


lads inerbcndisbacertis 


‘aie ce a hp mom 


2uTA2Iyus sno ei 
a#Ti RUCIYSED NOR HH 


ede hb Bic.) 
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ds: tease eee 
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H4=H2*H2 
HH=1D00/H 
HH2=1D00/H2 
___HH3=1200/H3. 


~~ HH4=1D00/H4 


READ (5,2) DLAM 
2 FORMAT(D10.5) 
READ (5,2) A 
A2=A**200 
DO 3 I=1,N1 
X (I) =-1D00+H* (I-1) 
RCX (I) =1D00+DLAM*X (I) 
RAX{I) =DLAM/RCX (T) 
~ DRAX (I) =RAX(I) **2D00 | 
TRAX (1) =RAX (1) *DRAX (TI) 
TETRAX(I)= PEARSE SDE? 
3 CONTINUE te 


CALCULATION FO CONSTANT COEFFICIENTS FOR MATRIX 


DO 15 I=1,N1 

C1(I) =-9 (I) #+2D00*RAX {I) 

C2(I) =+A2*2D00+DU (I) -U (I) *RAX (I) - 3D00*DRAX (I) 

C3 (1) =-DU (I) *RAX (I) +A2*2D00*RAX (I) +2D00*DRAX (I) *U (I) 


1 +3D00*TRAX (I) -A2*U (I) /4D00 
C4 (I) == 3D00*TETRAX (I) -2D00* 0 (I) *TRAX (I) a 
1 -B2*2D00*DRAX (I) +DU (I) *DRAX (I) -A2*DU (1) /4D00° 
2 +A2*A2/16D00 
CC1(I) =RAX (I) -U(I) 
CC2 (1)=-DRAX (I) -A2 +DU (1) 
15 CONTINUE 
DO 16 I=2,N 


caty= =HH4-HH3/2D00%*C11 (1) - HH2/12000*C2 (1) +HH/12D00¥C3 (1 Fs 


) 
Oe buen snc iemntate LOO Sau CZ er TUTOR 
1 - 8D00*HH/12D00%*C3 (I) 
CC (I) =6D00*HH4-30D00/12D00*HH2*C2 (I) +C4 (1) 


CD (I) =-4D00*HH4-HH3*C1 (I) +16D00/12D00*HH2*C2 (I) 
TH “+ 8D00*HH/12D00*C 3 (I) 
CE (I) =HH4+HH3/2D00*C1 (I) -HH2/12D00*C2 (I) 
1 -HH/12D00*C3 (I) 
16 CONTINUE 

DO 17 I=3,NI 

CCA(I)= =-HH2/12D00+HH/12D00*CC1 (I) 


“CCB (1) = 16D00/12D00*HH2-8D00/12D00 *HH*CC 1 (I) 
CCC (I) =-30D00/12D00*HH2+CC2 (I) 


XIGTSN SOY 2bun r 311409 sidgelbadand oF woanarvaga9. 
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CCD (1) =16£00/12D00*HH2+8D00/12D00 *HH*CC1 (I) 
CCE (I) =-HH2/12D00-HH/12D00*CC1 (1) 

17 CONTINUE 

pee CCAZ) SCC (2) 4 6D00*CA (2). eretaecaaters eater tee 

CD (2) =CD (2) -2D00*CA (2) 

CE(2)=CE(2) +1D00/3D00*CA (2) 

CA (N).=CA(N) +1D00/3D00*CE (N) 

CB (N)=CB(N)-2D00*CE(N) 

CC (N) =CC (N) #6D00*CE (N) 

CCC (2) =-20D00/12D00*HH2- 10D00/12D00%CC1.(2) *HA+CC2 (2) 


CCD (2) =5D- 1*HH2+18D00/12D00 *HH*CC 1 (2) 
CCE (2) =4D00/12D00*HH2-5D- 1*HH*CC1 (2) 

CCF (2) =-BH2/12D00+HH/12D00*CC1 (2) 

. CCF (N) =-HH2/12D00-HH/12D00*CC1 (N) 

CCA (N) =4D00/12D00*HH2+5D- 1*HH*CC1 (N) 

CCB (N) =5D- 1*HH2- 18D00712D00*HH*CC1(N) 


CCC (N) =-20D00/12D00¥*HH2+10D00/12D00*HH¥*CC1 (N) #CC2 (N) 


CALCULATION OF THE VELOCITY GRADIENTS, DW=DW/DX.. 


a5 BRD YES BOS Ca CEE LS TNA iso ie Sl ote ol dp ll i Dap arllgamain 


20 FORMAT(10A8) 
WRITE (6,21) (W(I),I=1,N1) 
21 PORMAT(10D13.4) 
DW (1) =(-6D00*W (5) +32D00*W (4) -72D00*W (3) 


1 +S6DCO*W(2)) /24D0C*HH 
Dw (2) = (W(5) -6D00*W (4) #18D00*W (3) -10D00*W(2)) 
1 / 12D00* HH 


DO*22'°TS3.,NT 
DW (I)=(-W (I+2) +8D00*W (I+1) -8D00*W (I- 1) + (I-2)) 
1 /12D00*HH 
22 CONTINUE 
DW (N) =(10D00*W (N) -18D00*W (N-1) +6D00*W (N-2) 


1 -W(N-3) )/12D00*HH 
DW (N1) = (-96D00*W(N) +72D004W (N- 1) -32D00*W (N-2) 
1 +6D00*W (N-3))/24D00*HH 
DO 23 I=1,N1 
DU (I) =0D00 
DUP (I) =0D00 
U (I) =CDCO 
23 CONTINUE. 
READ(5,25) (DK(M) ,M=1,2) 
25 FORMAT (2D20. 10) 
RE (1) =DK (1) / (DLAM**0.5D+0) 
RE (2) =DK (2) / (DLAM**0.5D+0) 
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CALL COEFCT(C) 
CALL DETMT(C,F) 


CALL CCEFCT(C) 
CALL DETMT(C,F) 
WRITE (6,29) A,DLAM,N 
29 FORMAT('1*,5X,*CRITICAL DEAN NUMBER , DK'// 
15X,"A=",F8.5,3X, *LAMDER=",F7.4, 3X,'N=',12) 
WRITE (6,30) DK(1),RE(1) ,F (1) ,NO,DK (2) ,RE(2) ,F (2) 
30 FORMAT(*0',7X,"NO.*,3X,'DEAN NUMBER ',5X,*RE.NO.',10X, 
1 "DETERMINANT" //11X,D15-.8,2X,D15.8,2X,D15-8//7X, 
2 13,1X,D15.8,2X,D15.8,2%,D15.8) 
F (2) =F (2) /DABS (F (2) ) 
NOO=1 
31 CONTINUE 
NNO=1 
311 CONTINUE 
DK (3) =2.D00*DK (2) -DK (1) 
RE (3) =DK (3) / (DLAM**0.5D+0) 
M=M+1 
CALL COEFCT(C) 
CALL DETMT(C,F) 
NO=NO+1 
WRITE (6,32) NO,DK(3) ,RE (3) ,F (3 
32 FORMAT (/7X, I3,1X,D15.8, 2%,D 15.8,2%,D15.8) | 
DK (1) =DK (2) 
DK (2) =DK (3) 
M=2 
F(3)= BAS) 7 URES AE G3)3 
Q=F (3) *F 
F (2) = ae 
IF(Q.GT.0.D00) GO TO 3111 
GO TO 31 
3111 CONTINUE 
NNO=NNO#1 
IF(NNO.NE.25) GO TO 311 __ 
NOO=NOO+1 
IF(NOO.NE.2) GO TO 40 
GO TO 31 


SUBROUTINE COEFCT(C) 
DOUBLE PRECISION X(81),RCX(81) ,RAX (81) ,DRAX (81), 


{TRAX (81) pTETRAX (81) -W (81) ,U (81) ,DU(81) ,DUP(81) , DW (81), 
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2C€1(81),C2(81) ,C3(81) ,C4 (81) ,CC1(81) ,CC2 (81), 
3CA(81),CB(81) ,CC (81) ,CD (81) ,CE(81), 

WCCA (81) ,CCB(81) ,CCC (81) ,CCD (81) , CCE (81) CCF (81), 
5AA (81,81) ,BB(81,81) ,C (81,81 

6DK (3) »F (3), COEF (81) ,CCOEF (81) ,A,A2,DLAM, 
7H,H2,H3,H4, HH, HH2, BH3,HH4,AMAX, TMPA 

COMMON DK,A2,DLAM,#,DW,DUP,RAX,COEF,CCOEF, 
1CA,CB,CC,CD,CE,CCA,CCB,CCC, CCD, CCE,CCF 

COMMON N,N1,NI,NJ,BK,M 
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QAO 


CALCULATION OF VARIABLE COEFFICIENTS AND 
THE FINAL MATRIX FORM ,C (I,J) 


OQaN0 


DO 2 J=2,N 
DO 1 I=2,N 
RA (1I,d) =0D00 
BB (I,J) =0.D00 
C (I,J) =0D00 
1 CONTINUE 
2 CONTINUE 
DO 3 I=2,N 
COEF (1) =A2*RAX (1) *2D00*DLAM** (-5D-1) 
1 * (#DUP (I) /DK (M) -W (I) *DK (M) /2D00) 
CCOEF (1) =DK (M) *DLAM** (-SD-1) /2D00 
1 * (DW (I) + (I) *RAX (I) ) 
3 CONTINUE 
DO 4 J=4,N 
AA(J,J-2) =CA (J) /COEP (J) 
4 CONTINUE 
DO 5 J=3,N 
AA (J,0-1) =CB (J) /COEF (J) 
5 CONTINUE 
DO 6 J=2,N os 
A ipo) aCe ld) PCORE(O} 
6 CONTINUE 
DO 7 J=2,NI 
AA (J3,3+1) =CD (J) /COEF (J) 
7 CONTINUE 
DO 8 J=2,Nd SF 2 BR: 
AA(J,J+2) =CE (J) /COEF (J) 
8 CONTINUE 
DO 9 J=4,N 
BB (J,J-2) =CCA (J) /CCOEF (J) 
9 CONTINUE 
DO 10 J=3,N 


BB(J,J- 1) =CCB (J) /CCOEF (J) 
10 CONTINUE 
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DO 11 J=2,N 
BB (J ,J) =CCC (J) /CCOEF (J) 
11 CONTINUE 
DO 12 J=2,NI 
BB (J, d+ 1) =CCD (J) /CCOEF (J) 
12 CONTINUE 
DO 13 J=2,NJ 
BB (J ,J+2) =CCE (J) /CCOEF (J) 
13 CONTINUE 
| BB (2,5) =CCF (2) /CCOEF (2 
BB(N, N-1) =CCF (N) /CCOEF (N) 


DO 16 J=2,N 
DO 15 I=2,N 
DO 14 K=2,N 


14 CONTINUE 
15 CONTINUE 
16 CONTINUE 
._ DO 17 J3=2,5 
C (J ,0)=C(J,J)-1D00 | 
17 CONTINUE 

DO 21 J=2,N 

DO 20 I=2,N 

C (I,J) =C (I,J) /5.0D+6 

20 CONTINUE 
21 CONTINUE 

RETURN 

END 

SUBROUTINE DETMT (C,F) 

DOUBLE PRECISION X(81),RCX(81),RAX(81),DRAX(81), 
ITRAX (81) ,TETRAX (81) ,W(81) ,U (81) ,DU(81) ,DUP (81) ,DW(81), 
2€1(81) ,C2(81) ,C3(81) ,C4 (81) ,CC1 (81) ,CC2 (81) , 
3CA (81) ,CB(81) ,CC (81) ,CD (81) ,CE(81), 
4CCA(81) ,CCB(81) ,CCC (81) ,CCD (81) ,CCE(81) ,CCF (81), 
5AA (81,81) ,BB (81,81) ,C (81,81), 

6 DK (3) ,F (3) » COEF (81) ,CCOEF (81) ,A,A2,DLAM, 
7H,H2,H3,H4,HH, HH2,HH3,HH4,AMAX,TMPA 

COMMON DK,A2,DLAM,W,DW, DUP, RAX,COEF,CCOEF, 

er ~~ OAD CRP OCECC CD, Ce,CCA,CCe, CCC, CCD, CCE, ccr 

COMMON N,N1,NI,NJ, NK,M 
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NN=1 
FINDING OF THE PIVOTING ROW 


DOUMSIKE2,N 


One Ora 


AQAA oO 


AMAX=0D00 
DO 5 L=K,N 
IF (AMAX.GE.DABS(C(L,K))) GO TO 5 
AMAX=DABS({C (L,K) ) 

MAX=L 


- 


5 CONTINUE 


CHECKING OF SINGULARITY 


IF (AMAX.GE.0.1D-60) GO TC 7 
WRITE (6,6) ay 
6 FORMAT(/*0',2X,"THE MATRIX IS A SINGULAR ONE’, 
1 ‘ OR NEARY SINGULER') 
GO TO 20 7 
7 CONTINUE 


INTERCHANGING OF ROWS 


DO 8 J=K,N 
TMPA=C (MAX, J) 
C (MAX ,J) =C (K,J) 
C (K,J)=TMPA 


OG: Oe 


8 CONTINUE 
NN=NN#MAX-K 


ELIMINATICN PROCEDURE 


IF(K.~EQ.N) GO TO 17 eds 
K 1=K+1 

DO 12 I=K1,N 

C (I,K) =C (I,K) /C (K,K) 

DO 10 J=K1,N 

C (I,J) =C(I,J)-C (I,K) *C(K,J) | 


10 CONTINUE 
12 CONTINUE 
15 CONTINUE 
17 CONTINUE 
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TMPA=1D00 
DO 18 I=2,N 
TMPA=C (1,1) *TMPA 
18 CONTINUE Bee Oe nk rs, We Deve we Sea ae 
IF(NN/10*10.NE.NN) GO TO 19 
F(M) =-TMPA 
19 CONTINUE 
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